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ON THE PERTURBATIONS OF A MECHANICAL SYSTEM
FROM THE RIGID BODY DYNAMICS

OGNYAN CHRISTOV

Oznsn Xpucmos. O MEPTYPBALIMAX OAHOM MEXAHUYECKOM CUCTEMBI U3
AINHAMWKHN TBEPIOI'O TEJA

B eToii cTaThe nposepsioTcs ycnosuas KAM Teopun ans oqHoro mHTEr pupyeMoro ciay-
yad B MeXaHMYECKOM CHCTeMe ONUCHBaOmeRd OBMMKEHNA YACTUILI, KOTOPAA OCHMANPYET B
TBEPAOM Tese C HeNoABMXKHON TOUKOM B OTCYCTBME BHELIHHIX CHJI.

Ognyan Christov. ON THE PERTURBATIONS OF A MECHANICAL SYSTEM FROM THE
RIGID BODY DYNAMICS

In this paper the KAM-theory conditions are checked for an integrable case of a mechanical
system describing the motion of a particle, oscillating in a rigid body with a fixed point without
external forces.

1. INTRODUCTION

The question of integrability of Hamiltonian systems is one of the oldest prob-
lems of classical mechanics [1, 2]. Classical results due to Poincare and Bruns show
that most of the Hamiltonian systems are not integrable. According to Poincare
the main problem of dynamics is the study Hamiltonian systems which are close to
integrable ones. The most powerful approach to such systems.is the KAM-theory
[3, 4, 5, 6]. Before giving a brief account of KAM—theory we remind the structure
of the integrable Hamiltonian systems.

The phase space of the generic integrable Hamiltonian systems with n-degrees
of freedom is foliated into invariant manifolds, the typical fibre being an n-dimen-
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sional torus on which the motion is quasiperiodic. A natural question is whether
small perturbations destroy these tori. The KAM-theory gives conditions for the
integrable systems which guarantee the survival of most of the invariant tori. The
conditions are given in terms of the so-called action-angle variables J;, Jy, ...,
Jni 1, 02, ..., ©n. Without going into details we remind that the action-angle
variables can be introduced for any integrable system locally near a fixed torus, and
they have a property that J = (J1,J2,...,J;) maps a neighbourhood of a fixed
torus on an open subset of R”. The functions ¢1, 3, ..., ¢n are the co-ordinates on
any of the nearby torl. Moreover, the first integrals become functions of the action
variables .Jy, Jo, ..., Jo. At last, to any fixed torus there corresponds an invariant
torus on which the motlon 1s quasiperiodic with frequencies (wi(J),...,wn(J)) =
(0H[3Jy,...,0H[8J,) (see [5] for details). i
One condition, stated by Kolmogorov (see [3, 4] and [5], app. 8] and the cited
literature) on the Hamiltonian of the integrable system that ensures the survival of
most of the invariant tori under small perturbations, is that the frequency map

J — (wi(),wa(T), ... ;wald))

should be non-degenerated. Ahalytically this means that the Hesseian

O’H .
) — k=
(1.1) det(ajjajk), k=1 ..

does not vanish. We should note that the measure of the surviving tori decreases
with the increase of both perturbation and measure of the set, where the above
Hesseian is too close to zero.

Another condition of this type, stated by V. Arnold and J. Moser (see [5,
app- 8], [6]), is that of an isoenergetical non-degeneracy, which can be explained as
follows. Fix an energy level Hy = hy. If the Hamiltonian Hy is written in action
vamables then define the following map Fy, from the (n — 1) dimensional variety
Hy (hr)) into the prOJectlve space P!

g g (wl(J) wald) 1. wn(J)).

Then the system is 1soenerget1cally non-degenerated if the map Fj, is a homeo-
morphism. Analytically, the lsoenergetlcal non—degeneracy is tantamount to non-
- vanishing of the determinant

0%H, . 8Hq
8J% 8J

(1.2) det 0Hs .
oJ

The checking of the conditions (1.1) and (1.2) is a very difficult problem, how-
ever, there exist several methods for solving such problems.

Knorrer [7) found a method for checking the Kolmogorov’s condition by reduc-
ing the number of degrees of freedom. Using this method he proved that for several
systems, including the geodesic flow on the ellipsoid and K. Neumann'’s system, the
Kolmogorov’s condition is fulfilled almost everywhere.
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In a recent paper Horczov /%] proved that for the systern describing the spheri-
cal pendulum condition {1.1; is satisfied evervwhere out of the bifurcation diagram
of the energy-momenturn map. The crucial role in {1 is plaved by certain alge-
braic cnirves and Abelian integrals on them. The condition (1.2) for the spherical
pendulum is checked in [3].

The purpose of this paper is to check the KAM -theory conditions (1.1) and
(1.2) for the following systern.

A particle, attached to a spring, is osciilating in a rigid body with a fixed point
O along a line that passes through the fixed point of the body. The motion of the
particle is smooth. Without a loss of generality we assume that the fixed point O
is an equilibrium position for the particle. We consider the particular case when
the particle is oscillating along a principal inertia axes for the body (let this be the
axes which inertia moment is denoted by C) and there are no external forces acting
on the system. Then the equations of motion around the fixed point written in the
body fixed co-ordinate system: are (for the general case see [10])

Awi + (C — Blwgws = —2mrrw: —\mr"’.bl + mrlwows,
(13) Bug + (A ~ Chwrws = —2mriw,; — mriwe — mriwiws,
. Cusz + (B — Awiwy =4,
Ftr(o/m—w?-ui)=0, (" =d/dt)

where wq, wlg, w3 are the components of the angular velocity of the body, A, B,
{7 — the components of the inertia tensor, r is the distance between the particle
an< the fixed point O, o — the stiffness of the spring, and m — the mass of the
particle.

The system (1.3) possesses the integrals.

(1.4) H = {(Aw? + Bul + Cw3) + m 7 + r? (w] +wd)] +or?} /2= Hy,

(1.5) T M2=(A+me) Lt 4 (B+mrd) w4 Chl = MR

The system (1.3) is integrable when A = B, but we shall consider the simpler
case A=B=C.

The paper is organized as follows. In Section 2 the system (1.3) is brought
into more appropriate form. After that the action variables are introduced and the
main results are formulated. The proofs are left for Section 3.

2. ACTION VARIABLES AND MAIN RESULTS
First we shall bring the sytem (1.3) into a more appropriate form. In order to
do this we put ‘
21 =71, 2= 7",

(2.1)
My = (A + mzf) wi, My= (B + mzlz) wg, Msz=Cuws.



Then the system (1.3) reads
M = MpM;3 (1/C ~ 1/ (B +mz})),
My = M1 Ms (1/ (A+ mzf) - 1/C) ,

(2.2) Ms= MM, (1/ (B+mzl) — 1/ (A+mz})),
21 = 22,

mze = mz; (Mlz/ (A+mz12)2 +M;/ (B -}»mzf)2 —a/m) )

Now let A = B = C. If we consider the system (2.2) on the integral level M3z = M3,
put
I=M+M;, ¢=arctg(Ma/M1)/(2Ms0),

z= 2, Py =mz,
and after rescaling time and variables, we have
I=-8H/dp =0,
p= OHJ/OI= (1/(1+2°)-1)/2,
i= 0H/dp. =pi,
P, = —0H/[0z = z(I/(1 + %)% —5), s>0,

(2.3)

where .
H=[pl+s22+1(1/Q1+ %) -1)] /2= h.
The first integrals of the system {(2.3) are
F=I=f
H=p2+s2>+ f(1/(1+2%) - 1) = 2.
The values of H and F, for which the real movement takes place, define the set
U=U00yy®,
UW = {(h,f), 20, f 20},
U ={(h,f), f20, k0, b2 /Fs—s/2—f/2}.

In order to introduce the action-angle variables we need to exclude from U the
critical values of the energy-momentum map (H, F). It is easy to calculate that
these points are the boundaries of U, i.e. the points satisfying the equations

f=0, h=0, h=+/Ffs—s/2-f/2.
Denote by U, the set of regular values of the energy-momentum map
U, =UD U, (Fig. 1)
U = {(h, ), b >0, f >0},
UD ={(h,f), f>0, h<0, h>\/fs—s/2— f/2}.



/AS

(2)
A

Fig. 1. The set of regular values of energy-moment mapping U;.
The set V (shaded region)

For the points (h, f) € U, the level surface, determined by the equations H = h,
F = f, is a torus T ;. Choose a basis 71, 72 of the homology group H 1(Th,1,2Z)
with the following representatives. For v; take the curve on T} s defined by fixing
z, pz, I, and letting ¢ run through [0, 27]. For v, fix ¢ and let z, p, make one circle
on the curve given by the equation

p2+s22 4+ f(1/(1 4 2%) — 1) = 2h.

Now, following [5], we can define the action co-ordinates Jy, Jo by the formula

Jj:/a, i=1,2

s
where ¢ is a canonical one-form o = I dyp + p, dz. Trivial computations give

(2.4) Ji = 2rf,

Z4
(2.5) Jg:/p, dz=2/\/2h—szz+f22/(1+z2)dz,
’ Y2 2
where zy > z_ are the two roots of the equation
2h = s2% — f22 /(1 + 2%).

Remark. This is the construction for the action variable J, when we have
one torus. Actually, when (h, f) € Ur(z) for any fixed &, f there exist two tori. So,
we define the action variables J§1) ; J2(2) in a neighbourhood of these tori. Due to

the symmetry of the curve, Jél) = 52), therefore in the following we shall consider
anyone of them.



For later use it is convenient to make some changes of variables in ihe integral
Jo. First we make a change z; = 2.

1/\/2‘1(1—7-:3".(2}1 *SCf)(l-?-Zl)"}‘fZﬂ]
T2

“ - d.?].
{(L+21)

After that we put 1+ 2y = 1/z.

J __E/\/1~~oﬁf—s+zo(2h+s+f‘ f
?T 7o (1—z5)22

J’.
bz dza.

We write z and v again instead of z3 and v, respectively, for simplicity. Denote
(2.6) y= (1= 2)z(2h+ f+5) —s— f27]
and by y¥ — the oval of the curve
Thy={(v2): ¥" = (1~ 2)[z(2h + f +5) — s — fz%]}.
Then we have

def d
(2.7) w(h, £} 2 /ﬁ

Denote by fI(Jl, J2) the Hamiltonian of the considered system in action-angle
co-ordinates. We state the theorems, which are the aim of this paper.

Theorem 1. (i) For (h, f) € UM the following determinant does not vanish:

0°H

2.8 det k=1, 2,
(2.8) e (aJaJk>¢O gy

(1) For (h, f) € US? the above determinant does not vanish almost everywhere.

Theorem 2. (i) For (h, f) € U the following determinant does not vanish:
( *H  0°H  0H )
6]12 0J,0Js 6J;
) )

2.9 det § — . . 0;
(2.9) . “\anon 377 on ?
om  oH |
aJ1 0J J

(it) For (A, f) eV = {f >0, h<O0, 4h2+52+f2+4hs—2fs+99hf/12 > 0}
in Ur(z) the above determinant has at most two zeros.

We shall give the conditions (2.8) and (2.9) an explicit form in terms of Abelian
integrals of the second kind. Using the expressions (2.4) and (2.7) for J; and Ja,

we can determine F and H implicitly from the equations

Ty =2xF, Jy=(F, H).
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Lemma 2.1 (Horozov [8]).

O%H O H 9y 9
B3JZ 5116, OhZ  Ohof

2¢ 4 . 4 ~ =
(2m)2(Bv/8h)* det oy iy Py oy
85,87, 8J2 ohof  of?

Similarly, we have
Lemma 2.2.

°H A ol
8J2  8J,0J, 0,
% H 8*H  6H

3 —
(27‘0")¢h det m]—? —6—,]2— EJ_Z =yfs.
) \ 6J1 5.]2 Y,
It is easy to be seen that
Un = /(j—; #0
Ty

in Uy, because z; > z_ > 0 and /—i # 0 since it is the period. So, instead of
y .
o

Theorem 1 and Theorem 2 we shall prove their equivalent.
Theorem 3. For (h, f) € U, the following determinant does not vanish:

0%y 0%
B Oh?  BROf
D = det 821,1) 8_23
ORdf  Of?

Theorem 4. (i) For (h, f) € U the expression Dy = g does not vanish;

(ii) For (R, f) € V = {f >0, h <0, 4h> + 5%+ f> +4hs—2fs+ 99k f/12 > 0}
in Ur(z) the above expression [y = ¢;; has at most two zeros.

Next we would like to show that the entries of D (and D) can be represented
as elliptic integrals. If we differentiate (2.7) twice formally, we get the following
eXpressions: '

v [(z-1)dz

Tl Aaaat
8%y 1 (1-2)%dz
(2.10) a_ha_f—_i/ % J
3y 1 [(1-2)Pdz
R

11



The differential forms containing y~2 have poles along 7. A standard way to
get rid of the poles on the integration path is to consider I' ¢ as a complex curve.
Topologically, it is a torus from which one point is removed [11]. If we deform the
cycle v into a cycle v/, homological to v, on which the functions y and z{1—2?) have
neither poles nor zeros, then by the Cauchy’s theorem [11] the function % (h, f) can
be defined by the integral (2.7) on ¥’ instead of 7. After these notes it is clear that
the derivatives (2.10) are well defined. We again denote 7' by 7.

3. PROOFS
First we need the functions
2 dz
3.1 wij= | —, j=0,1,2, ...
( ) ' g ys

5

The next lemma gives a representation of D as a quadratic form in wo, w;.
Lemma 3.1. The determinant D has the representation

(32) D= —h(w - wo)*/(2f) ~ [(w1 — wo)(f — s — h) = hwn]*/(9F7).
Proof. We have to express the derivatives (2.10) by the integrals wq, wi.
Obviously, we have Yy = w1 — wo. For ¥y and ;s we have

Yny = —(wo — 2wy + w3)/2,
Y = —{wp — 3wi + Jwg — w3)/4.
Now, we express integrals wy and ws via wp and w; in the following way:

¥

1 /d[y2+zz(2h+2f+s)—z(2h+‘2$+s)+s]
T3
4

¥
_ify 2d az
..3f{2!y2 +2(2h+2f+s)/ 7 (2h—r2s+f)7/y3}
= [2(2h + 25+ f)wr — (2h + 25 + fwo] /(3]),
ie. ,
wy = [2(2h + 25 + fHwr — (2h + 25 + fHwo]/(35).
Similarly,
ws = [(2h + 25 + f)wy — 2swo]/f.
Consequently,
¥rs = —h(wy — wo)/(2f)

and

Ynr = [(f — 5 = 2h)wi + (A + 5 ~ fluwo] /(3F),

12



from where we obtain the representation (3.2). This completes the proof of
Lemma 3.1. ‘
Next we shall put the family of the elliptic curves I'y, s into the normal form

(3.3) I = {(u,v) € €%, v? = 2(u® - 3u +p)}
by the translation r = z + §, where '
(3.4) 6= (2h+2f + s)/(3f),

and the rescaling y = av, £ = Bu, where

(3.5) B=+V(@h+2f+s)?2-3f2h+2s+ [)/(3f), o= fB%/2.
If we put

63— (2h+2f + 5)62 + (2h + 25+ f)6 — 5
202 ’

(3.6) p(h, f) =

we get (3.3). It was proven in [12] that vy # 0 in U,. This allows us to introduce
the function

(3.7 Lo = wy/wy.
Then in the variables u, v and p the integrals wy and w; become
% du _ B (Bu+ 68) du
w=gw wEg ) Tm
7(p) ' 1(p)

Here 7(p) is the cycle homological to the oval of the curve T, defined for p € (=2, 2)

and » # 0 on ¥(p).
Introduce the new functions

)= [ 5. aw= [ L2
) ()
and their ratio
pp) = 61(p)/bu(p).
In these notations we have

(3.8) oc=0p+6.

The following result from [8] is crucial for the proof of the theorems.

Lemma 3.2 (Horozov, [8]). (i) The function p(p) is strictly monotonous de-
creasing in the interval [-2,2];

(i) p(-2) = 7/5, p(2) =1

Proof of Theorem 3. It is seen from the representation (3.2) that if the entries

in D are not simultaneously zero, the determinant D is negative in Ur(l) where
h > 0. We shall show that they cannot be simultaneously zero. Suppose that
w; — wg = 0. Then D takes the form

D = —(hw1)*/(9F%) = —(hwo)2/(9f2) £ 0 in U,.

13



Now suppose that the second eniry tn £ is zerg, L.e.
(f~s—2hjwy+(h+s— flus = 0.
The both coefficients vanish stmultaneously on the boundary of U, so
SO SR
2 (f ~s-—2R)2 7
Let now {h, f) € U, Here b < G , [ > 5, so the expressions in (3.2) have
different signs. It 1s easy to calculate zh WIBH
(39) D= (aw? + 2bwiwg + cw?) / (18F2) = wi (ac? + 2bo + ) / (18f%),

where @ = —Ohf - 2(f — s — 2h)}, b = Ohf + 2(f — s — 2h)(h + 5 - f).
c= ~9hf - 2h+s— f)2
Comnsider the point in L’#Q), obtained when A = —s/2, f = 6s. Then the

expression ao? + 2bo + ¢ reads
T = —s? (4567 + 1866 + 67/2)

where the wave over corresponding expressions ineans that they are evaluated in

< (i8)7Y2 6 = 2/5, and
p € (1,7/5), since h = —s/2, f = 6s is 1 U*). Obviously 7 is transformed in

=

the pownt A = —~3/‘7 f=6s Burtd=0p —r- 6 where J =

T= = (558 + 822)/ %5+ 355) /2

Suppose that I" {and therefore D) is zero in tius powmt. It turns out, as it 1s easy
to calculate that the two roots of the equation T = U are negative and this is a
contradiction with the admissible values for g. Therefore D = Djogs p=eyy2
. . . , .. . ) . )
le. D) 1s not identically zero. Hence D is uot zero almost everywhere in Uz ). This
comipietes the proof of the Theorews 3 aid hence Theorem [

Proof of Theorem 4. First we transform D; in the ic oilowing way
Dy = —hwg{wi/wg — 1)/{12f) = —h8; 8(6p + & ~ 1}/(12f0)
h3? ! -4
B
12fo® 7\ B

Denote

3.10 ~L1=0
(3.10)  Z=3

First, we shall prove that Z < 1 when (h, f} € U Let substitute in Z ¢ and #
with their equals from (3.4) and (3.5). Then by direct compubat,ions 1t 1s seen that

the inequality Z < 1 1s equivalent to A > 0, i.e. Dy # 0in Ur’. This preves the
first part of Theorem 4.

By the same way it is shown that 7/53 > Z > 1 when (R, f) € V N T 7' where
by V the following domain is denoted:

V=A{(hf): f>0,h<0, 4h? + s* + f2 + 4hs— 2fs + 99hf/12 > 0}.

14



I Ad

Now let v = I /2. Yor any xed v € D/ ',1"{ the equation p(p) - 1717 = § has e

one sulution g € (—~2,2) as Lemma 8.2 impues. This defines a Tunciion v —- p{v).

v 1A/T00 which s s&rir?,ly. in('reasmé. Let vy € 45/7. 10 (R J)

i

1

/
Lotig) 1 oies correspondent via the equation piy ) - ifwn = 4 Then from (3.7
is seech: chiat die preliage of pg contains at most two poinis, witen /i is hixed. and
fromt (3.6 - - that the preinage of polr;) contaiis at inost six points. 1t s clear
.

. . . . U . B Vo AT
now that zeros of Do v NUGT calt be at most two, § s completes the proct of
1neorem < oand hence of theorem 2.
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ON THE ABSORPTION COEFFICIENT OF
RANDOM DISPERSIONS

MIKHAIL KOLEV, KONSTANTIN MARKOV

Muzaua Koaea, Koncemanmun Mapros. O KODOPUIUEHTE ABCOPBLUUM CAYUYAH-
HOHW NUCIEPCUU COEP

Pabora moceAmesa 3anave onpelenenus obdeKTHUBHOro Kosdpbunmerta abcopb-
MK cpen cayuaiinofl cTpykTypH. Bapuanuonuste OLleHKU BTOr0o KoodpunMenTa, HeABBHO
npeAIoKeHHble AaBTOPAMM, BLIUKMCJIEHEI ABHO AN Cclyd4YaiinHo#l cycrneHcuu chep QO NMOPALKa
,KBaJpaTa KOHINEHTpauuun” U CPaBHEHHI ¢ oueHKaMu lanbora m Yuanuca. OkxasniBaeT-
CH, YTO OLlEHKU aBTODOB yKe, ORKHAKO OHM, B OTAMYMUM OT omeHok Tanbora m Ywunuca,
NPUMMEHMMEL AUHIL LJIA KOHNEeHTpauuu cdep, He npeBomonAmux 0.10.

Mikhail Kolev, Konstantin Markov. ON THE ABSORPTION COEFFICIENT OF RANDOM
DISPERSIONS

The problem of predicting the effective absorption coefficient of random media is discussed.
The variational estimates on this coefficient, recently derived by the authors, are explicitly evaluat-
ed for random dispersion of spheres to the order “square of concentration”. A comparison with the
bounds of Talbot and Willis is performed as well. It appears that the proposed bounds are more
restrictive but, unlike those of Talbot and Willis, are only applicable for sphere concentrations
that do not exceed 0.10. '

1. INTRODUCTION

Consider the steady-state equation
(1.1) Ap(x) — k2(x)p(x) + K =0

that governs, at the expense of some simplifying assumptions, the concentration
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@(x) of a diffusing species (say, irradiation defects), generated at the constant
rate' K, in a random absorbing (lossy) medium (see [1] for referencegs and more
details). The absorption coefficient k?(x) is » given random field, assumed positive,
statistically homogeneous and isotropic. The problem is to evaluate the random
field (x), i.e. all its multipoint correlations, and, in particular, to find the mean
defect concentration {¢(x)); the brackets (-) hereafter denote ensemble averaging.
The latter value allows to obtain the effective absorption coefficient (sink strength)
k*? of the medium, defined by the relation k*2((x)) = K.

‘Recently the authors have proposed variational estimates on the coeflicient
k*2, using the technique of truncated functional series and a procedure of Beran’s
type [2]. We shall recall now these bounds-in the particular case of a two-phase
medium. Having in mind the application to particulate media and dispersions of
spheres in particular, we call one of the constituents, for definiteness sake, filler and
denote its absorption coefficient by k? and its volume fraction — by ¢; = c; the
) other constituent is called then matrix and its respective parameters are k2, and
¢m = 1 — ¢. Thus the random absorption field of the medium is

k%, if x € matrix
2 — m> )
(x) ".{ k}, if x € filler,
or ‘
(1.2) k(x) = k7, + (K21 (x) = (k°) + [K%} 1} (x),
where [k?] = k% — k%, I;(x) is the characteristic function of the region, occupied
by the filler, and I}(x) = I;(x) — c is its fluctuating part. '

The elementary (one-point) bounds on k*? read .

(13 ki S B2 <k,
where ) Y ‘ R 5
’ ki = (k*(x)} = ckf +(1- )k,
k% = 21 (ca +(1-c)a? )Y

B {e?(x) ! "
here a*(x) = 1/k*(x) is the compliance field for the medium. - The bounds (1.3)
are the obvious counterparts of the well-known Voigt and Reuss estimates on the
effective conductivity or elastic moduli of a heterogeneous medium.

The bounds on k*2, announced in [3] and detailed in [4], are already three-point
and thus they are always tighter than the elementary ones (1.3). The bounds have
the form

( -1

P PO s 00
LA R e a—— .
\ B+ oy (1= 208

(1.4)
(
,. B o= oy
L R P
\‘ 2+<k2>(—6)3
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The following four statistical parameters enter the bounds:

. kR
(1. § = ’ 9 3 Cz = A ¢
(1.5) I3 Mk(o)/Gv(Y)W (¥y)d%, WQ(O)/AGR\V/ 13 (y; £y,

i = g | [evirce oty aiy .

(1.6)
Is = M3 Mg( 0 0) /A(m(yl JAGR(y2) M§(y1.y2) Py dya.
Here Gy (x) = - wl}x} exp(—ky |x]) is the Green functicn of the operator A ~ k2,
le.
(1.7) AGy (x) — k2 Gy (x) + 6(x) = 0,
and similarly for Gr(x) with kv repiaced by kg;
(L8] ME(y) = (R2(0)5k*(y)), ME(yr,y2) = (BE2(0)0 (y: )6k yo)

are, respectively, the two- and three-point LOLI‘GI&UO“ functions tu: the field &% ')
I‘he same functions for tht‘ corapliance field o (x; are dencled by MJ{y) ¢
M§(y1,y2). Since the medium is two-phase, we have the well-kaown relations

{1.9) M'z (0) = ¢ — c){k“] . ME(D,0) = efl = ¢)(} - 23k,

and similarly for M$(0) and M{(0,0). Herealter the integrals are over the whole
space RS, if the integration domain is not expliatly indicated.

Note that in [4} it was shown, in particular, that the bounds (1.4} avc third-
order in-the weakly-inhomogeneous case. Moreover, the explicit results, obtained
in {4] for Miller’s cellular media, indicate that the bounds remain useful even when
the absorption tapabilities of the constituents differ one hundreu tines.

In this paper we shall consider in detail the evaluation of the statistical paraia-
eters (1.5 and (1.6} for random dispersions of nenoveriapping spieres. In Section
2 we briefly summacrize the needed in the sequel statistical description of random
dispersions. In Section 3 we calculate the parameters I¥ and I§ for the dispersion,
given in (1.3), that depend on the two-point correlations. Siniilar calculations are
performed in Section 4 for the parameters I and I, see (1.6), but unlike the “two-
Roint” parameters, we are able to give analytical results correct to the asyinptotic
order ¢? only In Section 5 we illustrate the performance of the bounds and compare
them with those of Talbot and Willis [1].

2. STATISTICAL DESCRIPTION OF RANDOM DISPEURSIONS

We consider a random dispersion of spheres, i.e. an unbounded matrix, con-
taining an array of equal and nonoverlapping spherical inhomogeneities, each one of
radius a. The medium is thus completely déscribed by the systern of random points
{Xa} — the centers of the spheres. The statistics of the system x, is conveniently
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represented by the multipoint distribution densities f,(y1,...,yp), or probability
density functions. They define the probability dP to simultaneously find a point
of the random set {x}, per each of the infinitesimal volumes y; < y < y; + dyi,
t=1,...,p, to be

(2.1) dP = f,(y1,.--,¥p) &%y ... d%,.
We assume that the system {x,} is statistically isotropic and homogeneous; then,
in particular, fi = nand f;, = fp{y21,.-.,¥p,1), Where y; ; = y; —y; and n denotes

the number density, i.e. the mean number of points per unit volume.

Let us imagine now that by means of a certain manufacturing process we pro-
duce random point systems {x}, with different number densities n. The statistics
of the system {x}, will then depend on n as a parameter, ie. f; = f(Yp;n),
Y, = (¥1,-..,¥p)- Weshall assume, as usual, that f, ~ n?, ie. f, has the asymp-
totic order n? at n — 0, p = 1,2,... In particular, for the two-point distribution
density f2, which most frequently appears in models and theoretical studies, we
have .

(2.2) : F2(y1.y2) = n?g(r), g(r) = go(r) + O(n),

r = |y2 — y1|. (The point system {x}, hereafter will be assumed statistically
isotropic as well.) Thus go(r) is the zero-density limit of the radial distribution
function g(r) for the system {x},.

A convenient characteristics of the set of random points is the so-called random
density field

(2.3) P(x) =Y 8(x — Xa).

This field was systematically used by Stratonovich [5] in the one-dimensional case
when the role of x is played by the time. The random function ¥(x) is uniquely
defined by the random set x,. The respective formulas [5] read: ‘

((y) = fily) =n,
(B(y1)¥(y2)) = fily1)d(y1,2) + f2(y1,¥2),
(1/)(Y1)T/1(Y2)1/)(Y3.)) = fi(y1)6(y1,2)6(y1,3)

+3{6(y1,2)f2(y1,3)}, + f3(¥1,¥2,¥3),

etc., where {-}, means symmetrization with respect to all different combinations of
indices in the braces.

The random absorption field (1.2) of the medium under study has a simple
integral representation by means of the field ¥(x), namely

(25) K2 (x) = (k%) + [#] / h(x — y)¥ (v) d,

~ where ¥/(y) = ¥(y) — n is the fluctuating part of the field ¥(y), h(y) is the
characteristic function of a single sphere of radius a, located at the origin.

(2.4)
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3. EVALUATION OF THE PARAMETERS I5 AND I

According to (1.2), (2.4) and (2.5), the parameter 1% for the dispersion has the
form

k.2
1 = 0 [ [ [orhtapty - sty () en) Sxtndss
ki 2 3, 13
(3.1) = -c(—l-:—c—)//h(zl)xv(zz)[né(zl — 29) — n’R(z1 — zz)] d3z,d°z2
_@g—a1C; N1 i
- 1—C j R(Z)‘_ 1 g(Z),
with the coefficients
(3.2) a4 = ’fVK / h(z)xv () &,
k.‘Z
(33) a; = V‘;—//h(zl)XV(Zz)R(zl _ zz) d3Z1d3Z2-
Here V, = %was and
(3.4) xv(z) = (h=* Gy )(z)

is the Helmholtz potential for a single sphere of radius @, located at the origin.
Let us recall that it is the continuous and bounded everywhere solution of the
Helmholtz equation Axy — k& xv +h(z) =0. A simple calculation yields

,av sinh ry
(359) RS e T
/ Ky | gn@esv-rv oz,
14
1 . 1 .
(3.5b) A= —,—j—;—g‘—/—e_“" sinhay, A"= —e~ % (av coshay — sinkay ),
\% . -oav

where ay = aky and rv = rky are dimensionless, r = |z}
Using (3.5), we find first the coefficient ao:

(3.6) ap = 1 = Fafav),
where
(3.7 Fo(z) =3 1tz ¢~ (z cosh z — sinh z)

3
is the function that appeared when calculating the parameters I§ and I§ for cellular
media with spherical shape of the cells, see [3,4].
For the coefficient a; we get in turn:
t kz
(3.8) a, = —% | h(z)P(z) d°z,

V2
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where P denotes the convolution P(2) = (xv » R)(z}. Due to (1.7), the function £

solves the equation :

(3.9) - AP—-k3P+hxR=0.

The assuraption of nonoverlapping yields g(2) = 0 and thus R(z) = 1 —g(z) = 1 at

,"rr: < 2a. That is why (h* R)(z) = V, within the sphere |z| < @ and the solution
b

of 2qn (3.9) within the same sphere has therefore the form

V. _ay sinh ry \
3.10) Plz)=-— {1 —- 1, r=lzl < a.
(3.10) » (2) k% < rv sinhay / |

The vnknewn coastant B is found by means of the obvious relation
Va ( . ay / 3
P(0) = 5 1+ B av/ R Z}d
(0) ki \ i smhav xv(2)R(

sinh av | ki,

(3"1.]‘) ; B = — [V /XV z){1 ~ g(z))d°z — 1] .

‘)n sple calcuiations, using (3.5), yield eventually

(3.12 a 1—- o Fylav)!
3.12) 1 (1ta )2>2\ v)
wlhere
oC
{3.13) : I= /.s()"?a"’q(a) ds, s =r/2a,
. ‘L .

is the statistical parameter that appeared in Talbot and Willis’ bounds on the
effective ahsorption coefficient £*? [11.

In the simplest two-point statistics — the so-called “well-stirred” case — one
has 9(s) = | at = 2 1, so that

. 149 )
(3.14) I=I"(av)= *7——422}—/—8’2“",
~xav
and thus .
N 1+ 2ayv
‘:; 1 )' = 1 Ff)
( I a1 (1 +ay ) (GV)

Note that Talbot and Willis were able also to evaluate the parameter I in the
case when the fwn-point statistics of the dispersion is governed by the well-known
Percus-Yevick approximation:

, I =1"(ay) = G(2ay),
)

1 T,
2.18) Gty = =12¢{(1 + Ze)t 2
@18 = e+ swey HO 2| T3ttt

S = (1 - )" + 6e(1 ~ )t? + 18¢® — 12¢(1 + 2¢).



A simple check shows that
\ ' P¥(ay) = I**(av) + O(c),
as it should be. »

Thus the needed statistical parameter I% for the dispersion is
ap — aicC

l-c¢ \

where ag, a; are explicitly given in (3.6), (3.12) respectively. Hence 5 is a known
function of the dimensionless parameter ay, depending on the radial distribution
function g(r) for the dispersion through the statistical parameter I.

The evaluation of the second statistical parameter I§, as given in (1.5), is now
straightforward. Keeping in mind (1.7), we get immediately

(3.17) Ik = = pa(av),

x

I = ‘"MZ}@ / AGR(y)ME(y) &y

=1-

M"(O /Ga(y) My (y) %y,

so that

(3.18) - I3 =1-pa(ar),

where @o(ag) is the function, defined in (3.17), in which ay should be replaced
everywhere by ag.

4. EVALUATION OF THE PARAMETERS I} AND Ig

Unlike I¥ and I§, we are able to evaluate the three-point parameters I§ and
I to t'  order ¢? only. The reason is that the three-point probability density fs
will enter the needed moments, so that the only way to obtain analytical results
1s o veglect it, assuming fs ~ ¢, see Section 2. Thus all formulae hereafter are
correct to the order O(c?) only. '

According to (1.9), (2.4) and (2.5), the para.meter I% for the dispersion has the

form
= c)(l - 20)/// [/Gv(yl)h(“ ~m)d y’]

X [/Gv(h)h(yz — 73) dsYz} h(z3) (V' (21)¢' (22)¢' (23)) d°21d°22d%23

TSV c(l_c)(l - b [ [ [xv G hias)

X [n6(21|2)5(z1,3) -~ n23{6(z1,2)Ro(zz,3)}8] d321d322d323

bo - b1c

S-a-zg E=ioee)
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with the coefficients

4
(4.2) bo = 3L [ h(a)xh () %,
(43) by =2J1 + Jg,
kY 3
(44) Jl V2/ h(zl)XV(Zl)XV(ZZ)RO(Zl - Zz)d Z1d Zy,
k4
(4.5) J2 = -'V—‘;-/ h(zﬂx%;(z;;)Ro(Zl - ZQ) d3z1d3zz,

go(z) is the zero-density limit of the radial distribution function g(z) for the dis-
persion, see (2.2).
Using (3.5), we find first the coefficient bg:

(46) bo =1- 2F2(av) + Fg(av),
where
4.7 F(z) = - (1 + x) e ?*(sinh z coshz — z)

is the function that appeared When evaluating the three-point statistical parameters
I% and I for a cellular medium, see [3,4], and Fo(z) is defined in (3.7).

Let us evaluate next the coefficient 4, in (4.3). To this end we first recast the
integral Jy as

(4.8) Ji = %/h(z)xv(z)Po(z) 43z,

where Py(z) = (xv * Ro)(z) is the convolution, similar to that used in Section 3.
Keeping in mind (3.5), (3.10) and (3.11), we find straightforwardly that

3 ay coshay — sinh ay oov
4 av(l + av)

where [ is the statistical parameter of Talbot and Willis, see (3.13), corresponding

to the zero-density limit go(2z) of the radial distribution function.
In the particular case of a well-stirred dispersion we have, due to (3.14),

(i i 2“‘;2 Fa(av)[Fs(av) - Fafay)).

The evaluation of the second integral J,, entering the expression for the coef-
ficient b1, is more complicated. We first recast its definition (4.4) as
4

s [ @R,

(490  Ji=1-~ Fyav)+ [Fs(av) — Fa(av)]I,

(4.10) J1=1- Fy(av)+

(4.11) Jo =
‘where

(4.12) Fo(z) :/h(z - ¥)Ro(y)d3y =V, —/h(z - ¥)go(y) d3y.
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Let ha(y) be the characteristic function of a sphere of radius A located at the
origin. Following [6], we denote

daha(y) = haran(y) — haly) = {

It is easily seen that

1, ifA<jy]<A+dA,
0, otherwise.

o

0o(3) = [ ao(A)daha(y),

2a
which is inserted into (4.12):

Fo(z) = Vi —ng(A) {—/h(z B y)hA+dA()C'l)A_ hA(Y)dsy] dA
(4.13) 2;
=Va ‘/QO(A) [%FA(Z)]‘M’ FA(z) = (h+ ha)(2).
2a .

We introduce, in turn, (4.13) into (4.11) and integrate by parts:

n=t {va [ ~7go<A) [ [vors #4 dA}

2a

(4.14)
-2 { [k [ @F @ Ealia+ aza) [t @F @ d%} ,
2a

having used the facts that Feo(z) = V, and go(oo) = 1.
Let

ky | A
(4.15) p(r av) = VVE/X%/(Z)F’\“(Z) dz; A==122

Simple algebra, based on the analytical form (3.5) of the Helmholtz potential xv(z),
yields

(4,16) /J.(A, av) =1- QFg(av) + Fs(av) + F4(av, )\) + F5(av, )\),

where

3(zcoshz —sinhz)?, _ 2y 1)z
F4(r,y)=§( P L (o= — e20-02),
3 (:r coshz —sinhz

File.) = g ) {l02 2 -9 +50°

(4.17) _ 6(y + 1)2132 + 6(y . l)z + 3] e_g(y__l)x
- [12(y - 1)2(11 + 1)33 —6(y— 1)21,2 +6(y+ e+ 3]8—2(y+1)z
+ 24(y — 1)%(y + 1)%2* [Bi(=2(y — 1)2) — Ei(=2(y + 1)13)]}
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and Fy and F3 are the functions. defined in (3.7) and (4.7), respectively. As usual

~t
I 8
— Ay [ ¢ Z
E—t = / s
"C\Z ‘
denotes the integral exponcnt.
Thus
x4]8) ,]2 =a /’glo(/\a)/’,t‘(/‘\f G{) dA + 90(2&]),’1(24 (lv}.

In the particular case of a welistirred dispersion

.3 (ay coshay —sinhay
Js = by -+ o \ . /;

LLO aV

.‘ | _ . 9. v a . —
(4.19) %< [1T2ay — 5dai, + 6ay + 31729 — (367 - 6a% + 18ay + 3]efav
, +218ad (Ei(—2ay ) — Ei(—6ay)}},

Eveatually, the needed parameter [§ is

bg - bl(,’
4.20 IF= 2270 oy,
( U) 3 (1_(,)(1_20> @ \rz‘)

where ag, a; are e\phmh) given in (4.6), (4.3). ete., respectively. Hence 23 Is a
known function of the dimensionless parameter ay, uep@nmnd on the zero-density
limit g4(r) of the radial d1~tr1buu10n function for the dispersion through the integrals
I and Jy, see (3.13) and (4. 18) wspe"hwh «

The evaluation of the statistical paramcter [§ is already easy. From its defini-
tion (1.6)2 and eqn (1.7} {with ki replaced by k%) we have

ﬂkz : R
f=1-— /(,,, M0, y) &
3 ‘/fé*(O 5] (V)M {0.y)d"y

(4.21)

-+ -

M;(o b

//(m Y)GRY2) M (y1,y2) Py Py
But
Mz (0.y) = [a]® (D)1} 1y)) = (1 —QCH"}%‘(Z? My )) = (1= 2e)[olMEly),
1

since I}Q(O) = (F7{0) —¢)* = (1= 2} 15 () + <%, {Note that ]f(x, = I;(x).} Hence

\\j G - " H_ ’P i ’ \Af:‘(.-? d3 = \}.
(G 0 /GR (Y )M Y)a V- n,{zfz(g)/CR(y’ $(y) Py = pa(ar),
see (3.17), so that

4.22) I§ = 1~ 2p2(ar) + pa(an),
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ast term in the r-h. side of {4.21) is immediately recognized as the

becanse
{4.20) in which ¢y is 10 be replaced everywhere by ag.

function ¢3 from

5. COMPARISON WITH THE BOUNDS OF TAL T AND WILLIS
The results of Sevuo'xs 3 and 4 allow as to evaluate the bounds (1.4) for the
mrelsmn to the order ¢?. Indeed the rciarions (3.17) and (3.18) give us the values
T the two-point st ansu:‘al parameters I8 and [§ [or an arbitrary radiai distribution

function g(r). In tarn, eqns (4.20) and {4.22) provide the values of the three-point
ry radial distribution function

statistical parameters [.’C and [y, again for an

¢{r). but to the order ¢? only.
aad Willis derived bounds on the effective

Let us recall that in [1] Tallot aand
whsorption coefficient £~? :rsion of spheres, using an original variational
have the form

for a disg
nrinciple of Hashin-Shtrikman’s

arbit

arol UL

) (/;

type. Their bounds

ila)

ith the coefficienis

IVAES $)

3e(ay coshay —sivhay) a’k?

{1 —clay

o ko . - 3e(k? = k5)(as coshay —sinhay)y
y=e ako(cosh ay + }C——s;mha‘f p— — k's‘,s, o + 8,
f oGl ¢

»ib) n = {1+ akp)e
{201 ¢ koo S
= ~teoshiahrsinh ek — ——sinhakf cosh ako] ,
arg - ' 'f )
o AVl b2 _ 2 o
5 — -5(02 iip k= 3e(ky — k3)(ag coshay — sinhay)
= —2(a? —alin, A= :
kf_) M m (1 - C‘)l"g(ls
k: {
po=eBiar = (aky)*) + (L =ella;, - {ako)®), ay = aky, am = akp
Af .
Qur notarions differ a bit from the vriginal ones used in [1].)
Upon inserting kg = 1uin(k,,. k;) in {5.1) one obtains a lower bound on £k*?
G bl 5

«ad, similacly, inserting k5 = max{ Ay,ﬁ ke} — an upper one. In (5.1b) T is the
statistical pa‘ameter, defined in (3.13), which carries information about the two-
ooint statistics of the dispersion. In this sense the bounds (5.1) are two-point
ard therefore should be expected to be less restrictive than ours (1.4) which are

11

‘Lree-point. :
ft is to be pointed out, however, that Talbot and Willis’ bounds (5.

useful for all values ¢ € (0, 1) of the sphPrr’ volume fraction while the bounds (1.4)
have been calculated in the foregoing analysis only for dilute fractions -— to the

1) are
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order ¢ — and thus may be expected to provide useful results for values of ¢ not
exceeding 0.10 — 0.15. The numerical calculations confirm these expectations. The
c?-bounds (1.4) are closer to the exact values of k™2 and more restrictive than the
Talbot and Willis estimates (5.1) only at sphere fractions ¢ not exceeding 0.1. This
is illustrated in Tables 1 and 2 for a well-stirred dispersion of spheres in the two
cases k7/k%, = 10 and k%/kj, = 0.1 respectively (at am = 1). The exact values
are found by means of the numerical procedure, developed in [7] which employs
the techniques of the factorial functional series [8] and allows to obtain explicitly
the full statistical solution of eqn (1.1) to the order ¢? for the dispersion and, in
particular, the effective absorption coefficient k*2 to the same order. The results
for other values of ap, (a;, = 10 and a,, = 0.1) are similar and therefore they are
not shown here.

Acknowledgement. The support of this work by the Bulgarian Ministry of Sci-
ence, Education and Culture under Grant No MM26-91 is gratefully acknowledged.

Table 1
c TW-lower KM-lower exact KM-upper TW-upper

0.0 1 1 1 1 1

0.02 1.071 1.071 1.071 1.072 1.089
0.04 1.147 1.147 1.147 1.147 1.183
0.06 1.229 1.230 1.230 1.231 1.281
0.08 1.317 1.318 1.318 1.319 1.384
0.10 1.413 1.414 1.415 1.417 1.492

Estimates on the effective absorption coefficient £*2 for a well-
stirred dispersion at a;, =1, k}/k?n = 10: KM — the bounds
(1.4); TW — the bounds (5.1) of Talbot and Willis

Table 2
¢ TW-lower KM-lower exact KM-upper TW-upper

0.0 1 1 1 1 1

0.02 0.977 0.978 0.979 0.979 0.979
0.04 0.955 0.957 0.958 0,958 0.958
0.06 0.934 0.937 0.937 0.937 0.937
0.08 0.914 0.917 0.917 0.917 0.917
0.10 0.894 0.896 0.896  0.897 0.897
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ON THE TWO-SPHERE PROBLEM
IN AN ABSORBING MEDIU)

MIKHAIL KOLEV

Muzovs Koacs. Ob ABCOPBUMOHHOM! 3AHAUE IBYX COEP

PaBora nocBamena peurennio adcopbumonHOM 3anaum ABYX Cep, KOTopas coc-
TOUT B CAEAYIOWEM., DB HeorpaHnueHHOR MaTpuue COLEPHATCH ABE HellepeCeKalouMecs
chepnl OAMHAKOBOrO PajMyca, B KOTCPHX FEHCPMDYKITCA JePeKThl ¢ NOCTOHHHOR Cha-
pocrbio. Jederim nornowmaioTcs MarTpuuelt u chepayn ¢ PABNMIREIMM KO3 () PUUMEH-
Tamu abcopbumuy. Tpebyerca oupenenuTh CranMoHapHoe pacnpelienenue acdexron B
cpede. DTa 3a434a BOSHUKACT €CTECTBCHHLIM 00DaioM LPH BRUMC/ICHAM SYHERTUBHCIO
koodbdunmenta abcopbumu cayuaitsolh cycnencun chep. Ilpesnomesnoe aHaIMTHUECKOE
PeIUECHME MCHOb3yeT T. Ha3. MeTol ABOMHBIX pa3zfoweHuli, xoTopnii ynobeH A UNCIEl-
Holl peann3aunum. )

Mikhail Kolev. ON THE TWO-SPHERE PROBLEM IN AN ABSORBING MEDIUM

The paper is devoted to the two-sphere absorption problem. Namely, let two identical spheres
be embedded into an unbounded matrix. Defects are created within the spheres at constant rate
and are absorbed, with different absorption coefficients, by the matrix and the spheres. The
steady-state defect distribution in the medium has to be found. This problem appears in a natural
way when evaluating the effective absorption coefficient of a random dispersion of spheres. The
herein proposed anaiytical soluticn employs the twin-expansions method and it is convenien:. for
numerical implementation, ' '
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1. INTRODUCTION

Consider the equation
AHD(x;2) ~ {kZ + [k (h(x) + h{x — 2)) } H(x; z)

(1) .
— K {r(x) + h(x—2)} = 0.

Here h(x) is the characteristic function of a sphere of radius a located at the origin,
k%] = k? — k% ; the differentiation everywhere is with respect to x, z plays the

role of a parameter, |z| > 2a. The solution H{?)(x;z), we are seeking, should be
bounded and continuous everywhere in R®, and its normal derivative should be
continuous on the surfaces |x| = @ and |z — x| = a. The interpretation of eqn (1)
is as follows. It describes the steady-state distribution H(?(x;z) of a diffusing
- species (say, irradiation defects) generated within two non-overlapping spheres,
- embedded into an unbounded matrix, at the rate —[k?]. The spheres are of radius
a, located at the origin and at the point z. The species is then absorbed by the
spheres and by the matrix with different (and positive) absorption coefficients k?

and k?, respectively. Due to this interpretation, the problem (1) was called in
[1,2] the two-sphere absorption problem. Let us recall that this problem appeared
in a natural way in [1,2] when looking for the effective absorption coefficient of a
random dispersion of spheres to the order ¢?, where ¢ is the volume fraction of
the spheres. Hence, the solution of (1), especially in a form suitable for nurrierical
implementation, is needed when evaluating the statistical characteristics of the
diffusing species field in the random dispersion and, in particular, when calculating
the effective absorption coefficient of the latter. The aim of this paper to describe
such a solution of the problem (1), using the method of twin-expansions. It is to be
pointed out that a similar method has been successfully employed in the respective
two-spheres problems for heat conduction [3,4], elasticity [3], diffraction [6], etc.

2. TWIN-EXPANSION SOLUTICN OF THE PROBLEM (1)

Let us introduce two Cartesian systems and two systems of spherical co-
ordinates as shown in Fig. 1. Both spheres are of radius a, the origins of the
systems are at the centres of the spheres, the x-co-ordinate is common for them,
and the distance between the centres, |0,02/, is denoted by R, so that

L1 =22, 1=Y2, nn=22+R
Then, obviously,
z1 =rysinfycosy, 2 = rysinfscosy,
¥ =msinf;siny, y; = rosinfysiny,

Z1 = rycos by, z3 = —1y cos by,
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Fig. 1

where 0 € 71,72 < 9, 0 < 64,00 £, 0 £ x <27

We need, first of all, a convenient form of the relation between the spherical
wave functions given in the two spherical co-ordinate systems. We start with the
identity [6]:

@) 20 (kmr2) Palcost2) = (=1 Y Qoson(km B, 7) jo(kmr1)Ps(cos 1),

s=0

where

(1) _ T (1) . _‘ T
(3) Zn (kmri!) = \’ 2}6- m“_r'Z'Hn+%(ka2)a ]s(km"'l) = \/ 2kmrljs+§(kmrl)

are the spherical Bessel functions,
HD(2) = Jm(2) + iNm(2)

denotes as usual the Hankel function of the first kind,

s STT
(4) Qo,on(ka,w)zL Y 2607 Z0 (b R)Po (1), Nos =

2
os 25+1’

o={s—n|

P,(z) are the Legendre polynomials, and
b(ruﬂuﬂzmz) — (__1‘)m2 (nl + ml)‘-(nZ + mZ)‘.(Tl — ™My + mZ)'
" (ny— ml)‘.(nz - mz)‘.(n +m — mg)'

X (nlnzoolno)(nlngml, —-mgln, mp ~— mz),

where (nlngmlmzln, mj + mg) are the Clebsh-Gordan coefficients.
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According to the fact that FPo(—1) = (~1)?, we have from (2):

S — /,_._.__.__ oc e

Fy 1 ) ki / T A ;
i ) (k) Pa(cos 83) = (~17 V ik Vs D Jerslhnrs)

ka’['z ndg

(5)
, , 20
x P"(COSGI)_[\I_O“ —:}S__‘_, ’(—z) bgo O)Hzg-e-)-;-(ka)'

Using the well-known relations between the Bessel functions:

(6) Liy(z) = i“(a+%)Js+

W

2

) ) 77i.34.i‘1 o,
(13'_;)': I{S"}-'l-(m) = —:?—Z( v 2/H§+%(21:),

we find from (5) the formula

D Ly .
X Z _N;‘:"]s-{-%(kmrl)Ps(COS 01)[ Z (_l)cbgsono)f{a+%(ka)J
EEY oeolon|

between the spherical wave funciions in the two co-ordinate systems (Fig. 1), which
Is just the form suitable for our purposes.

We look for the solution H(®)(x; z) of the eqn (1), that is independent of the
co-ordinate ¢, in the following form:

%

-— inside the sphere “” as

(2 kY N [ , .
(8a) f{((i)) = _'Z)%—* + Z A, ;I7z+%(kfri)Pn(cos 8), i= 1,2
n=0 ¢

—outside the spheres as

7 & a .
H((j&z)' =3 {ng) \/;I‘I"M 1(kmr1) Py (cos by)
(8b) e :
@ [a, '
+ Gy ‘\/m—l{n_}_é(kmm)Pn(cos Bn)}
r2 4

Due to the obvious syminetry of the problem under study we have C, = C,gl)

= '5,2), n=0,1,... Thus

oo

£ a .

H((‘izi) = Z G { 'T,_lﬁn-i-g('cmrl)Pn(cos 1)
n=0 ~

(9) A=
a ” N ]

+\/;.";Rn+§(kmrz)l’,,(cos ﬁg)j .

The coefficients A,, and C,, are to be found from the above mentioned boundary
conditions, namely, the continuity of the field )(x;z) and its normal derivative
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acrass each spherical interface (with respect to x; recall that z plays the role of a
parameter).
According to (7), we recast the solution (8b) of eqn (1) outside the spheres as

. .
2 [a Z / 2r 1
Hém)tt) = ;; 0P,,L(COS 91){CnKn+%(kmrl) + k—m—RmIn_‘,%(kal)
n=

(10)
] s4n '
« L Y (DB K gy (kB
s=0 o=}s—n}

Making use of the above mentioned boundary conditions, the orthogonality of
the Legendre polynomials and the fact that (709 = 1,5 = 0,1,..., see [6], we
find the following relations between the unknown coefficients

(k% , o1 27 Z“’
(11&) A()I_;_(a.f)——kz— :CQK%(am)-r N—I%(am) r}—z C,K‘,+_12_(ka) y
b 00 m s=0

1 2w
AnIn+%(af) = CnKn+%(am) + ‘N‘;In+§(.am) TR

(11b) v

x [ic’( Z (_1)n+a+abgson0)K0+%(ka))} , n=12,..
s=0

o=|e—n|

Aol2asI4(ag) = Iy(ap)] = Co [2amg<'% (am) — K3y (am)|
(12a) ) 5 '

o0
+ N ka[2amI'%(a@) - I%(am)] EC,K,+%(ka), |

s=0

Aﬂpa’f Iy’z-g-%(a'f) - In-}-%(a‘f )] =Ch [2a'mK:1+_;.(am) - Kn+%(am)]

1 27 :
_ (12b) tVELE [2am1;+%(am) = In+%(am)]

i

s+n
X {ioC’( 2 (_1)n+s+abs.son0)Ka+%(ka))} , n = 1,2,...

o=|s—n|

Simple manipulations, employing the well-known properties
1 1
I(z) = 5ll41(2) + La(z)]ly Ki(@) = —5[Ken(z) + K,-1(2)]
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ne.

of the modified Bessel functions, allow to exclude A, from eqns (11), so that (12)
yields the needed equations for the coefficients Cy:

oo
[£°]
Collp + Vg §C51{5+%(ka) = ——2—]‘?(:”1%(01),

(13)

o0 s4n

Caln4Va ) Co | 37 (-1 +obomIK, ) (knR)| =0,

¢=0 o=|s~n|

n=1,2 ..., where
Un=arK, y(am){Lo_3(as) + Ly 3(ay)]
(14a)
+ amIn+%(af)[Kn_%(am) + Kn+.g.(am)] )

1 27

(t4b) Vo= 5/ m{af1n+§(am)[1 _3(ag) + Ly a(ayg)]

= tml 3 (4L yam) + Loy 3(am)]

and ay = aky, am = ak,, are dimensionless parameters.
For the coefficients A, we get in turn:

1 (kY 1 [2n O~ . o
(15&) Ao = W{Tﬁ— + COK%(am) + EI_;_(am) m;caks+%(ka)},

= ‘ 1 2%
A= ——_{C, . 1
i In+%(af){c K"'*‘%(a )+ Non In+-,’r(am) —-—ka
(15b) . »
Sel B ook, @an)]) 0= 12,
8=0 ¢7='8—ﬂ'

In this way the two-sphere problem (1) is reduced to the solution of the infinite
system of linear equations (13) for any given separation distance R between the
spheres, : ‘

The natural numerical procedure to solve the problem (1) is the method of
truncation. Namely, assuming C, = 0 at n > N in (13), we get a linear system of
N +1 equations for the first N + 1 coefficients C,;, n = 0, 1,... Solving the latter,
we find the approximate values C’,(,N) of these coefficients. Then, at N — oo, the
Approxi: mations C,(,N) will converge to the exact values C,,, as we shall argue in the

Xt sec tion.
Due to the exponential decay of the modified Bessel functions K, +%(z),
%1, ... the series solution developed in the present section converges very

n -"d‘{ %, hen the spheres are well apart. For instance, to obtain the values of the
rapidly *
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coefficients An, Cn and the field H?(x;2z) with three decimal digits, it suffices
to take N = 10 if R/a 2 3. However, as the spheres approach each other, more
equations should be kept in the truncated system, e.g. at 2.1 <a /R < 3 we should
take N = 20 in order to have the same three decimal digits correct.

3. JUSTIFICATION OF THE TRUNCATION METHOD

To justify the above used truncation method a bit more detailed investigation
of the infinite system (13) is needed. With this aim in view we recast it in the form

Up (k¥ as15(ar)
Uo 5=, P L Bk s
Cot ¢ Z‘;c K,y 3(kmR) PR
16
(16) - oan
Cn+"Ul§:Cs Z (_1)n+s+abgaon0)KU+%(ka) =0,
nos=0 o=ls—n| :

n = 1,2,... In tumn, using the relations (6) and the definition (4) of Qoson, W
rewrite eqn (16) as

[es]
(17) Cn+zdan.:fn, T.L:O,l,...
5=0
where
2 ) ' — T .3s4n+2 .- Wha _
(183*) den = 51 Qonas(lka, 77)—'_, s,n=20, 1,...
2 Un
narls(a
L) g
(18b) fn= k2 Uo
0, otherwise,
(18C) VVn = Non -’ir%l'z‘vn
Let us replace in the system (17) the unknowns Cp by Xn:
(19) Cn = n+%(am)X,,.

The infinite set of equations (17), when written with respect to the new un-
knowns X, , becomes -

(20) Xn+zDsnXs=gn, n=0,1,...
s=0
where
: Iyi(am) fi
21 Do =d,, T gy =T
( ) sn sn In+%(am) gn In.t%(am)
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The asymptotical behaviour of the coefficients Dyp, for large values of s, n,
can be easily deduced by means of the Debay formulae {7, p. 25]:

2 1

(22) KA(z)~\/—2—7—T/\—(a)A, I(z) ~ m(%)_,\ for A > z.

Introducing (22) into the definitions (14a) and (18c) of the coefficients U, and
Wy, we find, after simple algebra, that

. (23) ,VUV—:, < C1(2n+3)(2zar1)2n+1, n=0,1,...

with a certain constant e;.
For bounding the function Q,n,, we use the result of Ivanov [6]:

c25(2s + 2n 4 1)n+s
(km R)3/2(ek,, R)r+s+3’

(24) |Qonos| <

where ¢y is another constant.
We next introduce (22), (23) and (24) into (21) and take into account (18a):

' s 2n 4+ 28+ 1\% /20 + 25 + 1\ ¢ / g \n+s+1
(25) ,Dm,<c2s+1( 2n+1 ) ( 25+1 ) (R) ’
s,n=20,1,...
1
Since R > 2a (the spheres are nonoverlapping), a/R < 3 and thus
o0
(26a) Y [Dinf? < oo

$,n=0

Let us note that obviously
. - |
(26b) . Y gnl? < .
=0

Hence the system (20) can be recast as
(27) X+D-X=gG,

where X = {X,}, G = {9n} and D = {D:n}, s,n = 0,1,..., Due to (26), eqn
(27) is an equation in the Hilbert space £2 with a compact operator D, so that the
Fredholm alternative holds [8, Ch. 13]. Therefore, in particular, the system (27)
will have a unique solution for any G € £2 if the homogeneous system (27) possesses
a unique (trivial) solution. But the latter is obviously the case for our problem,
since G = 0 corresponds to (k%] = 0,1ie. toa homogeneous equation (1). (The ho-
mogeneous equation (1) has a trivial solution only, since the absorption coefligients
k} and k2, are positive.) The uniqueness and existence theorem for infinite system
(13) is thus proved. Its obvious corollary is then the needed justification of the

truncation method of Section 2: due to (26a), the solutions G of the truncated
sygtems (13) will indeed converge in £2 to the solution of (13) at N — oc.
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4. CONCLUDING REMARKS

In this note we have presented and justified 2 method of effective numerical
soluiion of the two-sphere problem (1). When combined with the general results
of [2]. concerning diffusion of defects in a random dispersion, it allows to chtain,
_in particular, the effective absorption coefficient k*2 of the dispersion and the two-
point correlation function of the defect fields to the order ¢?. More details and the
respective numerical results are given in [2].

Acknowledgement. The support of this work by the Bulgarian Ministry of Sci-
ence, Education and Culture under Grant No MM26-91 is gratefully acknowledged.
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NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS
IV. THE EULERIAN DYNAMICAL EQUATIONS

GEORGI CHOBANOV, IVAN CHOBANGV

~—

While the problem of oscillation of a heavy rigid body about a fixed axis
had been solved correctly by Huygens, and while a more satisfactory method con-
taining the germ of several later principles had been created by James Bernoulli
in 1703, in 1750 it could not be said that the general motion of a rigid body was
understood at all. Even for motion about a fixed axis, the reaction of the body
upon its support could not be calculated, and no method for determining the
behaviour of a spinning top was known.

Euler’s “first principles” changed the scene overnight ... in the paper
Découverte d’un nouveau principe de mécanique, written 1750 and published
1752, where these principles are published, Euler obtained the general equations
of motion of a rigid body about its center of gravity. He applied the “first prin-
ciples” to the elements of mass making up the body, at the same time replacing
the acceleration of the element by its expression in terms of the angular velocity
vector, which makes its first appearance here. Taking moments about the center
of gravity then yields, after some reduction, the differential equations of motion
known as “Euler’s equations” for a rigid body, subject to assigned torque about
its center of mass. In the process arise naturally the six components of what is
now called the “tensor of inertia”.

C. Truesdell: 4 Program Towards Rediscovering the Rational Mechanics of the
Age of Reason

T'eopzu Yobanoa, Hean Yobanos. JIHUHAMHUUECKHUE AKCUOMBI HBKOTOHA U
SUNEPA. IV. IMHAMWYECKWE YPABHEHUA 2UJIEPA

B oroit yeTBepTOi wacTu cepum cratbelt [1-3], nocBementnie AVIH&MH‘JG‘CKHM aKcmo-
maMm HeioToHa u Biinepa, ocoboe BuMManue yaeneHo NMHAMHUYECKUM ypaBHeHHAM Difnepa,
ynpaBasiomMe ABMXKEHMA BCAKHX TBEeDABIX TeJ, KaK CBOGONHKLIX, TaK U MOAYMHEHHLIX HOPO-
W3BONLHLIM KOHEUHHIM M MEQMHUTE3NMAJbHLIM CBA3SM. B YaCTHOCTH, AHAIMBMDPOBAHLI
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YPaBHERUSA ABUMIKEHMHA TBEDAMX NpyThen. PaSora CONEP!UT nojpobuntit ananus aumamu-
ueckolt bunocoduu Hanambepa n Jlarpanxa, PaccMmaTpubsapoian “le corps proposé comme
P'assemblage d’une infinité de corpuscules ou points massifs unis ensamble de maniére qu'ils garden-
t toujours nécéssairement entre eux les mémes distances”, KOTODEI MOKa3HBaeT, YTo noncbrasn
FUNOTE3a NPUBOMT K NPOTHBODEUHIO ¢ BTOpol axcuomoit Hpiotona, a MMeHHO, YTo “mu-
tationem motus proportionalem esse vi motrici impressae et fieri secundum lineam rectam, qua

‘Georgi Chobanov, Ivan Chobanow. NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS.
IV. THE EULERIAN DYNAMICAL EQUATIONS :

In this fourth part of the series of articles [1-3], dedicated to the Newtonian and Eulerian
dynamical axioms, special stress is put on Euler's dynamical equations governing the motion of

ticular, the equations of motion of rigid rods are discussed. The paper contains a detailed anal-
ysis of D’Alembert’s and Lagrange’s dynamical philosophy, regarding “le corps proposé comme
Passemblage d’une infinité de corpuscules ou points massifs unis ensemble de manidre qu'ils gar-
dent toujours nécéssairement entre eux les mémes distances”, which displays clearly that such a
hypothesis leads to a contradiction with Newton’s second dynamical law, namely “mutationem
motus proportionalem esse vi motrici impressae et fieri secundum lineam rectam, qua vis illa
imprimatur”.

Hilbert’s Sixth Problem for the axiomatic consolidation of its logical fcundations.
As almost any second year student has it at his finger’s ends, though not every au-
thor of dynamical treatises is aware of the fact, the whole of rigid body dynamics is
based on, and is developed from, the following two assumptions, or suppositions, or
conjectures, or maxims, or tenets, etceteras, formulated by Euler as early as 1750
and nowadays bearing his name:

Ax 1 E (First Eulerian dynamical aziom or principle of momentum of a rigid
body). There exists such a rigid system of reference 3 that, all derivatives being
taken with respect to L, for any rigid body S and for any system of forces 2,
acting on S, the derivative with respect to the time of the momentum of S equals
the basis of 9.

Df 1 E. Any system of reference, satisfying Ax 1 E, is called inertial according
to Euler.

Ax 2 E (Second Eulerian dynamical aziom or principle of moment of momen-
tum (kinetical moment) of a rigid body). ¥ being an inertial according to Euler
system of reference and all derivatives being taken with respect to X, for any rigid
body S and for any system of forces 9, acting on S, the derivative with respect to

the timg of the moment of momentum of S equals the moment of 2, both moments

being taken with respect to the origin of X.
Before proceeding further, let us make a most important remark that is a mat-
- ter of principle, since it concerns the logical status of Ax 1 E and Ax 2 E in the
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system of rigid body dynamics. Euler’s dynamical axioms Ax 1 E and Ax 2 E
involve a set of terms specific for analytical mechanics and proclaim certain rela-
tions between the mechanical entities these terms nominate. The terms themselves
are: system of reference, rigid system of reference, origin of a system of reference,
derivative (of a vector function) with respect to a system of reference, momentum
of a rigid body, moment of momentum (kinetical moment) of a rigid body, system
of forces, basis of a system of forces, moment of a system of forces (with respect to
a given pole), acting, and time.

Now all the above terms, with the explicit exception of the last two, are capa-
ble to a strict mathematical definition — at least as strict as the term “integral”
in analysis. The meaning of this statement reduces to the following mathematical
fact. As it is well-known [4], a real standard vector space V is defined axiomatically
as a set, in which four operations (addition in V, multiplication of the real num-
bers with the elements of V, scalar multiplication of the elements of V', and vector
multiplication in V') are defined, satisfying 15 (3, 4, 5, and 3, respectively, for any
of the operations listed above) specific axioms. Now V once granted, all the terms
Ax 1 E and Ax 2 E include, with the exceptions of acting and time, are potentially
and actually definitable by means of the algebraical and analytical apparatus in V.
It goes without saying that the effective reproduction of the mentioned definitions
is out of question here: the reader, taking an interest in this matter, may be re-
ferred to the corresponding literary sources. The cold fact remains that using the
algebra and analysis in V' as mathematical tools and the elements of V' as mathe-
matical building materials all the notions the Eulerian dynamical axioms Ax 1 E and
Ax 2 E include, with the emphasized exception of acting and time, may be
given specific mathematical definitions satisfying the most severe logical standards
of Twentieth Century’s mathematics. As regards the notions acting and time, their
logical status in analytical mechanics is identical with that of the notions point, line,
and plane in Euclidean geometry.

In other words, if all the terms the Eulerian dynamical axioms Ax 1 E and
Ax 2 E include were capable of explicit mathematical definitions, then these state-
ments would be (true of false) dynamical theorems. Now the fact that Ax 1 E
and Ax 2 E involve terms incapable of such definitions reduces these statements to
dynamical axioms which, in their turn, define (along with other, as yet unstated,
dynamical axioms) the terms acting and time implicitly. In such a manner, Ax 1 E
and Ax 2 E are mathematical predicates that are neither provable nor disprovable,
just like the fifth postulate in geometry or the mathematical induction in arith-
metic. Putting it in another way, one has every right to accept Ax 1 E and Ax2 E
or to reject them. In the first case one arrives at the Eulerian rigid body dynamics;
as regards the second case, one is faced with one’s own problems.

The Eulerian dynamical axioms are nowadays universally accepted — at least
as universally as Euclidean geometry. Analytical dynamics may be then, if not
defined, at least rather adequately described, as the mathematics of equilibria and
motions of mass-points and rigid bodies, and of the forces, which generate these
equilibria and motions and are generated by them. In the same manner, the Eule-
rian rigid body dynamics may be described as the set of mathematical corollaries
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derived from Ax 1 E and Ax 2 E. In other words, one may look upon the Eulerian
dynamical axioms as questions: if Ax 1 E and Ax 2 E, then what? The answer is
one and only: then modern analytical dynamics.

After these general and hence somewhat vague memoranda let us now proceed
to the mathematical formalization of Ax 1 E and Ax 2 E.

First and foremost, let Ozyz be an inertial according to Euler orthonormal
right-hand orientated Cartesian system of reference (the existence of one at least
such a system is ensured by Ax 1 E) with unit vectors 2, 3, k of the axes Oz, Oy,
Oz, respectively. In other words,

(1) iP=52=1, ij=0, k=ixj.

Second, let Q€7¢ be an orthonormal right-hand orientated Cartesian system of
reference, invariably connected with the rigid body S (the existence of one at least
such a system is ensured by the very definition of the rigid body concept) with unit
vectors €2, 79, O of the axes Q¢, Qn, QC, respectively. In other words,

(2) EY'=@'=1, £%°=0, (°=E x5

Let the cosine-directors a,, (p, v =1, 2, 3) of Ozyz and Q¢n¢ be defined by
i=an€’ + a7’ + a15¢°,
3 = a21€° + a227° + a23(°,
k = a31£° + a3 % + a3’

(3)

Then (1)-(3) imply
€% = ayyi+ an1j + asik,
(4) 7% = a12i + azj + ask,

:¢% = ai3t + agaj + assk.
Let P be any point and

(5) r=0P, ro= m‘ p=QP.
Then the identity OP = O + QP implies

(6) T=rq+p.

¥

(7 r =zt +yj+ 2k,

8 ro = ot +yaj + 2k,

(9) p=EE%+mii° +((°,

then (6) and (3), (4) imply

z = zqa.+a1:€ + a1 + a13(,
(10) ¥ = ya + anf + azen + aza(,
Z = zq + az1€ + azn + ags(
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and inversely )
¢ = ay(z — za) + an(y — ya) + azlz — zq),
(11) n = aiz(z — zq) +az2(y — ya) + ass(z — za),
¢ = ays(z — za) + azs(y — yo) + asa(z — zq).
If
(12) kx(®#o,
then let the elementary angle 8 and the orientated angles ¥ and ¢ be defined as
follows: '

(13) cos§ = k(° (0 <8 < =),
(14) sing =j37°, cosy=i7" (02 ¥<2),
(15) sincp:—ﬁoiro, cosp=£°9% (02 @ < 27),
provided-

: kx(°
16 30 = .
(16) 7 sin @

Then 1, ¢, 8 are called the Eulerian angles of the systems of reference Ozyz and
Q¢ and

a1y = cos P cos @ — sin W sinpcosb,

@y = —coOsYsing — sin ¢ cos @ cos B,

a3 = sinysinf,

a9 = siny cos ¢ + cos 1 sin g cos B,

(17) j age = —sinyPsing + cos 1 cos @ cos §, '

da3 = — cos ysinb,

a3y = sinpsind,

aze = cos psing,

\ a33 = cos b,

le.
(18) Auy = aﬂu("/’;‘?ag) (m,v= 1,2,3)

are completely determined functions of ¥, ¢, g.
The first and the second derivatives of the scalar functions with respect to
the time t are traditionally denoted in analytical mechanics by means of one and

two dots, respectively, placed over the corresponding symbols representing those
2

functions. As regards the vector functions, the dots and the symbols 5 and pro

are reserved for their derivatives with respect to the system of reference Ozyz only,

e : 6 82
their derivatives with respect to Qén¢ being denoted by the symbols 5 and T
Thus, if

(19) a = azi+ayj +ak
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and
(20) a::aff_o+a,,77°+a<f°,

then the derivatives of a with respect to the time and with regard to Ozyz and
Q€n( are .

21) %:a:arwayjm,k
and

é s . .z
(22) 6—? = a6+ a,77° + 4,0,

respectively. The derivatives (21) and (22) are sometimes qualified by the use of
the adjectives absolute and relative, respectively.
The instantaneous angular velocity

(23) @=%(5°X5°+ﬁ°X'ﬁ°+5°Xf°)

of 26n¢ with respect to Ozyz is defined as the only solution of the system of vector
equations

(24) GxE=€ Gx7°=§° ox{0= (0
If

(25) @ :w€£0+w,,770+w450,
then the relations ’

(26) wy = tsiné — §sin @,

{wf = 1,/')sin0+6'cos<,o,
lwe = 1/;c056+¢

are called the Eulerian kinematical equations.
If (19)-(22), then

(27) Py = 5 +wxa,
whence

do 6
28 —_— =2
(28) dt 6t

Now (28) and (25), (22) imply
(29) @ = g€ ® + 7 ® + e .
By definition the point P belongs to the rigid body S if, and only if,

N

P=o (W),

(30) 5
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in other words, iff

(31) E=ip=(=0 (%)

provided (9) by virtue of (22). Since (6) and {27) imply
d d 8 _

(32) T 0P ox

di dt ot

the definition (30) and '
. dr d’i‘q
{2e = — = —
(23) TE T
imply that
{34) v=vq+adXp (V)
is a necessary and sufficient condition for P in order to belong to the rigid body §.

The set Vs of all points P belonging to a rigid body S, i.e. of all (§) with (30)
or, just the same, with (31}, constitutes a real standard vector space. Now the very
definition of the rigid body concept presupposes that a function

{35) ’ x: Vs — [0,00)

is defined, such that the integral

(36) - m= [ x(p)d
Vs

exists; #(f) is called the -density of S at the point P, and m is called the mass
of S. The density, as well as the mass of a rigid body play & fundamental role in
both analytical statics and analytical dynamics. In mechanics of rigid bodies with
constant mass 1t is supposed that

37) %(f_) =0 (VpeVs V)

— a condition that will be hypothesized in the sequel.
The traditional notation

(38) | dm = #(p) dp,

as convenient as incorrect, is frequently used, dm being cailed an elementary mass
of S; besides, Vs is usually omitted in the record of the integral (36), being implied
by the context. Using this convention and the notation (38), the definition (36)
may be written in the following popular-though somewhat enigmatic form:

(39) "= / dm.
Now (36)—(39) imply
dm
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Before proceeding further, it is nec plus ultra necessary to say in this place some
words about the integral (36) and about some other important dynamical integrals
which will appear immediately below. The point is that, i the present state of
affairs at least — videlicet, at such a logical level of exposition as the present one,
no specification may be made as regards the mathematical nature of the process of
integration in (36): in order to fix the ideas one may purely and simply suppose that
the integral in (36) and elsewhere is taken im Riemannschen Sinne, du denoting
infinitesimal volume (if S is a 3-dimensional rigid body), or infinitesimal area (if
S is 2-dimensional), or infinitesimal length (if S is 1-dimensional). As regards
any further information, it is imbedded in the very definition of the notion of a
dynamical rigid body.

Being at this stage forced into accepting those as vague as to seem void of .
sense explanations, let us proceed to the definition of the mass—centre G of the
rigid body S. It is introduced traditionally by means of the relation

1
@ =i fem
provided
(42) pG = Q_G—,

the integral being taken over Vs. Along with (30) and (40) the definition (41)
implies

(43) 55%‘"- =0 (Vi)

i.e. the mass-centre of a rigid body S beléngs to S.
If by definition

(44) re = OG,

then the identity OG = OQ + QG, together with (5) and (42), implies
(45) rG = 1o+ pa,

and (45),-(41), (6), (39) imply

(46) rg = —;- /'rdm,

the integral being taken over Vs provided (6).
The identities (6) and (45) imply

47) T=7rg—pg+p.
If by definition

d‘f‘G
48 =26
then (45), (33), (34), (43) imply
(49) : vg = v+ WX pg,
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and (49), (34) imply

(50) v=vg—@ X pg+@ X p.
On the other hand, (46), (48), (40), (33) imply
1

1 = — dm.

(51) , vg = — / vdm
By definition the integrals

(52) B K= /vdm
and -
(53) - L=/'r><'vdm,

taken over Vs provided (6), are called the momentum and the moment of momen-
tum (kinetical moment), respectively, of the rigid body S with regard to Ozyz.

We shall now subject the quantities K and L to certain identical transforma-
tions. First of all, we observe that (52) and (51) imply

(54) K = mvg.
On the other hand, (53) and (47), (50) imply
(55) L:/(rc;——p‘g-{-p)x('vg—a‘;xﬁ(;—{hdzvxﬁ)dm

and (55), (39) imply
(56) . L =mrg Xxvg + Lg,

where by definition
(67 ng/ﬁx(mxﬁ)dm—mﬁgx(u’)xﬁg).
If by definition

(58) Ig =/(ﬂ2+62) dm, Iy = / (¢*+¢€°%) dm, I =/(€2+02) dm,

(59) o = [ngam, I = [edm, 1= [enam,

60) Jee=m(nE+¢2), Jm=m(G+E), Jg=m (€& +ng),
(61) Ipc = mnela, Jee = mlca, Jen = méene,

(62) A=Ig—Jege, B=Iy—Jpy, C=I¢—Jyg,

(63) D=1Lye—Jn, E=ILe—Jy, F=In—Jg
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provided (9) and

(64) : e = €c€° +nen® + (cl’,

then the quantities A, B, C are called the moments of inertia and the quantities
D, E, F are called the moments of deviation of the rigid body S with respect to

Qnc.
If now »
(65) - Lg = Lee€® + Lenii® + LacC”,
then (57) implies '
(66) Lae=/€°xﬁ.a X pdm —mé° x pe@ % pa,
and (66), (25), (9), (64) imply
67)  Lec= [ (Fue—(p0)e) dm~m (e ~ (Fod)ta)
whence
(68) ' Lg¢ = Awg — Fw,y — Ew;
by virtue of (58)—(63). Similarly,
(69) LGy = Bwy — Dw; — Fuy,
(70) LG( = CUJ( e wa - Dw,,.
Now (68)-(70) and (65) imply
(71) Lg = (Awg — Fuy — Ew¢)E° + (Bwy ~ Dw¢ — Fuwg)i®

+ (ng - Ewe - Dw,, )C_o
On the other hand, (27) implies
. &
(72) LGzEL(;-}-C)XLG
and (72), (71), (29) imply
(73) Lg = (Adg — (B — C)wyw; — D(w? —w}) — E(Go¢ +wgwy) — F(n —wewe))E°
+ (Bin — (C = Awewg — EW} — wf) = F(Gg + wpwe) — D(wg ~ wewn))7°
+ (Cl¢ — (A = Blwgwy — F(w} — w}) — D(Wy + wewe) — E(we — wywe))CC.
Up to here all considerations have been purely kinematical, in the sense that no

forces have ever appeared. Let us now suppose that the rigid body S is subjected
to the action of the system of forces

(74) Fo=(Fs,M,) (c=1,...,s),
all moments M, (¢ =1, ..., s) being taken with respect to O. Let by definition -
. s .
(75) F*=)"F,
o=1
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and
(76) M =Y M,
o=1

be the basis and the moment, respectively, of the system (74), the latter being
obviously taken with regard to O. If now one calls to mind that the system of
reference Ozyz is imertial according to Euler by hypothesis, then one may write
down the Eulerian dynamical axioms Ax 1 E and Ax 2 E in the form

(76" : K =F"
and
(77) L= M*,
respectively.

If by definition .

2

(78) we = 2TE,
then (76), (54), (40), (48) imply
(79) mwg = F*.
Now (69), (78), ‘
(80) r¢ = zgt +yYcJ + 26k,
(81) F*=F}i+Fjj+Fk
iraply ’
(82) mig = F;, mije=F;, mic=F].

Let
(83) My=M*"+F*xrg

be the moment of the system of forces (74) with respect to the mass-centre G of
the rigid body S. Then (83) and (79) imply ’

(84) M" = Mg +mrg X wg,
and (84), (77), (56) imply
(85) Lg =M.
If by definition
(86) MG = MgeE° + Mg, 7° + Mg C°,

then (85), (73) imply
(87)

Ad)e — (B - C)w,,w( - D(wg - wf) - E(L:'J( + wgw,,) — F(d),, - w(;wg) = Méf)
Buy — (C — A)wewe — E(w? — wf) = F(wg + wywe) — D(we — wewn) = Mg,
Cuw¢ — (A — Blwgwy — F(w? —wk) — D(wy +wewe) — E(we — wpwg) = Mg,
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The relations (82) are called Euler’s dynamical equations for the motion of
the mass-centre of a rigid body, and the relations (87) are called Euler’s dynamical
equations for the motion of a rigid body around its mass-centre. At that, the
equations (82) represent a mathematically developed equivalent of the first Eulerian
dynamical axiom Ax 1 E, while the equations (87) are a mathematical reflexion, by
means of the moments of inertia and of the moments of deviation of a rigid body,
of the second Eulerian dynamical axiom Ax 2 E.

Let us for a while come to a standstill here and let our thought dwell upon
the equations (82), (87). The latter supply us with a system of 6 conditions for
the motion of any rigid body concerning the quantities they involve. And which
quantities do they involve? Along with the moments of inertia 4, B, C and the
moments of deviation D, E, F (which are known quantitative characteristics for any
particular rigid body S), the equations (82), (87) include the canonic parameters

(88) , za, Yo, 2a; 1/); @, 8
of S and the components
(89) F7, Fy, Fy, Mg, Mg,, Mg,

of the basis (75) and of the moments (83) with respect to G of the system of forces
(74) acting on S. At that, according to a convention, sanctified by the centuries-old
~experience and tradition of analytical mechanics, it is hypothesized that

(90) F* :F*(zn;yﬂ)zna’l/}:‘Pyg;i‘ﬂ;y.ﬂyéﬂ,i/;,ﬂé,é;t)
and
(91) JM*G’ = M&(zﬂa Ya, 2q, 1r/}1 [ 0’ ilﬂ; ;9"0, 2Q7 ’(/.)a Sb’ 9’ t)

are certain determined functions of the canonic parameters (88), of their derivatives
(92) i'Q’ gﬂ éﬂ; lb, (1‘95 4

with respect to the time ¢, and possibly of ¢ itself, whence the same supposition
is valid for the componerits (89) of (90) and (91). In such a manner, the Eulerian
dynamical equations (82), (87) represent a system of 6 differential relations of
second order with respect to the time ¢ for the 6 canonic parameters (88) of the
rigid body S. ‘

All that would be nuda veritas under the assumption that all the parameters
(88) of the rigid body are mutually independent, alias that any of them could vary,
along with its derivative with respect to the time ¢, completely independently from
the variations of the rest of these parameters and of their derivatives with respect
to the time. Is'that always the case?

‘ If all canonic parameters (88) of a rigid body S are mutually independent,
then it is said that S is a free rigid body, the term implying that no restrictions
are imposed on the thinkable (or possible, or feasible, or imaginary, or potential,
or virtual) positions of S in space and on the velocities of its points. In the case
.of a free rigid body S a classical for analytical mechanics hypothesis presupposes
(or demands, or exacts, or requires, or insists on, or announces, or promulgates,
or declares, or proclaims) that all the forces (74), acting on S, are active forces,
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in other words, all of them are given (or known, or familiar, or prescribed, or
specified) functions of (88), of (92), and possibly of t. In such a way, in the case
of a free rigid body the Eulerian dynamical equations (82), (87) represent a wholly
determined system of 6 genuine, or pure differential equations of second order with
respect to the time ¢ for the 6 unknown functions (88) of the time ¢. If now initial
values of these functions and of their derivatives (92) with respect to ¢ are given (i.e.
admissible values of (88) and (92) for any particular moment 7 of ¢, say ¢ = 0), then
the dynamical problem concerning the motion of this free rigid body S presents
itself in the capacity of a perfectly correct mathematical problem with one and only
solution (provided certain conditions are satisfied concerning the right-hand sides
of the equations (82), (87), i.e. if some requirements affecting the analytical nature
of the functions (90) (91) are fulﬁ]led)

The situation is shifted in a trice if some of the forces (74) are unknown and,
in the same time, not all of the canonic parameters (88) are mutually independent.
Millenial physical experience, engineering praxis, and sound mechanical common
sense display that the idyllic picture of free rigid body motions ceases to interpret
adequately the dynamical realities which have surprisingly engendered nightmarish
problems for all the mechanicians from the Seventeenth till Twenty-First Century.
Of course, the interplay of mathematical discovery and physical experience is a
dangerous game, and we by no means venture to imitate D’Alembert’s unfortunate
improvisations on this theme and variations, giving good reason for Truesdell’s
statement that “in attempting to connect physical experience with mathematics,
he heaped folly on folly ... one searches for the little solid matter as a sparrow
pecks out a few nutricious seeds from a dungheap — a task not altogether savory”
[5]. In the same time, especially in “physikalischen Disziplinen, in denen schon
heute die Mathematik eine hervorragende Rolle spielt: dies sind in erster Linie die
Wahrscheinlichkeitsrechnung und die Mechanik” [6], this interaction or, should we
say, heuristic symbiosis, is un fait accompli that no one may disregard without
disturbin,; all sense of reality:

“... mathematics, however abstract and however precise, is a science of ezpe-
rience, for experience is not confined to the gross senses: Also the human mind can
experience, and we need not be so naive as to see in an oscxlloscope an instrument
more precise than the brain of a man.

That rational mechanics grew out of practical mechanics and co-operated with
it, if not always gracefully, to producg applied mechanics and mechanical engi-
neering, is obvious. In writing the first treatise on rational mechanics {7} Newton
established its standard of mathematical rigor as precisely that of geometry Not
always has this standard been maintained, but today as in 1687 it remains the
ideal. Newton’s comparison with geometry is enlightening, for geometry, too, grew
from physical experience. To those who scoff at geometry for its precise calculatlons
when all measurements are liable to error, the geometer for millenia has replied:
Geometry is mental, not instrumental. The scoffers have always been with us and
remain today; not only does the ultimate practical and physical value of geometry
need no defense before scientists, but also no-one who has known a geometer needs
reminder that practical and physical usefulness seldom has supplied or suppressed
a single equation in the progress of geometrical research. '
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The analogy to geometry is a good one. That rational mechanics speaks not
only of space and time but also of rass, force, and energy does not make it any
the less precise. Since it deals with a greater number of physical concepts than
does geometry, its applications to physical problems may be expected to be more
frequent and more far-reaching, but physical applications are not its objective.

But does not rational mechanics deal with quantities of physical experience?
Indeed it does; so does geometry, for lengths, surfaces, and volumes are equally
related to physical experience. The geometer may visualize a surface in terms of a
twisted strip of paper, as in mechanics one may think of a force as a push with the
hand, but whatever these motivations, the symbols in the equations of geometry
and mechanics are precisely defined mathematical quantities. Origin in broader
experience may make mechanics more interesting, but it need not make it any less
rigorous” [8, p. 335-336).

Could it be said more clearly and more simply? There are other places in [8],
dedicated to the interplay of mathematics and physics, that one plainly cannot leave
out not mentioned. Reminding Daniel Bernoulli’s words “there is no philosophy
which is not founded upon knowledge of the phenomena, but to get any profit from
this knowledge it is absolutely necessary to be a mathematician” and Huygens’
motto “from experience and from reason”, Truesdell speculates:

“What was, then, the method? Rational mechanics was a science of ezperience,
but no more than geometry was it ezperimental While some great mechanical
experiments were done in the Age of Reason, they had only occasional bearing on
the growth of the theories we now regard as classical. Experiment and theory result
from different kinds of reaction to experience. If, ideally, they should complement
and check one another, yet even today, with all our superior knowledge not only
of facts but also of scientific method, it is difficult enough to relate them, why
should it has been easier 300 years ago? It was not. A factual view of the history of
mechanics must concede that rational mechanics and experimental mechanics, both
arising from human beings’ intelligent reaction to mechanical experience, grew up
separately. ' ’

Not only private, individual experimental researches were performed in the
eighteenth century; there were also large, cooperative projects. As today, they
cost more than real science, and they attracted administrators. But the effect of
all this expense on what we now consider the achievement of the period was nil.
The method used in the great researches was entirely mathematical, but the result
was not what would now be called pure mathematics. Ezperience was the guide;
ezperience, physical experience and the experience of accumulated previous theory.
If we are to seek a word for what was done, it would not be physics and it would
not be pure mathematics; least of all would it be applied mathematics. It would
be rational mechanics . ..

Without ezperience, there would be no rational mechanics, but I should mislead
you if I claimed that experiment, either now or 200 years ago, had greatly influenced
those who study rational mechanics. In this connection experiment, like alcohol,
is a stimulant to be taken with caution. To consult the oracle of a fine vintage at
decent intervals exhilirates, but excess of the common stock brings stupor” [ibid.,
p. 135-136, 357].
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One of the most primitive, most fundamental, and, together with that —
no wonder ergo propter hoc — most complicated mathematical formalization of
physical experience in rigid body analytical dynamics focalizes in the idea of — no
matter accidental or intentional — restrictions imposed on the possible (virtual,
potential) positions of rigid bodies in space. At first sight the underlying idea looks
as simple as to seem obvious; as simple as to seem obvious are the mathematical
means, too, by the aid of which, until this very day, mechanicians are trying to
formalize mathematically this same idea — the height of perfection of their efforts
inevitably calling to one’s mind Mark Twain’s observation that for any problem
there 1s a solution that is simple, obvious, and wrong. In point of fact, the simplicity
of the idea is spurious to such a degree that anyone who ventures to get into the
swing of the work unavoidably wanders through the intricacies of a true Labyrinth
with no Ariadne at its mouth.

Calling ficus ficus, ligonem ligonem, we are obliged to fathom the fact that
the physical cause underlying any restriction in the positions of a rigid body in
space is rooted in that attribute of matter which is described by the categorical
though somewhat enigmatical term impenetrability. This property, characterized
also by the substantives impermeability and imperviousness, is available in the
very commencement of the notorious dynamical Traité [9] of D’Alembert — in its
first sentence, to all intents and purposes, see the section Définitions et Notions
préliminaires (p. 1) — as an inseparable part of the author’s definition of the rigid
body concept:

“Si deux portions d’étendiie semblables & égales entr’elles sont impénétrables,
c’est—a—dire, si elles ne peuvent étre imaginées unis & confondiies 1’une avec 'autre,
de maniére qu’elles ne fassent qu'une méme portion d’étendiie moindre que la
somme des deux, chacune de ces portions d’étendiie sera ce qu’on appelle un Corps.
L’impénétrabilité est la propriété principale par laquelle nous distinguons les Corps
des parties de ’espace indéfini, ol nous imaginons qu'ils sont placés.”

The most natural question, coming to the mind of the reader of this définition,
is how does its author use “la propriété principale par laquelle nous distinguons
les Corps” described as impenétrabilité in order to achive his obJect so modestly
proclaimed in the Préface of the Trasté:

“Je me suis proposé dans cet Ouvrage de satisfaire & ce double objet, de reculer
les limites de la Méchanique, & d’en applanir I’abord; & mon but principal a été
de remplir en quelque sorte un de ces objets par ’autre, c’est—a-dire, nonseulement
de deduire les Principes de la Méchanique des notions les plus claires, mais de les
appliquer aussi & de nouveaux usages; de faire voir tout & la fois, & D'inutilité de
plusieurs Principes qu’on avoit employés jusqu’ici dans la Méchanique, & ’avantage
qu’on peut tirer de la combinaison des autres pour le progrés de cette Science; en
un mot, d’étendre les Principes en les réduisant.”

Strange to say, the straightforward answer of this question is: not at all, not
the least bit, never a whit. In spite of his promise “de déduire les Principes de la
Méchanique des notions les plus claires” and “de les appliquer aussi a de nouveaux
usage”, D’Alembert never, nowhere, and in no wise uses “la notion” impenétrabilité
to this end. The principles in question are formulated in the very beginning of the
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Premiere Partie. Loiz générales du mouvement et de Uéquilible des Corps of [9],
where one reads: .

"On peut réduire tous les Principes de la Méchanique a trois, la force d’inertie,
le mouvement composé, & P’équilibre. Au moins Jj’espere faire voir par ce Traité,
que toute cette science peut étre déduite de ces trois Principes. Je traiterai de
chacun d’eux en particulier dans chacun des Chapitres suivans.”

Well, Sir! One reads Chapitre Premier. De la force d’inertie, et des pro-
priétés du mouvement qui en résultent, and one does not come across the word
impénétrabilité at all. Afterwards one reads Chapitre II. Du Mouvement composé,
and one does not encounter this word there too. Ultimately, one turns the pages
of the book over Chapitre IIl. Du Mouvement detruii ou changé par des obstacles,
and one does not run into impénétrabilité again. It is true that in the last chapter
one reads:

“Un Corps qui se meut, peut rencontrer des obstacles qui altérent, ou méme
qui anéantissent tout-a-fait son Mouvement; ces derniers sont, ou invincibles par
eux—mémes, ou n’ont précisément de resistance, que ce qu’il en faut pour détruire
le Mouvement imprimé au Corps.

Un obstacle invincible peut étre tel, qu’il ne permette au Corps aucun Mou-
vement, comme quand un Corps tire une verge droit attachée a un point fixe; ou
Pobstacle pourroit étre de telle nature, qu’il n”’empéchit pas le Corps de se mouvoir
dans une autre direction que celle qu’il a, comme quand un Corps rencontre un
plan inébranlable” (p. 31).

It is also true that the very idea of “obstacles” is inextricably bound up with
the “propriété principale impénétrabilité”. At last, it is true that a bit further
down D’Alembert writes:

“Dela il s’ensuit, qu’un Corps sans ressort qui vient choquer perpendiculaire-
ment un plan immobile & impénétrable, doit s’arréter aprés ce choc, & rester en
repos. Car il est visible que si ce Corps a du Mouvemient apres la rencontre du
plan, ce ne peut étre qu’en arriére, & dans la direction de la perpendiculaire” (p.
32, our italics). - ' ‘

At the same time it is also true that the adjective “Impénétrable” is used, in the
last passage, sporadically, haphazardly, and contrastively — assigned to a subject
exterior to the rigid body, the motion of which is studied rather than to this latter
body itself. The same applies to other cases when the term “impénétrable” is used,
for instance in 30. paragraph of the Traité, where the word “impénétrable” is used
as a synonym for the word “invincible”.

The reason for this state of affairs is a quite simple one: the quality “im-
pénétrable” is an attribute to rigid bodies, whereas the Traité de Dynamique of
D’Alembert has nothing to do with such matters: at the best it could be accepted
as a writing dedicated to mass-point dynamics (if at all), as the ceaseless usage
of the term “vitesse” at once displays, which becomes meaningless when assigned
to rigid bodies. As regards the bodies themselves, D’Alembert is the originator of
the conception, shortly afterwards adopted and developed further by his younger
contemporary De la Grange — an outlook that was fated to play an extremely
unenviable role in the supervening history of rational mechanics.
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Entre parenthéses: In spite of the solemn promise of its author, promulgated
in its title (namely, to “give a general principle for discovering the motions of
several rigid bodies acting one upon another in an arbitrary manner” ), the Traité de
Dynamique of D’Alembert does not provide the reader with mathematical means
for solving even one and only dynamical problem concerning a sole rigid body.
Faced with this situation, one is at a loss for what reason has this Traité gained
its “immortal” fame? The answer of this quite justifiable question is given by
Truesdell, though his words refer to Leonardo rather than to D’Alembert:

“To learn the source, we recall the method of the Renaissaace: Self-advertising

. In his skill of speech and his self-promotion he was a true son of the Renaissance.
Like the humanists, with much adroitness but little solid achievement he blew
himself into renown for all times” (8, p. 80-81]. ’

In D’Alembert’s case it would be appropriate to recall Vasari’s words apropos
of Leonardo: “Even though he talked much more about his works than he actually
achieved, his name and fame will never be extinguished.” We close the brackets.

In such a manner, a sound physical idea has been compromised mathemati-
cally in the Traité de Dynamique of D’Alembert. Without entering into details,
we confine ourselves to the statement that it is discredited also in the natural log-
ical extension [10] of D’Alembert’s illogical dynamical philosophy. As a matter of
fact, the collapse of the idea reaches in [10] such apocalyptic scales that. evokes
memories of biblical sinister omens for the original sin. Nuda veritas is that the
reader of [10] is missing the forest for the trees. Directly contrary to Lagrange’s
overweening advertisements (namely that he proposes “des formules générales, dont
le simple développement donne tous les équations nécessaires pour la solution de
chaque probléme ... la maniére dont j’ai tache de remplir cet objet ne laissera rien
3 desirer ... Les méthodes que j’y expose ne demardent ni constructions, ni raison-
nements géométriques ou méchaniques, mais seulement des opérations algébriques,
assujetties & une marche réguliere et uniforme”), the bulk of formulae one bumps
up against in the Méchanique "Analitique is entirely helpless when faced with the
problem of the dynamical behaviour of a single rigid body subjected to any me-
chanical constraints: the cold fact is that the blazing upper strata of Lagrange’s
dynamical performances is as high.as the movements (if any) of discrete systems
of a finite number, of masspoints. Truesdell’s observations apropos of [7]: “Newton
gives no evidence of being able to set up differential equations of motion for me-
chanical systems ... the cold fact is, the equations are not in Newton’s book ...
In Newton’s Principia occur no equations of motion for systems of more than two
free mass-points or more than one constrained mass-point; Newton’s theories of
fluids are largely false; and the spinning top, the bent spring, lie altogether outside
Newton’s range” [8, p. 92-93], may be paraphrased apropos of [10] in the following
manner: Lagrange gives no evidence of being able to set up differential equations of
motion for mechanical systems including rigid bodies; the cold fact 1s the equations
are not in Lagrange’s book. In Lagrange’s Méchanique Analitique occur no equa-
tions of motion for systems of more than a finite number of mass-points; Lagrange'’s
theories of rigid bodies are largely false; and the spinning top, the billiard ball, lie
altogether outside Lagrange’s range. :
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The long and the short of the whole span of Lagrange’s mechanical philosophy,
of his statical and dynamical Weltanschauung, may be incarnated in a sole phrase
of his Traité:

“... considérons un systéme de corps, disposés les uns par rapport aux autres
comme on voudra et animé par des forces accélératrices quelconques. :

Soit m la masse de I’un quelconque de ces corps, regardé comme un point” [11,
p. 264; our italics]. '

This mechanical ideology of Lagrange’s has ripened into the manhood a long
time before he settled down to composing his Méchanique Analitique — as a matter
of fact, not later than 1772 when he wrote his articles [12] wherein one reads:

“... sil’on imagine un systéme d’un nombre indéfini de corps considérés comme
des points et liés ensemble de maniére que leur distances mutuelles restent toujours
les mémes ...” (p. 579).

Alibs:

“En général, si I’on a un systéme d’autant de corps qu’on voudra, disposés de
maniére qu’ils soient forcés de conserver toujours les mémes distances tant entre
eux qu’a I’égard d’un point donné ...” (p. 587).

Alibt again: ' .

“Je considere le corps propose comme ’assemblage d’une infinité de corpuscules
ou points massifs unis ensemble de maniére qu’ils gardent toujours nécéssairement
entre eux les mémes distances” (p. 590).

In such a manner, there can be no mistaking Lagtange’s words: his corps and
systémes de corps are special kinds of finite systems of discrete mass-points rather
than rigid bodies in the genuine sense of the word. This circumstance has not been
left unheeded, not mentioned, and untraversed. It did not escape Euler’s attention.
Apropos of {12] he wrote in (13] with undubitable while latent irony:

“But when I tried with ‘greatest avidity to follow in detail his extremely pro-
found thoughts, truly I could not get myself to go through all his calculations. Even
the first lemma so deterred me that on account of my blindness I could not hope
in any way to check through all the analytic devices he used” (quoted according to
[8], p. 260).

Considerably later, in 1853 to be more precise, J. Bertrand made some critical
remarks in this connection in the third edition of [10] publide par himself. Voild
two of them, quoted after [11]:

“Le mot corps désigne ici un point matériel” (p. 11);

“Le mot corps, ici comume plus haut, désigne un point matériel” (p. 32).

In our days Noll, for instance, brought to the fore, from general constderations,
the untenability of the efforts to regard “le corps proposé comme Passemblage d’un
infinité de corpuscules ou points massifs unis ensemble de maniére qu’ils gardent
toujours nécéssairement entre eux les mémes distances”:

“Many textbooks on theoretical mechanics dismiss continuous bodies with the -
remark that they can be regarded as the limiting case of a particle system with an
increasing number of particles. They cannot. The e;’roneous belief that they can
had the unfortunate effect that no serious attempt was made for a long period to
put classical continuum mechanics on a rigorous axiomatic basis” [14, p. 266].
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Though a home truth, these statements at first sight appear to be ill-founded,
since they are not substanciated by a mathematical proof. Incredibile dictu, as far
as our knowledge goes, nobody has as yet answered mathematically the following
question, fundamental for the whole of Lagrangean dynamical tradition:

Possibility Problem. Can rigid bodies be regarded as the limiting case of a
particle system with an increasing number of particles?

Lagrange’s answer is yes. Noll’s answer is no. Let us cast our eyes about
some other stands. Voild a Traité [15] that out and out belongs to the mechanical
classics. The feather in the author’s cap, as regards the rigid body notion, consists
in the following “extremely profound thoughts” in the words of Euler, absit invidia
verbo:

“Un corps solide est un ensemble de points matériels invariablement liés entre
euz. — Lorsqu’une force est appliquée & 1’'un de ces points, on dit qu’elle est
appliquée au corps. Le corps solide ainsi défini est une abstraction. Tous les corps
de la nature se déforment sous 1’action des forces qui leur sont appliquées; mais
les corps appelés communement solides subissent des déformations trés petits, qui
peuvent étre négligees dans une premiére approximation” (t. I, p. 123-124).

In other words, the Possibility Problem is answered in the affirmative by Appell
too. Skipping more than half a century, let us peek into a dynamical treatise [16]
of comparatively recent time, its author promising in his Introduction “to give a
compact, consistent, and reasonably complete account of the subject as i now
stands” (p. VII, our italics). How does he define the rigid body concept?

Bona venia vestra, he does not define it at all. In the index of the book this
term does not appear independently or, should we say, single-handed, unaided, off
its own bat. Indeed, the text one finds there reads:

“Rigid body, motion in two dimensions, 111-113, 204; in space, 205-207. See
also Euler’s equations, spinning top, rolling sphere, rolling penny, rolling ellipsoid”
(p- 640).

In order to find a description if not a definition of the notion of rigid body
in [16] one must search “for the little solid matter as a sparrow pecks out a few
nutricious seeds from a dungheep — a task not altogether savory”, if it is permitted
to use here Truesdell’s words apropos of D’Alembert. While Chapter I of the book,
entitled Motion of a particle, is dedicated to mass-point dynamics, the term “rigid
body” comes into view for the first time in [16] in the beginning of Chapter II,
headed Dynamical systems. Therein one reads:

. “In the preceding chapter we considered the dynamics of a single particle.
It might seem natural, following the historical order of development, to discuss
next the theory of the motion of a single rigid body; this is in fact the order usually
followed in a first study of rigid Dynamics. Our approach will however be somewhat
different. In Analytical Dynamics we proceed directly from the single particle to
the general dynamical system. The single rigid body is of course a special case of a
dynamical system and indeed one that we shall frequently find useful as a special
illustration” (p. 20).

In such a way, the reader of [16] comes to know at the same breath the following
truths as great as to seem divine revelations:
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1. In Analytical Dynamics it is proceeded directly from the single particle to
the general dynamical system. :

2. The single rigid body is a special case of a dynamical system.

3. The latter statement needs no proof: it is “of course” true.

4. The single rigid body is frequently useful as a special illustration.

5. Ergo: the single rigid body represents no interest in se, that is to say as ein
Ding an sich. .

6. An indirectly implied corollary: any attributes ascribed to rigid bodies must
be derived from attributes of general dynamical systems of single particles.

7. Ergo: constraints imposed on rigid bodies must be implied by constraints
imposed on single particles. —

. We shall see now how does the author of this Treatise (having bidden fair,
we recall, “to give a compact, consistent, and reasonably complete account of the
subject [of analytical dynamics] as it now stands”) materialize this new kind of
mathematical induction — his limiting process 1 — oc. Qui habet aures audiendi,
audiat:

“The idea of a rigid body in the classical dynamics is a collection of particles set ,
in 2 rigid and imponderable frame. Similarly we shall think of the general dynamical
system as a collection of particles acted on by given forces and controlled by various
kinds of constraints” (ibid.).

In such a manner, Pars answers the Possibility Problem also in the affirmative
— in a most categorical manner at that. There is a point, however, that ought not
be left unnoticed. '

Al those yes-answers and no-answers (or should we say can-answers and
cannot-answers) are, alas, no mathematical answers at all. Quite much the reverse:
those replies are sooner reflexions of inner convictions, of professional habits, of in-
tellectual indolence, if you will, and in this respect they are not a jot more reliable
than the possible responses of the question, say, which faith is more preferable —
the Christian or the Mohammedan. The only way a mathematician can solve a
Possibility Problem is to solve an Ezistence Problem — to prove that the object,
the possibility of which is investigated, exists in actual fact.

It will remain an enigma of enigmas in saecula saeculorum why, in the course
of more than two clear centuries, the idea flashed through nobody’s mind that
Lagrange’s mental picture of “le corps ... comme ’assemblage d’un infinité de
corpuscules ou points massifs unis ensemble de maniére qu’ils gardent toujours
nécéssairement entre eux les mémes distances” must be unconditionally submitted
to a mathematical proof or disproof, in the same manner as it must be proved, or
disproved, that there exist natural numbers z,y, zand n > 2 for which 2" +y"* = 2"
holds. Some mathematicians believe that such numbers exist, others disbelieve it
— but, with the nasty exception of a swarm of illiterate idiots, there was a sole
mathematician worthy of the name in the last four centuries, who stated he knew
there exist no such numbers, and he knew it since he found a proof. However,
he did not leave us such a proof, and Gauss, for instance, thought that Fermat
misled himself; that is why the negation of z" + y" = 2" is qualified by modern
mathematicians as a hypothesis rather than a theorem. -
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If “un corps solide est un ensemble de points matériels invariablement liés entre
eux”, then the question quite naturally arises: what does connect them in such a
manner? Since we claim to be mechanicians rather than fakirs, we accept that the
only factors determining the mechanical behaviour of mass-points are forces. In
such a way, the Possibility Problem formulated above may be re-redacted in the
following manner:

Existence Problem. S bem<r a system of mass-points, do there exist forces
acting on them and conserving invariant in the course of the time the mutual
distances between these mass-points?

Solution. In order to accomplish a reductio ad absurdum let us suppose that
this question is answered in the affirmative. Since the number n of the points of §
is indeterminate, it may be supposed, without a loss of generality, that n = 2. Let
P, be the points of S with masses m,, respectlvely, and let », = OP, (v = 1, 2),
O denoting the origin of an inertial according to Newton system of reference Oxyz

’,.U
dt
last, let ¥, be the forces acting on P, (v =1, 2), respectively, in accordance with
the supposition made above that such forces exist. Then, by virtue of Newton’s
dynamical axiom,

Let v, = (v = 1, 2), the derivatives being taken with respect to Ozyz. At

d
dt(
the derivatives being taken with respect to Ozyz.

By hypothesis the forces F, (v = 1, 2) are such that

(93) —(myv,)=F, (v=1, 2),

(94) ‘3;(7‘1 ~7r3)? =0 (Vt).

or, just the same, (

(95) o (r1—ro)(v1—wa) =0 (¥8).

Let 7 be a particular moment of fhe time ¢ and let

(96) ror =7,(7), vr=v,(r) (¥=1,2)

be the initial positions and the initial velocities, respectively — in other words, .
the initial conditions — of the dynamical problem under consideration. Since the
relation (95) holds for any ¢, it is valid for ¢t = 7 too:

(97) (ri— 1‘2)(’!}1 —v2)=0 (t=r1),
and (96), (97) imply
(98) ‘ (rl'r - r2T)('U.1‘r - ”27) =0.

Now the equation (98) is an absurdity, since it represents a restriction imposed
on the initial conditions (96) of the system S, due to the hypothesis that there
exist forces F, (v = 1, 2) for which (93) with (94) hold: it is a principle of
principles in rational mechanics that the initial conditions of a mechanical system
are independent of the forces acting on it, and this principle is rooted in the very
essence of the theory of ordinary differential equations, according to which the initial
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conditions of a system of differential equations are wholly arbitrary, independent of
the particular functions available there. The absurdity (98) traverses the hypothesis
in question and gives a negative answer of the question posed in the Ezistence
Problem. Quod erat demonstrandum.

Scholium 1. A colleague and, strange enough, a good friend of ours, when for
the first time faced with the absurdity (98), ejaculated: Now the same is true for
any two points of any rigid body! At first sight this is a most well-founded doubt.
This is only seemingly, however. ,

Let S be a rigid body and P, (v = 1, 2) be any two of its points. Under the
above notations the very definition of the rigid body concept implies the relation
(95) and, following the chain of the above argumentation, leads ultimately to the
conclusion (98). For a rigid body, however, the relation (98) is no restriction at all
imposed on the initial position of the body in space and on its initial velocities. In
other words, (98) puts no restraints on the initial values

(99) za(7), ya(r), za(r), ¥(r), #(7), 6(r)
of the canonical parameters (88) of S and on the initial values
(100) £a(7), da(r), Za(7), $(r), ¢(r), 6(r)

of their derivatives (92). As a matter of fact, in the rigid body case the relation
(98) is reduced to the identity

(101) 0=0,

as it is at once seen by a scalar multiplication with r,—7ry of .the necessary and
sufficient condition

(102) v1—v2 =@ X (r1—7y) (Vi)

in order that the points P; and P, belong to S. Sapients sat.

Mais revenons a nos moutons! In other words, let us return to Euler’s dy-
namical equations (82), (87), where no specification is made as yet as regards the
mechanical nature of the forces (74). As it has been underlined, the cases of a free
rigid body, when all the canonic parameters (88) are mutually independent and
when all the forces (74) are known beforehand as given data in the conditions of
the particular dynamical problem under consideration, are as rara avis in terris as
a honest politician; it has been emphasized also that the physical cause underlying
any restriction in the position of a rigid body in space is rooted in the impene-
trability of matter resulting in the phenomenon of mutual contact between bodies.
The latter is a fact homo sapiens has been on closer acquaintance with from his
very childhood in the literal as well as the metaphorical sense of the word — to
such an extent as to feel it by intuition. In real fact, all the motions the same homo
observes in nature are movements of non-free bodies, he himself being perpetually
coerced to set his feet on earth. )

Now that one comes to think of it, one realizes to his or her amazement that
there is not a single motion in this God’s earth accomplished on account of “pure”
forces, that is to say without the interference of reactions due to surrounding envi-
ronment. Even the free fall of ponderous bodies thrown in the air is influenced by
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the resistance of the medium, affecting sometimes the projectile motions to such
a degree as to plunge artillerists into dispair. In reality, the only “pure” motions
observable in our universe in the days of Galileo and Newton have been the planet
movements; these, however, have been “polluted”, first, by the Earth’s own mo-
tion, and, second, by their non-observability as movements in the proper sense of
the word (as, for instance, the fall of a meteor): for the naked eye, as well as for
the aided by any instrument whichever, the planet motion is a geries of discrete
positions of the luminary rather than a continuous process in the course of time.
Let us make a parenthesis for a brief lyrical digression. Let us fancy the epoch
of Galileo and Newton, at daybreak of dynamics, when no dynamical law has been
as yet grasped by human mind, but hints of such one were already felt in the air.
The acceleration concept has been shaped by now, the outlines of the force concept
have picked out in the dark (let alone in the statical case), some kind of a mutual
relation between them was already suspected, and yet nobody came to know it.
If life begins ab ovo, then dynamics begins ab corpusculo: identifying, as Galileo
and Newton did, bodies with mass—points, we know today that any dynamical
phenomenon, observable in their days, has been governed by the law

(103) mw=P+ R,

P denoting the innate force of the body (in other words, the gravitational effects as
established on the Earth’s surface), and R — the reactions of the constraints (re-
sistance including) imposed on the body. Now while P is a completely determined
mechanical entity (at least as far as a particular ‘geographic point is concerned), R
on the contrary escapes a direct observation and measurement like a ghost. Howev-
er, R being unknown and the equation (103) itself being buried in the impenetrable
future, how could one hope to unearth it in broad daylight?
The only chance one has at his disposal is the case

(104) R=o.

Such “pure” motions are proposed by planets, by planets only, and by nothing save
planets. Newton grasped this chance — his chance — with both hands. The result
is immortality, as far as stars are immortal, since his law governs stellar motions:

" Mutationem motus proportionalem esse vi motrici impressae, et fiers secundum
lineam rectam qua vis illa imprimitur.

Now the universality of this discovery of Newton’s lies in the fact that, al-
though discovered in the special case (104) of (103), it is not only applicable —
moreover, it is a conditio sine qua non — for the motion of any corpuscular body
subjected to any constraints imposed on it, generating any reactions the Human
Mind and Mother Nature may devise. This inference is one of the most daring, true
though incredible, inductional hypothesis in all the history of science, with wholly
nonforecastable after-effects.

Summing up, one could quite justifiably state that no rational dynamics could
be created if stellar motions were un-get-at-able to observation and measurements
— if, for instance, the average earth temperature was some degrees higher, so that
no stars could be seen on account of clouds. Finis of the lyrical digression.
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All those meditations are much more philosophical than mathematical by na-
ture, and we apologize to the reader begging his pardon. And yet, the character of
the mathematical phenomenon described by the enigmatic expression geometrical
constrainis imposed on rigid bodies cannot be grasped rightly without these verbal
explanations. Since, summa summarum, all this has a bearmg on one of the most
fundamental concepts in rigid dymanics.

Squaring accounts as regards the heuristic origins of the notion, we must per-
cetve that, although technically feasible by means of an infinite variety of con-
trivances, all restrictions on the positions of a rigid body in space, described in the
mechanical literary sources by means of phrases like “the body is constrained”, or
“compelled”, or “coerced”. or “forced”, or “imposed”, etceteras repeatedly used,
reduce, when all is said and done, to a most simple mathematical device: those
. are geometrical constraints imposed on certain points of the rigid bodies. However,
since a logical anguis in herba latet here, and the witchcraft of the words may
play a practical joke on the uninitiated, converting sound intertions into a germ
of regrettable misunderstandings, it is of paramount importance to nip in the bud
any chance for any misconception by taking special pains for explaining the exact
meaning of those synonymous terms:

Here is a point that must become crystal clear for anybody who has made up
his mind to work professionally rather than dilettantish in analytical dynamics: in
spite of the fact that the combination of words geometrical constraint has infiltrated
the whole span of mechanical language, it is by no means a mathematical term —
1t is a concise expression of most knotty, most catchy, and most mazy mathematical
situations that badly need a formal specification in any particular case. All of those
particular cases reduce to the essentiality that specific mathematical hypothesis of
one kind or another must be announced in the very conditions of the dynamical
problem under consideration, concerning the mechanical behaviour of one or more
points of the rigid body or rigid bodies. The corresponding point or points are
promulgated, or proclaimed, or declared points of contact between the rigid body
and the geometrical constraint in question. The importance of this notion may be
emphysized by the maxim no point of contact — no dynamical problem concerning
non-free rigid bodies, in the genuine mathematical sense of the word.

There are three geometrical entities in space, and there are also three geomet-
rical entities invariably connected with a rigid body S, that can be juxtaposed in
such mutual relations among each other as to restrict the possible positions of S in
space, and these entities are points, lines, and surfaces. The relations in question
reduce to one of the following combmatlons

A fixed point of S is constrained to coincide with a given point in space, or to
describe a given curve line in space, or to lie on a given surface in space.

Or a fixed curve line in S is constrained to pass through a given point in space,
or to intersect a given curve line in space, or to touch a given curve hne in space,
or to touch a given surface in space.

Or a fixed surface in S is constrained to pass through a given point in space,
or to touch a given curve line in space, or to touch a given surface in space.

(In all those cases the term in space means external for the rigid body S; at
that, the special points, lines, and surfaces may be both scleronomic and rheonomic,
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that is to say fixed in space, or variable in position, or in shape in the cours: of
time, respectively.)

Whenever any of these 10 cases is at hand in a dynamical protiem {separutely
or in combination with others), it is said that a geometrical constraint 15 1mpcsed
on the rigid body. It is imnicdiately seen that in such a case a singular point «oines
out into the open, namely the particular point comion for both the geori:trira
entity fixed in the rigid body S and for the gecmetrical entity in space. pioyng
part of a geometrical coustraint. This namely point is called the point of contaci
of S with the geometrical constraint in questici.

The cardinal significance of the noticn point of contac! for rigid necn
is predeterminated by the following dynamical axiom, reflecting age-old practieni
experience.

Ax 3 E. Any geometrical constraint imposed on a rigid body & generates =
force acting on S, the directrix of which 13 passing through the point of vontaet o
5 with the geometrical constraint.

Df 2 E. The force of Ax 3 E is called the reaciton of the geometrical constraint.

Scholium 2. The term reaction is fabricated as an autipode, or at least in
coutrast, to the term cction, by means of which the forces indicated in the condition:
of the dynamical (as well as statical) problem are described. Another terminclogy
exploits the terins aclive forces and passive forces, respectively. At that, active are
hy definition those forces that are completely determined in the conditions of ihe
statical or dynamical problem for any position and any motion of the rigid hacy
S, that is to say for any admissible values of the canonic parameters (85) of 3, of
their velociiies (92), and possibly of the time t, whereas nothing else is knowu for
the passive forces save what Ax 3 E sermonizes, namely that they are acting «n s
and that their directrices are running through the corresponding points of contae
with -the geometrical constraints generating those reactions.

The latter statement necessitates some specification. Let A be the poinu o
contact of the rigid body S with a geometrical constraint v and let

(103) R = (R,N)

be the reaction of 7, its moment N being taken with respect te O As 1t is i
known, the equation of the directrix d of (105) is

{106) rxR=N,

r = OP denoting the fluent radius-vector of any point P of 4. If by defiuition
r4 = OA, then (106) implies :

(107) raxR=N

by virtue of Ax 3 E.
Scholium 3. As a matter of fact, Ax 3 E states 3 things:
1. The existence of the force .

Fa - . .
2. R isacting on S.
3. N is known as far as 74 and R are known.



In other words, any constraint imposed on a rizid body S introduces a new
force in the right-hand sides of the equations (82), (87), governing the motion

of S. Besides, any such ccnstraint introduces 3 new unknown quantities in the
mathematical problem to be solved, namely the components of R according to

(108) R=R;i+ Ryj+ Rk

in view of (107).
Let, in a particular dynamical problem, S be under the action of the active
forces

(109) -I_;#:(FFJMH) (p:l,m)

and let by definition

m m
(110) - F=>F, M=) M,

p=l p=1
Let n geometrical constraints be imposed on S, generating passive forces
(111) B,=(R,,N,) (v=1,...n),
and let by definition

n n
(112) R=)R,, N=)» N,
: v=1 v=1

(Naturally, all moments M, and N, (u=1, ..., m; v =1,..., n)in (109) and
(111) are taken with respect to O.) Besides, let
(113) MG:M-I‘-FXTG, Ng=N+Rxrg

be the moments of the system of forces (109) and {111), respectively, with regard to
the mass-centre G of S. Under these hypothesis, the Eulerian dynamical equations
(82), (87) take the form

(114) mingz-{-Rx, myG:Fy'*'Ry; méG:Fz'Jf'RZv

( Awg — (B — Clwpwe — D(wi — ug)
— E(wg +wewy) = Fwy — wewe) = Meg + Nag,

Buy — (€~ Awewg — B(wi — wi)
— Flwg + wywe) = D(wg — wewn) = May + Nen,
Cu¢ — (A~ Blwgwy — F(wi —wi)
— D(wn +wewe) — E(wg — wywe) = Mg + Nog,

(115)

provided by definition

(116) . F=Fi+F,j+F.k,
(117) Mg :Mgeéo—i-IWG,,f}O-{-MG(C—O,

(118) ' Ng = Ngef® + Nagi® + Noc (.

- 66



Scholium 4. Even a cursory analysis of the mathematical formalism describing
a geometrical constraint of the kinds enumerated above at once displays that any
such constraint imposes one, two, or at most three analytic restrictions on the
canonic parameters (88) of the rigid body S. In the case of n constraints this

circumstance diminishes the number of the unknown functions

(119) xﬂ(t)7 yn(i), zﬂ(t): "./)(t)> ‘P(t)’ Q(t)

of the time t, the determination of which as a solution of the system of differential
equations (114), (113) is required, by at least n and at most 3n units. On the
other hand, the reactions (111) introduce 3n new unknowns. In such manner, any
problem of rigid dynamics is reduced to a system of 6 ordinary differential equations
(114), (115) of second order with respect to the time ¢ of a heterogenously mixed
type: a part of the unknown quantities are some of the functions (119) and they
are at hand in (114), (115) analytically, that is to say together with their first and
second derivatives with respect to t; another part are the 3n unknown coraponents
of the reactions (111), provided

(1199 R, = Rzt + Ruyg + Rk {(v=1,...,n),

and they are at hand in (114), (115) algebraically, as linear unknuwn quantities, in
point of fact.

Scholium 5. The first query arising when a problem of rigid dynamics is
put for discussion is the question, whether the system (114), (115) of differential
equations is consistent, i.e. whether it does or does not possess a solution. In other
words, this is the Ezistence Problem for the dynamical problem under consideration
or, in view of the physical interpretation of the mathematical circumstances, the
Possibility Problem for the motion of the rigid body under the conditions this
dynamical problem announces.

On account of the mathematical complications the existence problem gives
rise to, it is an object of a particular investigation we shail soon turn back to. For
the time being we shall confine us to the remark that most authors of rechanical
writings leave the existence problem out in the cold in the most flagrant manner:
not only they do not proceed to its solution, but even do not make mention of the
existence of the existence problem.

Scholium 6. We shall bring our exposition to an end with a note concerning
the application of the Eulerian dynamical equations (114), (115) to that special
kind of rigid bodies, which are known under the name of rigid rods.

A rigid rod L is a rigid body the density (35) of which has the eccentricity to
be zero everywhere save along a straight line [, called the directriz of L. Let us
connect with L invariably an orthonormal right-hand orientated Cartesian system
of reference Q&n¢ in the following manner: the axis €€ coincides with the directrix
l; the axis Q¢ is parallel to the line of intersection of the plane Ozy with the
plane through 2 perpendicular to Q¢ (supposing those two planes non-parall el);
the unit vectors £° and (° of the axes Qf and §2¢, wspectwely, once defined, the
axis Q7 is determined by its unit vector 7% = (% x £°. The axis Oz being obvxously
perpendicular to the axis ¢, the definition (13) implies

(120) . b=,
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and (120), (17) imply

a)] = COSthcosp, arp = —cosdsing, a3 =siny,
(121 a9 =SinyYcosy, agy = —sinysing, az = —cos v,
ag; = sin g, a32 == COS @, ass = 0.

Besides, (120) and (26) imply
(122) _ - W = Ysing, wy = Ycos e, we = ¢.
By virtue of the condition (120) a dynamical problem concerning a rigid rod

is presumably overdetermined. Indeed, the canonic parameters of L are now 5 in
number, namely

(123) ) zq, Ya, 2q, 1;[") ¥
whereas there are 6 equations (114), (115) for their determination: in the case of
a free rigid rod they outnumber the unknown quantities (123). This contradiction
is, however, only an ostensible one.

Let us take a closer view of the situation. The definition of a rigid rod implies

(124) %(p) =0
for
(125) n#0
or
(126) ¢C#0,
whence, formally at least,
(127) dm = x(p) dédnd(
implies
(128) dm = x(£) d¢
provided (9). Now (128), (124)~(126), and (41) imply
(129) pe = 71{ /ﬁn(é)dé-s‘),
1.e. '

- (130) ’ ng=Ce=0

provided (64). :
On the other hand, (128), (124)-(126) and (58), (59) imply

(131) Ieg =0, Ip=1Ic= /62*(5) d§, Ipg=1Ig=1In=0
and (130), (60), (61) imply

(132) ]Ef = 0’ me = JCC = 771.{%, J’?C = JCE = Jfﬂ =0.
Now (131). (132), (62), (63) imply

(133) A=0, B=C=1, D=E=F=0,
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provided by definition
(134) I= [ €x(c)dg - me3,

and (133), (115) imply
(135) I{(wy — wewe)= Mgy + Ngy,
I{w¢ +wewn) = Mg + Ne¢.
We are faced now with a most interesting and instructive phenomenon — a

danger hanging like the sword of Damocles over the head of everyone working in
rational mechanics. Let us first suppose that the rigid rod is free; then

{OZMG€+NG€;

(136) ’ Nge =0
and the first equation (135) implies
(137) Mge =0.

In other words, (137) is a necessary condition for a free rigid rod dynamical problem
to be consistent, videlicet to possess a solution or, using a mechanical language, in
order that the rigid body could move. Now is this conditio sine gua non satisfied
indeed?

This is a question God Almighty cannot answer.

A Mister Someone with a more physical than mathematical mental constitution
would at once exclaim: Nonsense! You bet (137) is true!

What are his motives?

His mental picture of a rigid rod is suggested by his everyday experience. He
cannot imagine a spade, or a mattock, or an ax working save when hands are
holding its shank, in other words, save when the forces acting on the instrument
are applied on its handle. And the meaning of the term “applied” in this context
is: when the directrices of the forces intersect the directrix of the rod.

Since the latter in our case is the axis 2§, Mister Someone presupposes that
the directices ’

(138) rxF,=M, (u=1,...,m)

of the forces (109) intersect ¢, the equation of which is
(139) rx€0=rgxE°

or

(140) , px€%=o

in view of (6). On the other hand, (64) and (130) imply

(141) 5o = £a€°,

and (138), (6), (45) imply

(142) (+rc-pe)x Fu=M, (u=1,...,m),

whence

(143) (p+rc—pg)x F=M
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by virtue of (110) or, just the same,

(144) PXF=Mg+EE°x F
in view of (141) and
(145) : Meg=M+ Fxrg.

Since the equations (140) and {144) are, by a physical hypothesis, consistent, the
‘relation

(145) b= 26
with an appropriate A according to (140) and {144) imply
(147) : MO F=Mg+EcE" x F,
whence ;

(148) £°M¢ =0,

l.e. (137) by virtue of (117).

In such a manner, the necessary condition (137) for a free rigid rod dynamical
problem to be consistent is a corollary from the hypothesis that the directrices of all
active forces applied on the rod intersect the directrix of the rod, i.e. the line along
which its density is different from zero. But this hypothesis does not follow from
the hitherto formulated definition of the rigid rod concept consisting in the only
requirement (124) for (125) or (128): it is a new aspect of this notion that has been
just now substantiated physically and mathematically and that must necessarily
take part in the definition of this concept.

In such a manner we arrive at the following newly improved formulation:

A rigid rod is a rigid body the density of which is zero anywhere save along a
straight line (its directrix), where its density is such that the integral (39) is non-
zero; moreover, if an active force is acting on a rigid rod, its directrix intersects (or
coincides with) the directrix of the rod.

This definition accepted, (137) implies that the first equation (135) becomes
(136). The relation (136), however, is by no means an obligatory one. The meaning
of this statement is that the condition (136) is both beyond proof and beyond
disproof. Now we are faced with the same logical perplexities as in the case of -
the necessary condition (137). This dilemma is settled in the same way as in the
preceding case. In other words, it is supposed that the only points of contact of
a rigid rod with any geometrical constraint, imposed on it, must be lying on its
directrix. '

Summing up, we may now state that (137) and (136) are presumptive necessary
conditions for any problem of rigid rod dynamics. Praemonitus et praemunitus with
this new clause, one has now every right to state that in the case of a rigid rod the
first equation (115) turns out to become an identity of the kind (101) (provided
the system of reference Q€n(, invariably connected with the rigid body, 1s chosen
in such a manner that (120) and (124) provided (125) or (126) hold). As a result,
in the case of rigid rod dynamics one has at his disposal exactly 5 equations of
motion, namely (114) and '

(149) I(Lb,, - waf) = Mgy, + NGn; I(d)( =+ wfw,]) = MG( + ‘Ngc,
while the number of the unknown quantities in the dynamical problem is not lesser
than 5.
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NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS
V. PREHISTORY OF MECHANICAL CONSTRAINTS

GEORGI CHOBANOV, IVAN CHOBANOV

Not only the public press but also the precis of the paedagogues has taught
us to gulp superlatives as daily narcotics. The professor who forgets to class, rate,
and rank his subject as the first and finest something will fail to find it mentioned
in the students’ terminal examinations. The busy modern calls for culture in
predigested quintessence pills, packaged in abridged paperbacks, explained by
folksy prefaces in pellet-paragraphs of sugared baby-talk, lullabies to smugness.
Suggestion to a general audience that historical facts must precede if not replace
historical enthusiasm may expect only oblivion, the palm of dullness.

C. Truesdell: The Mechanics of Leonardo da Vinci

Teopzu Yobanoe, Hean HYobawos. IJIHNMHAMUYUYECKUE AKCHOMBI HBIOTOHA U
®HUNEPA. V. IPEAUCTOPUA MEXAHUUECKUX CBA3EH

DTO ecTh MATAH UACTh CEPUM CTaTheid, NOCBeLiEHHHIE AMHAMMUECKUX akcuoMm Hsio-
ToHa ¥ Diinepa; OHa €CTECTBEHHOE NPOJOKEHHE M Da3BWTHMe mociegueid m3 mux [17}, B
KOTOPCH NOXPOGHO AUCKYTHMPOBAHBI GU3NUECKME MOTHUBMPOBKM NOHATHUA O MEXAHUUECKHX
CBfi3aX, HAJIOXKEHHKIX CMCTEM MAaCOBHIX TOUEK M TBepAHX Ted. B pabore npuBeneEn MHO-
TOUKC/IEHHBIE ABTEHTUYECKNE JaHHbE B CBA3M C 3aUaTHEM U NPEKIAEBPEMEHHOM DOYKICHUM
HOHSTHA CBA3M B DARHOK MCTOPWM DalMOHaJJLHON MeXaHMKH, NpUUeM ocoboe BHMMAHME
yaeneno coumnaenuit Discorsi e Dimostrazioni Matematiche Intorno ¢ Due Nuove Scienze a-
aunen, Philosophiae Naturalis Principia Mathematica Huiorona u Traité de Dynamigue Ha-
namGepa.

Georgi Chobanov, Ivan Chobanov. NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS.
V. PREHISTORY OF MECHANICAL CONSTRAINTS

This is the fifth part of a series of articles dedicated to the Newtonian and Eulerian dynamical
axioms; it is the natural continuation and development of the last of them [17], where the physical
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motivativis of the notion of mechanical constraints imposed on mass-point and rigid body systems
are discussed at length. Numerous authentical data are adduced in connection with the conception
and premature birth of the constraint concept in the early history of rational mechanics, special
stress being laid on Galileo’s Discorsi ¢ Dimostrazioni Matematiche Intorno & Due Nuove Scienze,
Newton's Philosophiae Naturalis Frincipic Mathematica, and D'Alembert's Traité de Dynamigue,
where the gorms of the constraint notion may be traced.

This {ifth part of a series of articles dedicated to the Newtonian and FEulerian
dynamical axioms is a natural continuation and development of the last of them
[17}, where the physical motivations of the notion mechanical constraints imposed
on mass-points and rigid bodies are discussed at length and which is published in
this volume of the Annuel; that is why, in order to avoid reiterations, the literature
quoted in this paper and in [17] has a unified numeration.

The motivations of the engineering praxis are as old as human race toc. The
vectis, azis in pertlrochio, trochlea seu polispastus, cochlea and cuneus (that is to
say the lever, axis and wheel. pulley, screw, and wedge, respectively) have been
utilized already by the ancient to the fullest extent. In the Auctoris praefacio ad
lectorem of his Principia [7] Newton states:

“Pars haec mechanicae a veteribus in potentiis quinque ad artes manuales
spectantibus exculta fuit, qui gravitatem (cum potentia manualis non sit) vix aliter -
quam in ponderibus per potentis illas movendis considerarunt.”

As Krilov observes in his Russian version [18] of Principia, the term poteniia
is used here in two ways: the first time as a synonym of machina, and the second
time as a synonym of power. As an illustration he adduces the following excerpt
from Maclaurin’s book [19]: '

“It is distinguished by Sir I. Newton into practical and rational mechanics;
the former treats of the mechanical powers viz. the lever, the azis and wheel, the
pulley, the wedge and the screw to which the inclined plane is to be added and
of the various combinations together. Rational mechanics comprehends the whole
theory of motion and shews when the powers of forces are given how to determine
the motions that are produced by them ... in tracing tne powers that operate in
nature from the phenomena we proceed by analysis and deducing the phenomena
from the powers or causes that produce them we proceed by synthesis.”

The close relations of early mechanicians with engineering experience is reflect-
ed in an excellent manner in Galileo’s Dialoghi delic nuove scienze [20], Giornata
prima of which begins with the following inferences of Salviati and Sagredo:

SAL. Largo campo di filosofare a gl'intelletti specoluiivi parmi che porga la
frequente pratica del famoso arsenale di voi, Signori Veneziani. ed in particolare in
quella parte che mecanica si dominanda; atteso che quivi ogni sorte di strumento
e di machina vien continuamente posta in opera da numero grande d’artefici, tra
1 quali, e per P'osservazioni fatte dai loro antecessori, e per quelle che di propria
avvertenza vanno continuamente per se stessi facendo, & forza che ve ne siano de i
pertissimi e di finissimo discorso.

SAGR. V. S. non s’inganna punto: ed io, come per natura curioso, frequento
per mio diporte la visita di questo luogo e la pratica di questi che noi, per certa
preminenza che tengono sopra ’l resto della maestranza, domandiamo proti; la



conferenza de i quali mi ha piu volte aiutato nell’investigazione della ragione di
effetti non solo maravigliosi, ma reconditi ancora e quasi inopinabili. E vero che tal
volta anco mi ha messo in confusione ed in disperazione di poter penetrare comme
possa seguire quello che, lontano da ogni mio concetto, mi dimostra il senso esser
vero ... {21, II, p. 81].

The question now quite reasonably arises: are there in Galileo’s mechanical
writings solutions of dynamical problems concerning motions of constrained mass-
points or rigid bodies? Before answering this question we may point out that it is by
no means groundless, since motions of mass-points along inclined (to the vertical)
lines or circumferences are par ezcellence constrained motions, and such problems
are abundant in Giornata terza of Discorsi. As a matter of fact, all theorems,
propositions, corollaries, problems, and scholiums of section De motu naturaliter
accelerato of Giornata terza, as well as all concomitant commentaries of Salviati,
Sagredo, and Simplicio, beginning with Theorema III, Proposiio II1, are concerned
with motus naturalis along inclined lines. On that ground, formally at least, one
may expect that germs leastwise of constraint dynamics may be found in Galileo’s
works.

Alas, those are blighted hopes, and the reason is a quite simple one. In spite
of all traditional physical folklore there is no dynamics at all in anything Galileo
has written on mechanics. In vain will remain all Lagrange’s efforts to render quae
sunt Caesaris Deo et quae sunt Dei Caesari:

“La Dynamique est la science des forces accélératrices ou retardatrices et des
mouvements variés qu’elles doivent produire. Cette science est due entierement
aux modernes, et Galilée est celui qui en a jeté les premiers fondements. Avant lui
on n’avait considéré les forces qui agissent sur les corps que dans l’état d’équilibre;
et quoiqu’on ne pit attribuer I’accélération des corps pesants et le mouvement
curviligne des projectiles qu’a I’action constante de la gravité, personne n’avait en-
core réussi 4 déterminer les lois de ces phénomeénes journaliers, d’aprés une cause
si simple. Galilée a fait le premier ce pas important et a cuvert par la une carriere
nouvelle et immense & Pavancement de la Méchanique. Cette découverte est ex-
posée et developpée dans 'Ouvrage intitulé: Discorsi e dimostrazioni matematiche
intorno a due nuove scienze, lequel parut, pour la premiére fois, & Leyde, en 1638.
Elle ne procura pas & Galilée, de son vivant, autant de célébrité que celles qu’il
avait faites dans le ciel; mais elle fait aujourd’hui la partie la plus solide et la plus
reelle de la gloire de ce grand homme” [11, p. 237}.

This brilliant appraisal of Galileo’s mechanical performances has been mul-
tiplied in the course of two clear centuries in a myriad physical and mechanical
text-books, treatises, monographs, articles, journals, newspapers, etceteras in pre-
cise conformity with the renowned verse of Vergilius Fama mobilitate vigel viresque
adquirit eundo. As a result of the loathsome aptitude of human mind to idola-
try the image of Galileo as the founder of non-peripatetic dynamics is rooted in
public spiritedness as tight as the image of Marx as the founder of non-capitalistic
economics. Fortunately, the first case is not this far sinister.

The quoted excerpt from [11] may be written only by someone who has not
read Discorsi; or by someone who has read it carelessly; or by someone who has
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read it attentively and has understood nothing. Otherwise one cannot explain why
the adjective dynamical is ascribed jo purely kinematical investigations.

For the whole of the content of Giornata terza & quarta is kinematics, only
kinematics, and nothing save kinematics.

This is a point that needs a close attention. In order to make things transparent
and to leave no room for gratuitous and subjective interpretations, let us drink one
sip or two out of the very spring:

“Quae in motu aequabili contingunt accidentia, in praecedenti libro considerata
sunt: modo de motu accelerato pertractandum.

Et primo, definitionem ei, quo utitur natura, apprime congruentem investigare
atque explicare convenit. Quamvis enim aliquam lationis speciem ex arbitrio con-
fingere, et consequentes eius passiones contemplari, non sit inconveniens . . ., tamen,
quandoquidem quadam accelerationis specie gravium descendentium utitur natura,
eorundem speculari passiones decrevimus, si eam, quam allaturi sumus de nostro
motu accelerato definitionem, cum essentia motus naturaliter accelerati congruere
contigerit” [21, II, p. 254].

In such a manner, we come to know that Galileo:-

1. Proceeds to study motions with impermanent velocity.

2. Realizes the possibility of an infinite variety of such motions.

3. Is interested in that special kind of accelerated motions Nature makes use
of.

4. Does not know the definition of the motus naturaliter acceleratus.

How does Galileo solve the last problem? Ipse dizit:

“Postremo, ad investigationem motus naturaliter accelerati nos quasi manu
duxit animadversio consuetudinis atque instituti ipsiusmet naturae in ceteris suis
operibus omnibus, in quibus exercendis uti consuevit mediis primis, simplicissimis,
facillimis. Neminem enim esse arbitror qui credat, natatum aut polatum simpliciori
aut faciliori modo exerceri posse, quam eo ipso, quo piscem et aves instinctu naturali
utuntur” [ibid.].

Ergo, Galileo: ‘

5. Intends to discover the definition of naturally accelerated motion by observ-
ing (and possibly measuring) natural motions.

6. Proclaims a philosophical principle Nature obeys unquestingly: Simplicity.

What does, however, simplicity mean in the special case of natural motions?
Verba magistri: : - :

“Dum igitur lapidem, ex sublimi a quiete descendentem, nova deinceps veloci-
tatis acquirere incrementa animadverto, cur talia additamenta, simplicissima atque
omnibus magis obvia ratione, fieri non credam? Quod si attente inspiciamus, nul-
lum additamentum, nullum incrementum, magis simplex inveniemus, quam illud,
quod semper eodem modo superaddit . .. Et sic a recta ratione absonum nequaquam
esse videtur, si accipiamus, intentionem velocitatis fieri iuxta temporis extensionem;
ex quo definitio motus, de quo acturi sumus, talis accipi potest: Motum aequa-
biliter, seu uniformiter, acceleratum dico illum, qui, a quiete recedens, temporibus
aequalibus aequalia celeritatis momenta sibi superaddit” [ibid., p. 254-255].

In such a manner, following a most natural, logical, and methodical course of

thought, Galileo:
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7. Arrives at the modern definition of uniformly accelerated motion.

8. Declares the latter the law of free fall.

Moreover, the author puts the last two items to the test of experimental control:

“In un regolo, o voglian dir corrente, di legno, lungo circa 12 braccia, e largo per
un verso mezo braccio e per l’altro 3 dita, si era in questa minor larghezza incavato
un canaletto, poco piu largo d’un dito; tiratolo drittissimo, e, per averlo ben pulito
e liscio, incollativi dentro una carta pecora zannata e lustrata al possibile, si faceva
in esso scendere una palla di bronzo durissimo, ben rotondata e pulita; constituito
che si era il detto regolo pendente, elevando sopra il piano orizontale una delle sue
estremita un braccio o due ad arbitrio, si lasciava (come dico) scendere per il detto
canale la palla, notando, nel modo che appresso dird, il tempo che consumava nello
. scorrerlo tutto, replicando il medesimo atto molte volte per assicurarsi bene della
quantitd del tempo, nel quale non si trovava mai differenza né anco della decima
parte d’una battila di polso. Fatta e stabilita precisamente tale operazione, facem-
mo scender la medesima palla solamente per la quarta parte della lunghezza di esso
canale; e misurato il tempo della sua scesa, si trovava sempre puntualissimamente
esser la met4 dell’altro: e facendo poi Pesperienze di altre parti, esaminando ora il
tempo di tutta la lunghezza col tempo della metd, o con quello delli duo terzi o de i
3/4, o in conclusione con qualunque altra divisione, per esperienze ben cento volte
replicate sempre s’incontrava, gli spazii passati esser tra di loro come i quadrati de
i templi, e questo in tutte le inclinazioni del piano, cio¢ del canale nel quale si faceva
scender la palla; dove osservamo ancora, i tempi delle scese per diverse inclinazioni
mantener esquisitamenre tra di loro quella proporzione che pid a basso troveremo
essergli assegnata e dimostrata dall’Autore. Quanto poi alla misura del tempo, si
teneva una gran secchia piena d’acqua, attaccata in alto, la quale per un sottil can-
nellino, sal da togli nel fondo, versava un sottil filo d’acqua, che s’andava ricevendo
con un piccol,bicchiero per tutto ’l tempo che la palla scendeva nel canale e nelle
sue parti: le particelle poi dell’acqua, in tal guisa raccolte, s'andavano di volta in
volta con esattissima bilancia pesando, dandoci le differenze e proporzioni de i pesi
loro le differenze e proporzioni de i tempi; e questo con tal giustezza, che, come ho
detto, tali operazioni, molte e molte volte replicata, gid mai non differivano d’un
notabil momento” [ibid., p. 274-275]. . .

Once the definition of motus naturaliter acceleratus established, all that follows
in Giornata terza & quarta of Moviment: Locali are kinematical exercises of free
fall, sliding along a line inclined towards the horizon, and flying of projectiles. .
At that, the moving objects are points rather than bodies; moreover, those are
geometrical — by no means mechanical — points that are moving on the pages of
Galileo’s Discorsi. The meaning of this statement is that the mass of the moving
point is completely irrelevant to Galileo’s meditations and’ cal/zulations — there is
no relationship between moving object and moving cause. As a mere child could
say, the mass concept is void of sense if estranged from forces, and there are no
forces at all in Galileo’s mechanical studies — at least no such ones that would be
found congenial today.
~ And yet, even only kinematically, no one can justly deny that there are con-
strained motions in Galileo’s Discorsi. There may only be divergences of views on
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the degree of originality of the contributions of this notionalist to the field of rational
mechanics. To Galileo’s worshippers Truesdell’s standpoint may seem blasphemy:

“Historians of letters had meanwhile created the myth of the ‘Renaissance’.
According to this myth, in the Middle Ages man- hibernated beneath a pall of
scholastic repetitions, borrowed from Aristotle and enforced by the Church; the
Renaissance, casting all this aside, opened its eyes and discovered man and the
world by personal sensation ...

. such historians of science ... found several of Galileo’s ideas, more or
less, in Leonardo’s notes ... published in facsimile in the years 1881 to 1936 ...
Previously historians had believed that Galileo thought these things out of ‘genius’
applied to thin air ... ‘Discovery’ of Leonardo transferred the point of application
of this same theory a century backwards. He, too, had the same material to work
with: ‘genius’ and thin air, and the remaining problem for this group of historians
was only to see how Leonardo’s ideas got to Galileo, thus making the latter a true
grandson, if not son, of the Renaissance” [8, p. 25, 27].

To make matters worse, strange characters emerge from days long gone by:

“...the main kinematical properties of uniformly accelerated motions, still at-
tributed to Galileo by the physics texts, were discovered and proved by scholars of
Merton College — William Heytesbury, Richard Swineshead, and John of Dumble-
ton — between 1328 and 1350. Their work distinguished kinematics, the geometry
of motion, from dynamics, the theory of the causes of motion. Their approach was
mathematical. They succeeded in formulating a fairly clear concept of instanta-
neous speed, which means that they foreshadowed the concepts of funciion and
derivative, and they proved that the space traversed by a uniformly accelerated
motion in a given time is the same as that traversed by a uniform motion whose
speed is the mean of the greatest and the least speeds in the accelerated motion.
In principle, the qualities of Greek physics were replaced, at least for motions, by
the numerical quantities that have ruled Western science ever since. This work was
quickly diffused into France, Italy, and other parts of Europe. Almost immediate-
ly, Giovanni da Casale and Nicole Oresme found how to represent the results by
geometrical graphs, introducing the connection between geometry and the physical
world that became a second characteristic habit of Western thought — a habit
so deep-seated that it is known to every carpenter and passes unremarked only in
certain highly specialized professions ...

Clagett [22] has cited much evidence to show that these ideas, which originated
in England and France in the early fourteenth century, were discussed back and
forth in periods of varying activity and inactivity in France, the Empire, and Italy
in the latter half of the same century and were taught in Italian universities in
the next one, at the end of which a flood of printed books opened the subject
to everyone — everyone who could understand Latin and mathematics” [¢bid., p.
30-31).

In the light of this information Galileo’s pretensions in the introductory words
of De motu locali seem a bit overdone:

- “De subiecto vetustissimo novissimam promovemus scientiam. Motu nil forte
antiquis in natura, et circa eum volumina nec pauca nec parva a philosophis con-
scripta reperiuntur; symptomatum tamen, quae complura et scitu digna insunt in
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co, adhuc inobservata, necdum indemonstrata, comperio. Leviora quaedam adno-
tantur, ut, gratia exempli, naturalem motum gravium descendentium continue ac-
celerarl; verum, iuxta quam proportionem eius fiat acceleratio, proditum hucusque
non est: nullus enim, quod sciem, demonstravit, spacia a mobili descendente ex qui-
ete peracta in temporibus aequalibus, eam inter se retinere rationem, quam habent
numeri impares ab unitate consequentes” [21, II, p. 247].

The first place in Discorsi, where inclined plane comes into view, is Theorema
III, Propositio I1I of De motu naturaliter accelerato in Giornata terza, namely:

“Si super plano inclinato atque in perpendiculo, quorum eadem sit altitudo,
feratur ex quiete idem micbile, tempora lationum erunt inter se ut plani ipsius et
perpendicul longitudines” [ibid., p. 282]. '

Inclined planes are repeatedly used in well-nigh all the following theorems,
propositions, corollaries, problems, scholia, and commentaries of Salviati, Sagredo,
and Simplicio of Giornata terza of Discorsi. As a matter of fact, the whole content
of this part of Due scienze consists of exercises on theme and variations point
kinematics of uniformy accelerated motions.

It is quite immaterial to us whether Galileo’s statements in the said propo-
sitions are true or false: the cold fact is, there is point kinematics of constrained
motions in his book. This applies especially to an important problem — that of
lationem omnium velocissimam, which later became the starting point of Johann
Bernoulli’s Problemata novum, ad cutus solutionem geometrici invitantur, as well
as a stimulus for variational calculus. Formulated by Galileo in the form of a .
Scholium, 1t reads: ’

“Ex his quae demonstrata sunt, colligi posse videtur, lationem omnium velocis-
simam ex termino ad terminum non per brevissimam lineam, nempe per rectam,
sed per circuli portionem, fieri” [ibid., p. 333].

In such a way, Galileo:

9. Includes the circumference in the family of geometrical constraints.

10. Formulates a2 minimalization problem concerning constrained motions (for
the first time in the history of mechanics, as far as our knowledge goes).

The importance of the last event is not diminished by the fact that Galileo’s
solution was wrong: another contingency was purely and simply impossible in his
days. As Truesdell says:

“ Now a mathematician has a matchless advantage over general scientists,
historians, and exponents of other professions: He can be wrong. A fortior:, he
can also be right. There are errors in Euclid, and, to within a set certainly of
measure zero on the ordinary human scale, what Euclid proved to be true in ancient
Greece is true even in the colossal, unprecedented, nucleospacial, totally welfared
today. In the advance through the physical, social, historical, and other sciences,
the demarcation between truth and falsehood grows vaguer, until in some areas
truth can be rezoned as falsehood and falsehood enshrined into truth by consensus
of “acknowledged experts and autorities” or even popular vote. One professor
discussing the doctrines of Karl Marx may label thém as grave errors; a second,
equally qualified, may present them as problematic, partly true and partly not so;
while a third, living in a different part of the world, may proclaim them as the
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quintessence of human knowledge. In the mathematical science as taught by the
colleagues of these same three social scientists, there 1s no disagreement as to what 1s
true and what is not. A mistake made by a mathematician, even a great one. is not
a “difference of point of view” or “ancther interpretation of the data” or a “dictafe
of a conflicting ideology”, it is a mistake. The greatest of all mathematici ns, those
who have discovered the greatest quantities of mathematical truths, are aiso those
who have published the greatest number of lacunary proofs, insufficiently qualified
assertions, and flat mistakes. ‘

The mistakes made by a great mathematician are of two kinds: first, trivial
slips that anyone can correct, and second, titanic failures reflecting the scale of
the struggle which the great mathematician waged. Failures of this latter kind are
often as important as successes, for they give rise to major discoveries by other
mathematiciang. One error of a great mathematician has often done more for
science than a hundred little theorems proved by lesser men” [8, p. 140].

While Galileo did not have at his disposal the tool for solving dynamical prob-
lems involving constrained mass-points, Newton did. That is why it is interesting
to the utmost degree (at least as far as our topic is concerned) to see what did he
actually accomplish by its aid.

To this end it is sufficient to take a look at Newton’s mechanical archives,
his Principia [7]. The realization of the fact that this book is a treatise on point
dynamics, not in the least on rigid dynamics, is as old as Euler:

“... while Newton had used the word ‘body’ vaguely and in at least
three different meanings, Euler realized that the statements of Newton are generally
correct only when applied to masses concentrated at isolated points ”
(8, p. 107]. - _

Therefore, we must discover how far Newton has penetrated into the field of
constrained mass-point dynamics. Already a mere glance at the contents of Prin-
cipia at once displays that the only place of the work, where constrained motions
may be treated, is Sect. X: De Motu Corporum in Superficiebus datis, deq; Fu-
‘nipendulorum Moty reciproco of Liber Primus, De Motu Corporum. It begins with
Prop. XLVI. Prob. XXXII, namely: ,

“Posita cujuscung; generis vi centripeta, datoq; tum virium centro tum plano
quocung; in quo corpus revolvitur, et concessis Figurarum curvilinearum quadra-
turis: requiritur motus corporis de loco dato data cum velocitate secundum Rectam
in Plano illo datum egressi” [7, p. 145].

This is a constrained mass-point dynamical problem par ezcellence: it proposes
to find the motion of a mass-point constrained to remain on a given plane and
subjected to the action of an arbitrary central force, the pole of which is lying
outside the plane. ' ,

Newton’s Problem XXXII is extraordinary interesting with a view to our topic,
namely the nascency of the idea of a mechanical constraint imposed on a mass-point
or arigid body. We shall therefore follow the train of thoughts of Principia’s author
exposed in his solution of this problem. At that, with an eye to a greater clearness,
we shall quote the English version of the work in Motte’s translation rather than
the original Latin text:
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-~ “Let S be the centre of force, SC the least distance of that centre from the
given plane, P a body issuing from the place P in the direction of the right line PZ,
@ the same body revolving in its curve, and PQR the curve itself which is required
to be found, described in that given plane. Join CQ, @S, and if in QS we take SV
proportional to the centripetal force with which the body is attracted towards the
centre S, and draw VT parallel to CQ, and meeting SC in T'; then will the force
SV be resolved into two (by Cor. II of the Laws of Motion), the force ST, and the
force TV; of which ST attracting the body in the direction of a line perpendicular
to the plane, does not at all change its motion in that plane. But the action of the
other force TV, coinciding with the position of the plane itself, attracts the body
directly towards the given point C in that plane; and therefore causes the body
to move in the plane in the same manner as if the force ST were taken away, and
the body were to revolve in free space about.the centre C' by means of the force
TV alone. But there being given the centripetal force TV with which the body
Q revolves in free space about the given centre C, there is given (by Prop. XLII)
the curve PQR which the body describes; the place @, in which the body will be
found at any given time; and, lastly, the velocity of the body in that place 2. And
conversely, Q. E. 1.7 [23, vol. T, p. 148-149].

In this solution two places of the book are quoted in the capacity of arguments:
Corollary II of the introductory Aziomata stve Leges Motus and Proposition XLII.
Problem XXIX. The corresponding texts of [23] read as follows:

“And hence is explained the composition of any one direct force AD, out of
any two oblique forces AC and CD; and, on the contrary, the resolution of any
one direct force AD into two oblique forces AC and CD: which composition and
resolution are abundantly confirmed from mechanics” (p. 15).

“The law of centripetal force being given, it is required to find the motion of
a body setting out from a given place, with a given velocity, in the direction of a
given right line” (p. 133).

As it is immediately clear, Newton reduces his Problem XXXII to Problem
XXIX. The fact itself is irrelevant to our concern, since we are interested in Newton’s:
idea of a constraint imposed on a mass-point rather than in particular dynamical
problems whichever concerning such constraints. That is why we shall present
Newton’s arguments in a modern form that will help us to expose the roots of the
matter. .

Using Newton’s notations, let by definition » = §Q, n = SC, where it is

0:

. 1 . .
supposed n # 0, so that the unit vector n —n exists. Under these notations,
n

the equation of the plane 7 (that is to say CPQ is)
(1) Tm=v

with an appropriate . On the other hand, the motion of the mass-point @ is
governed by the equation

(2) mr =F + R,
dots denoting, as traditionally in analytical dynamics, derivatives with respect to

the time ¢, m — the mass of @, F = V'S — the “centripetal force”, acting on @,
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and R — the reaction of the plane 7 on Q. Beéides, let by definition g = CQ,
whence r = n + p, and, since 7 is constent (ergo n =: o),

3) 7 =p.

Now (2), (3) imply

(4) mp=F+ R.

Moreover, since obviously '

(5) n’=v

(the point C lying in the plane =), the relations (1), (5) imply
(6) pm=0.

In such a manner, the problem of the constrained motion of the mass-point Q is
reduced to that of the motion of the free mass-point Q under the action of the
forces F + R.

As regards F', Newton’s decomposition F = VT + T'S implies

(7 " F=Fp°+ Nn®,
50 denotmg the unit vector of g, and F' and N — the projections of F on 5° and
9, respectively. In such a manner, the relations (4), (7) imply

(8) mp=Fp°+ Nn®+ R.

Now, reducing Problem XXXII to Problem XXIX, Newton presupposes
9 - Nn®+R=0.

Why?

As regards the reaction R we know nothing save that it is acting on the mass-
point @, and this condition is satisfied by writing equation (4). Now Newton
assumes on the sly that the plane r is smooth, in other words, that

(10) R = Rn®
with an appropriate R. Then (9), (10) imply
(11) N+R=0.

As regards the equation of motion of Q as a free mass-point under the action of
the central force F5°, namely
(12) mﬁ =F pO’
which is a corollary from (8) and (9), we shall not discuss the problem to what
extend Newton could attack it by the aid of the mathematical artillery he had at
his disposal in those times. (In the history of mechanics the solution of (12) is
connected with the name of Binet, 1786-1856). As Truesdell says, “it is not the
function of the historian to guess. what Newton might have done of could have done”
8, p. 92]. The cold fact is that under the hypothesis (10) for a smooth plane 7 the
condition (11) is necessary and sufficient for the plane motion of the mass-point Q.
We shall systematize our observations in connection with Newton’s Problem
XXXII in' the form of several scholia.
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Scholium 1. Newton’s treatment does not make use of any system of reference.

Scholium 2. The reasons of the antecedent inference are rooted already in
the formulation of Lez II, namely:

. “Mutationem motus proportionalem esse vi motrici impressae, et fieri secun-
dum lineam rectam qua vis illa imprimitur ” [7, p. 12], where not a word is said
about a system of reference with respect to which mutationem motus is calculated.

Scholium 3. This is a most regrettable circumstance since the validity of
Lez II is not unconditional: Lez IT holds only for the so-called inertial systems of
reference.

Scholium 4. Newton makes no mention of any force acting on Q save V'S; in
particular he does not even allude to the reaction R.

Scholium 5. Therefore he does not require explicitly (10) expressing the
smoothness of =.

Scholium 6. In the case of a non-smooth constraint 7 the whole of Newton’s
construction collapses.

Scholium 7. Newton’s supposition “of which ST attracting the body in the
direction of a line perpendicular to that plane, does not at all change its motion
in that plane” may be physically well-founded, but mathematically it is entirely
groundless: a mathematical conclusion about ferces and motions is legitimate if,
and only if, it is derived from the equations ef metien.

Scholium 8. Newton does not at all submit fer discussion the question for the
possibility of the geometrical constraint u'nposed on the mass-peint Q: he considers
this question apriorily settled.

Scholium 9. The foregoing conclusien stands in a causal cennection with the
ezistence problem in rational mechanics.

Scholium 10. All preceding ascertainments are by ne means reprimands: Im-
possidbilium nulla est obligatio. Juxtapesed with his epech, Newten’s performances
seem superhuman. History in gemeral, hewever, histery of science, in particular,
accepts no condolences. Our aim is te ascertain hew the netion of mechanical-
constraint is conceived, born, and bred; and this geal cannet be achieved without
the works of classics of mechanics, with all their merits and demerits. Quad erat
ezplicandum.

It is pointless to expese the rerna.nung proposltlons of sectien X of Principia.
All of them concern particular metiens of mass-peinis aleng given curve lines or
surfaces; the treatment of any of them is imbued with the spirit of the age. It
is true that the ratie of the mechanical content of Principia te its mythical fame
is negligibly small. As Truesdell emphasizes, “except for certain simple if
important special preblems, Newten gives ne_evidence of being able to set up differ-
ential equations of metien for mechanical systems ... in Newten’s Principia occur
no equations of motion for systems of mere than twe free mass-peints or more than
one constrained mass-point” [8, p. 92-93]. At the same time, qued sciamus, this is
the first mechanical work where constrained motions are con51dered in an almost
modern way — in any case, by the aid of the momentum axiom.

Our goal has by no means been to propose ‘a systematic historical mvest.lgatlon
on the mechanical constraint notion. It is a hard nut to crack for a historian of

83



rational mechanics who has made it his set purpose to track out the shady affair
of development of dynamics of constrained systems. The hardships are due not
only to the fact, properly explained in [17], that almost all motions Leonardo,
Galileo, Tartaglia, and their successors had the chance to observe and, although
extremely rarely, to measure, have been “impure” — that is to say, attended with
the aftereffects of reactions now here of constraints and now there of resisting media;
moreover, embarrassments come into being owing to the propensity of authors of
mechanical writings to explain in fluent phrases, readily, ardently, and rather life-
like to their readers somethings obscure to the authors in question themselves.
Aggraviating the situation, the atmosphere becomes electrified by the fact that the
mechanical constraint concept is, mathematically speaking, as yet in its historical
phase; one-cannot — as one can in other fields of mathematics — put one’s finger
on a certain line of a certain page in a certain book and pronounce the sacramental
abracadabra: this is a mechanical constraint imposed on a rigid body.

QOur occupations with related literary sources have confronted us with a non-
incurious phenomenon. If one is apt to have faith in Truesdell’s assessments of
complicated mechanical situations — as we readily aknowledge we are — then one
may find congenial the following opinion of this eminent author apropos of the early
story of constrained mechanical systems:

. “D’Alembert was the first to give a general rule for obtaining equations of
motion of constrained systems. After decomposing the motion into two parts, one
being ‘natural’ and the other due to the presence of the constraints, he asserts that
the forces corresponding to the accelerations due to the constraints form a system
in static equilibrium. Thus his principle is a development of one of the ideas of
James Bernoulli’s great paper of 1703; it is still closer to the principle stated even
more obscurely by Daniel Bernoulli in his treatment of the hanging cord in 1732-
1733 (published 1740). Like the older assertions of Descartes and Leibniz, it is a
statement about the system as a whole, not about its parts, and it is insufficient to
solve the general problems of dynamics; D’Alembert tacitly invoked other principles
as well, but he got results; moreover, he was the first to derive a partial differential
equation as the statement of a law of motion, the particular case being that of a
heavy hanging cord” [8, p. 113].

Malum nullum est sine aliqguo bono. When we for the first time were faced
with these acknowledgements of D’Alembert’s mechanical performances, we flat and
plain could not co-ordinate them with the scientific image his mechanical writings
have shaped in our consciousness. Using vera rerum vocabula, one -cannot set at
naught the fact that — more than half a century after Principia — D’Alembert
declares in everyone’s hearing in his Traité [9):

. j’ai, pour ainsi dire, détourné la viie de dessus les causes motrices, pour
n env1sager uniquement que le Mouvement qu’elles produisent; que j’aie entiérement
proscrit les forces inhérentes au Corps en Mouvement, étres obscurs & Méta-
physiques, qui ne sont capables que de répandre les tenebres sur une Science claire
par elle-méme” (p. XVI).

Moreover, as Truesdell ibidem makes out, “while Euler was soon to become
the champion of Newton’s approach to mechanics, D’Alembert started a new and
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opposed way of thinking. If the motion is known, he observed, then what we call
forces are merely manifestations which may be calculated from it” (p. 113):

“Pourquoi donc aurions-nous recours & ce Principe dont tout le monde fait
usage aujourd’hui, que la force accélératrice ou retardatrice est proportionelle &
I’Elément de la vitesse; principe appuyé sur cet unique axidme vague & obscur, que
Peffet est proportionnel & sa cause. Nous n’examinerons point si ce Principe est
de verité nécessaire; nous avouerons seulement que les prouves qu’on en a données
jusqu’ici, ne nous paroissent pas fort convaincantes: nous ne I’adopterons pas non
plus, avec quelques Geométres, comme de verité purement contingente, ce qui ru-
ineroit la certitude de la Méchanique, & la réduiroit & n’étre plus qu’une Science
expérimentale: nous nous contenterons d’observer, que vrai ou doutreux, claire ou
obscure, il est inutile 2 la Méchanique, & que per conséquent il doit en étre banni
[9, p. XI-X1I}.

Amicus Socrates, amicus Plato, sed magis amica veritas. In spite of our peerless
veneration to Truesdell’s erudition, independence of thought, and uprightness of
judgements, let us penetrate the roots of matter of the problem of constrained
systems of mass-points, in order to acquire an uninfluenced opinion on D’Alembert’s
dynamical performances. To this end, let us first see how the land lies as regards
some Indispensable definitions.

From here further let Ozyz denote an inertial orthonormal right-hand orien-
tated Cartesian system of reference with unit vectors ¢, 7, k of the axes Oz, Oy,
Oz, respectively, and let all derivatives of vector functions be taken with respect to
Ozyz. :

A mass-point P is said to be free if it may, according to the conditions of the
particular dynamical problem under consideration, take any position in space and
move with any velocity. If P is free, r = OP, and

(13) r =zt + yj + zk,
then r and 7 ‘
(14) v =i +yj + 2k

may accept any conceivable values.

A mass-point P is said to be non-free, if it is not free. Instead of “non-free”
the adjective constrained is often used. According to both definitions of free and
non-free mass-points, P is non-free if some restrictions on the admissible values of -
r or v are imposed by the conditions of the particular dynamical problem under
consideration. :

There are two, and two only, modi operandi, sanctioned by the age-old me-
chanical tradition, to make a mass-point P constrained, and both are described
immediately below.

The first one consists in the hypothesis that P is compelled, by the very con-
ditions of the particular dynamical problem under consideration, to remain on a
given surface

(15) f(z,y,2,t) =0,
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“given” meaning “completely determined” by the said conditions of the problem.
At that, it is supposed that the relation

(16) gradf# o
holds provided by definition

_0f. Oof . of
(17) gra.df.-atz+ (—9;3+-é;k.

The second one consists in the hypothesis that P is compelled, by the very
conditions of the particular dynamical problem under consideration, to remain on
a given curve line ’ .

- (18) L(z,y,2,t)=0 (v=1,2), ‘
“given” meaning “completely determined” by the said conditions of the problem.
At that, it is supposed that the relation

(19) grad fi x grad fo # o
holds provided by definition

L O W g
(20) gradf,,_az:+0y_1+azk (v=1,2).

Both the surface (15) and the line (18) are called geometrical constraints im-
posed on the mass-point. If a geometrical constraint is independent of the time t,
it is called scleronomic; otherwise it is called rheonomic.

According to a dynamical axiom, any geometrical constraint, imposed on a
mass-point P, generates a force R acting on P. It is called the reaction of the
geometrical constraint and, along with other forces acting on P, it predestinates
the mechanical behaviour of P. ‘

The meaning of the last statement is as follows. Let F be the resultant of all
active forces acting on P. This means that F is the sum of all forces acting on
P in accordance with the conditions of the particular dynamical problem under
consideration. In other words, F is a vector quantity, wholly determined by the
said conditions for any position r of P, for any velocity v of P, and for any moment
t. This implies that F belongs to the data of the dynamical problem concerned,
being a completely determined function

(21) : F=F(r,v,t)

of r, v and ¢. In such a manner, the term active forces is a synonym of the terms
given, or known, or determined by the conditions of the dynamical problem. On
the contrary, nothing is known about the reactions R of the geometrical constraints
imposed on the mass-point P save that they are acting on P, the meaning of the
last term being specified immediately. Therefore, in contrast to the term active
Jforces, the reactions of the constraints are called also passive forces.

Acting means that the motion of P is governed by the equation

(22) %(mv): F+R,
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m denoting the mass of P and mv being by definition the momentum of P with
respect to Ozyz. In such a manher, (22) is a mathematically formalized expression
of Newton’s Lez II already quoted above. Now there is much to be said about the
quasi-differential equation (22).

Let us turn back to our constraints (15) and (18). Under certain hypotheses
concerning the analytic nature of the left-hand sides of (15) and (18), let us suppose
that:

1. If (15), then there exist certain functions

(23) = 3(91, 92,t); y= y(lh, ant), z = 2(411, Q2,t)
of certain arguments g1, g2, satisfying (15) identically, i.e.
(24) f(2(q1,92,1), ¥(q1,q2,1), 2(q1,92,¢), ) =0

for any values of ¢; and g2 in their definitional domain. Therefore, no restrictions
are imposed on the “velocities” of ¢1 and g2, i.e. on their derivatives ¢; and ¢z with
respect to the time ¢,

2. If (18), then there exist certain functions

- (25) T z=a2(g.t), y=ylet), z=z2(g1)
of a certain argument g, satisfying (18) identically, 1.e.
(26) ' fole(a,t), v(a,t), 2(g,1), ) =0  (¥=1,2)

for any value of ¢ in its definitional domain. Therefore, no restrictions are imposed
on the “velocity” of ¢, i.e. on its derivative ¢ with respect to the time ¢.
In both cases (15) and (18) there exists a number I (1 < I £ 2) and I quantities

(27 qxr r=1,...,,
mutually independent, together with their velocities
(28) o (A=1,...,1,

such that any position of the mass-point P consistent with the geometrical con-
straints imposed on P is uniquely determined by (27). Under these notations the
number | is called the amount of the degrees of freedom (or simply degrees of free-
dom) of P, and (27) are called the independent parameters (or simply parameters)
of P; sometimes (27) are called the generalized co-ordinates, and (28) — the gen-
eralized velocities of P.

Introducing the acceleration w = © = # and supposing the mass m of P
invariable in the course of the time ¢, one may write down (22) in the form

(29) mw=F+R.
The definition of w and (13), (14) imply

(30) » w = zi + §j + zk.
Let by definition ' :
(31) F =F,+Fyj+ Fk,
(32) R = R,i+ Ryj+ R;k.
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Now (30)-(32) imply that the equation (29) is equivalent with the system of equa-
- tions '
(33) mZ=F,+R;, my=F,+R,, mi=F,+R,.
With a view to generality, the efficiency of which will become clear later, let us
work with { instead of 2 in the case (23) and of 1 in the case (25). In other words,

let us compute the left-hand sides of (33) at an arbitrary I. Then we obviously
obtain

. oz ., Oz
@ 2=3 gp it
. L % L8z . 9%

(35) z:12—‘1:%_‘-)\2:1;.—__54,\3%qkqu+2§mqk+5??’
provided
(36) &z _ 0%z O’z _ &z

9920q,  0g,0qx" Oqa0t  BtOgx
(Ap=1...,0D, and two similar expressions for § and #. Let us lay a spe-
cial emphasis upon the fact that all coefficients of the quantities §x, dadu, g (A,
u=1,...,1), as well as the free member %tz-:— in (35) are completely determined

functions of the parameters (27) of the mass-point, since by hypothesis the functions
(23), as well as (25) of (27) are wholly certain.

On the other hand, as already underlined, the active forces (21) are entirely
determined functions of v, v, and t. Now, with a view to (13), (14), (23), (25), (34)
(and similar for § and £), one arrives at the conclusion that (21) may be written in
the form
(37) . F:F(qh"':q13é17'~'adl;t))
where the right-hand side is a completely determined function of the parameters
(27), of the velocities (28), and possibly of the time ¢. Considering the decomposi-
tion (31), one may now quite lawfully state that the same holds for the projections
Fy, Fy, F; of F on the axes Oz, Oy, Oz, respectively.

Summing up, we may now state that the mechanical behaviour of the non-free
mass-point P subjected to the geometrical constraint (15) or (18) is governed by
the following system of differential-algebraic relations, qualified above as “quasi-
differential equations”:

l ‘ 1 1
(38) D Xair=X+Re, Y Viid=Y+ER, Y Zija=Z+R,,
A=l A=1 A=l

where by definition

Oz Oy 0z
—, Yh= Zy = +— A=1,...,D,
7 A ( )

39 X, = -7
(39) A 5’ =5
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( ! &’z L 8% 0%z
X:Fz—gz:laq 3q gy — c’) th'\ R
(40) (Y =F, - i 212662 aadu — Z - &y ;

Fyes iyt 7, 0¢, Bq Bt ot?

LI ' 22
lZ:Fz—gs:“‘;a(haq Gady — Zaqqu .

As it is immediately seen from (39), (40) and (37), (31), the equations (38) of
motion of P involve unknown quantities of two entirely different kinds:

1. Infinitesimal unknowns, that is to say the parameters (27) of P together
with their first and second der;vatlves with respect to the time ¢ (the latters bemg
present linearly).

2. Finitesimal unknowns, that is to say the projections of the reaction R of
the constraint acting on P (the latters also being present linearly).

This circumstance is the reason calling the equations (38) differential-algebraic
and quasi-differential.

The equations (38) represent the most adequate formal-mathematical expres-
sion of the dynamical problem under consideration. Therefore they deserve a special
attention.

As any mathematical problem, the system of equations (38) engenders two
challenges:

1. Existence?

2. Uniqueness?

It stands to reason, it would be an extravagant luxury to answer the second
question before the first one is answered in the affirmative: it could be compared
to taking down finger-prints of a ghost. And yet, the course of the solutions of
mathematical problems is traditionally topsyturvied. Habitually first and fore-
most, disregarding the existence-problem, a provisional solution is sought by the
problem solver, and only afterwards it is proved, commonly by means of an im-
mediate check-up, that this potential solution is an actual one. At that, as a rule,
the existence-problem is mathematically incomparably harder to solve than the
uniqueness-problem.

Horribile visu, horribile dictu, horribile auditi — horresco referens: in rational
mechanics, in general, and in rigid dynamics, in particular, the existence problem
does not exist at all. Or, more correctly, it exists like the ozone-hole: everybody
knows and nobody cares. Evidence? — Any treatise on analytical mechanics you
like: the choice is yours. To express this statement in concrete form by indicating
one particular from among countless amount of dynamical textbooks, books of
problems, treatises, monographs, and articles would mean to do unjustice to the
author of the selected work, converting him into a scapegoat for a widespread sin.
And yet, under this reservation, we shall quote a practical example — solely in order
not to be upbraided with groundless idle talk. As regards the pitiable absence
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of mind of ancient and modern mechanicians in connection with the existence-
problem, it is in a full agreement with Seneca’s observation Quae fuerant vitia,
mores sunt. '

The scapegoat in question is the Treatise [16] on rigid dynamics, published
comparatively recently. Turning over its pages at random, we arrive at the problems
of motion of a rod in a rotating plane (p. 119), rolling penny (p. 120-122), sleeping
top (p. 152-156), sphere on turntable (p. 207-209), sphere on a rotating inclined
plane (p. 209-211), sphere rolling on a fixed surface (p. 211-213), and so on, and so
forth, etcetera. (As regards examples from other literary sources, nomen illis legio.)
Are in the solutions of all those problems in [16] answers of the existence-question?
Not one jot! Not a whit! By no means! There is even not the least hint for such
a thing. Incredible? — Incredible. Fact? — Fact. If somebody dares contest this
statement, then there is a sole possible answer: Hic Rhodus, hic salta. That is to
say, hic Pars’ Treatise, hic points a finger at an existence proof.

Saeculi vitia, non hominis. The cause for this state of affairs in analytical dy-
namics is rooted in its dual nationality: down to the present day it is simultaneously
a citizen both of United Kingdom’s Mathematics and of United States’ Physics. At
least such is the mental disposition of most who work in this domain, in spite of the
danger to fall between two stools. Indeed, mechanics is occupied studing motions,
and motion is something that exists — isn’t it? Then why worrying about such a
nonsense as existence-problem? ‘

Maybe. Maybe not. Do you remember the nursery rhymes:

"“For the want of a nail the shoe was lost,
For the want of a shoe the horse was lost,
For the want of a horse the rider was lost,
For the want of a rider the battle was lost,

For the want of a battle the kingdom was lost —
And all for the want of a horseshoe nail.”

Let us now make an en gros assessment of the situation. Qur dynamical prob-
lem of the mechanical behaviour of the mass-point P, submitted to the geometrical
constraint (15) or (18) and to the action of active forces with resultant (21), con-
sists, first, in determining (if such exist) the parameters (27) of P as functions

(41) o =) A=1...,0 ‘
of the time ¢, P starting from a fixed though wholly arbitrary initial position
© (42) o Ge=ar0) (A=1,...,0)
with a fixed though completely arbitrary initial velocity
(43) =00 (A=1...,0;

and, second, in determining (if such exists) the reaction R of the corresponding
geometrical constraint, that is to say, the projections

(44) A P, Py, P,

of R on the axes Oz, Oy, Oz of Ozyz, respectively, according to (32). Consequently,
the unknown quantities of the mathematical problem under consideration are 5 in
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number in the case of constraint (15) (since then ! = 2) and 4 in number in the case
of constraint (18) (since then ! = 1). Since the number of the equations (38) with
(39), (40) we have at our disposal for the determination of those [+ 3 > 3 unknown
quantities (41), (42) is exactly 3, our dynamical problem is, in the general case at
least, mathematically indeterminate.

This conclusion is as two-faced as Ianus. Its favourable face is that one may
hope that the existence-problem might be answered in the affirmative; its un-
favourable face is that the answer might be as arbitrary as to seem meaningless.
Both expectations are vindicated by reality.

There is one, and one only, way to make a constrained mass-point dynamical
problem completely determined mathematically, and it consists in the hypothesis
that the corresponding geometrical constraint is smooth. Physically the concept
of smoothness is reduced to the idea that the corresponding surface or the corre-
sponding curve line i polished like a mirror. The same physical idea suggests that
the constraint generates no friction. Mathematically smoothness means that the
reaction of the constraint is normal to the latter, i.e.

(45) Rxgradf=0
in the case (15) and
(46) Rgrad f; x grad f2 =0

in the case (18). )
Indeed, (45) and (16) imply that there exists a scalar u with

(47) R=pugradf.
Now (47), (17), and (32) imply that the equations (38) take the form
of
A_
1
of
(48) | SITELEA
x,.l
3
Z B =Z+p af
\ =1
Similarly, (46) and (19) imply that there exist sca.la.rs p1 and pp with
(49) = pigrad fi + pograd fo.
Now (49) (20), and (32) lmply that the equations (38) take the form
4
) )
ZXAQA =X +m5= /i + paz= L
Oz oz’
,\_1
' ~ 8f1 8f,
(50) \ ZYAQA—Y+F16 +#26y
5
ZZAQ)\ = Z+#1—!i+liz sz
\ A=1 2
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In both cases (48) and (50) the number of the unknown quantities equals the nurber
of the equations available for their determination, namely 3: in the case (15) the
unknowns are qi, g2 and g, and in the case (18) they are ¢, pu; and ps. Q. E. D.

Naturally, in both cases a horseshoe is still wanting: the solution of the
existence-problem.

The situation around a single mass-point being, in such a manner, settled on
principle, let us now turn back to D’Alembert’s “Principe général pour trouver le
Mouvement de plusieurs Corps qui agissent les uns sur les autres, d’une maniére
quelconque”. Let us carry ourselves mentally in the age when he wrote his Traité.
Truesdell might be helpful again:

“... a large part of the literature of mechanics for sixty years following the
Principia searches various principles with a view to finding the equations of motion
for the systems Newton had studied and for other systems nowadays thought of as
governed by the ‘Newtonian’ equations” [8, p. 92-93].

Now all mathematicians of many decades after Principia passionately strove
for disclosing the mysteries mystifying the motions of the most enigmatic of all
mechanical systems called 7igid bodies. Most of them, D’Alembert in the first
place, chose the most natural, most obvious, and most wrong way: the idea that a
rigid body is an aggregate of mass-points, constrained in such a manner that their
mutual distances remain invariable. The rise and fall of this idea is reflected in the
Traité de Dynamique and Méchanique Analitigue. But let us not go so far. Let us
first formulate the basic notions of a system of constrained mass-points.

Let £ be such a system, i.e. a set of n mass-points P, with masses m, and
radius-vectors 7, = OP, (v = 1, ..., n). Some of the points of ¥ may be free,
some may be constrained to remain on certain surfaces, and some may be compeiled
to slide on certain curve lines. If one applies to any of these points the arguments
used in the case of a single mass-point adduced above, one sees at once that for any
_of them there exists a number, at least 1 and at most 3, of mutually independent
parameters determining its admissible by the corresponding geometrical constraints
positions in space; let (27) be those parameters for all the points of ¥ arranged in
a definite order, say according to the increasing number v of the point P,.

Besides, let F', and R, be the resultants respectively of the active forces and
the reaction of the constraint imposed on the v-th point of £, and let w, = 7,

(v =1,..., n) be its acceleration with respect to Ozyz. Then, obviously, according
to Newton’s Lex I, the motion of P, will be governed by the equation
(51) mw,=F,+R,  (v=1,...,n).

The dynamical problem we are faced with in such a manner, concerning the
mechanical behaviour of X, consists in solving the system of equations (51) under
-entirely arbitrary, though fixed, initial conditions (42), (43), i.e. in discovering such
functions (41) and such linear unknown quantities

(52) Rl/l‘, Rl/y, Ryz (V = 1, ey n)
provided
(53) R, =R,;it+R,yj+ R,k (v=1, ..., n),
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that satisfy (51) identically, taking (42), (43) into account.

Does D’Alembert solve this problem in [9]7 Is he “the first to give a general rule
for obtaining equations of motion of constrained systems” as Truesdell generously
states? Do we find in [9] the system (51) or at least some semblance, some similarity,
some likeness of it?

Certainly not. Nothing of the kind. Never a whit. Traité de Dynamique is as
far from (51) as Stahl from Lavoisier.

Let us lay special emphasis on the fact of extraordinary importance on prin-
ciple that to describe mathematically the mechanical behaviour of the system -
means to determine the dynamical demeanour of any mass-point entering into the
composition of ¥.. This means to know the functions

(54) r, =7,(t) (v=1,...,n)

if the initial conditions

(55) ruo = 7,(0), v,0 = v,{0) (v=1,...,n)

are prescribed provided v, = »,, as well as R, for any v = 1, ...,’ n. Now in

D’Alembert’s Traité there is not the slightest trace of a solution of this problem
even in its most elementary case n = 2.

Extending our analysis in connection with the system (51), let us note that,
in contrast to the case of a single mass-point P, when the active force F' acting
on P may, according to (21), depend only on the position 7 and the velocity »
of P itself, in the case of a system ¥ of mass-points the active force F, acting
on P, may depend on the positions 7, and the velocities v, of all the points P,
(s =1, ..., n) of Z. In other words, in the general case it is supposed that the
active forces F', are completely determined functions

(56) F,=F,(r1,...,Tn; v1,...0n; 1)

ofall 7,, v, (v =1, ..., n) and possibly of the time ¢. In such a manner, although
the solution of the system (51) requires the determination of (54) provided (55},
and of (52) provided (53) for any particular v = 1, ..., n, the integration of the
system (51) of quasi-differential equations cannot be accomplished separately for
any particular v, since (51) represents a system of interdependent relations.

‘We proceed now to one of the greatest mistifications in all the history of rational .
mechanics. Chapitre Premier. Ezposition du Principe of Second Partie. Principe
général pour trouver le Mouvement de plusieurs Corps gui agissent les uns sur les
autres d’une maniére quelcongue, avec plusieurs applications de ce Principe of [9]
begins with the following declaration:

“Les Corps n’agissent les uns sur les autres que de troi maniéres différentes qui
nous solent connus: ou par impulsion immédiate, comme dans le choc ordinaire, ou
par le moyen de quelque Corps interposé entr’eux, & auquel ils sont attachés, ou
enfin, par une vertu d’attraction réciproque, comme sont dans le systéme Newtonien
le Soleil & les Planetes. Les effets de cette derniére espece d’action ayant été
suffisamment examinés, je me bornerai a traiter ici du Mouvement des Corps qui
se choquent d’une maniére quelconque, ou de ceux qui se tirent par des fils ou des
verges inflexibles. Je m’arréterai d’autant plus volontiers sur ce sujet, que les plus
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grands Géométres ne nous ont donné jusqu’a présent qu’un trés petit nombre de
Problémes de ce genre, & que j’espere, par la Méthode générale qui je vais donner,
. mettre tous ceux qui sont au fait du calcul & des Principes de la Mécanique, en .
état de résoudre les plus difficiles Problémes de cette espece” (p. 49-50).

A Définttion follows:

“J’appelerai dans la suite Mouvement d’un Corps, la wtwse de ce méme Corps
considerée en ayant égard 2 sa direction, & par quantité de Mouvement, j’entendrai
a Dordinaire le produit de la masse par la vitesse” (p. 50).

The formulation of Probléme general reads:

“Soi donné un systéme de Corps disposés les uns par rapport auz autres d’une
maniére quelconque; et supposons qu’on imprime d chacun de ces Corps un Mouve-
ment particulier, qu’il ne puisse suivre a cause de l ‘action des autres Corps, trouver
le Mouvement que chagque Corps doit prendre” (ibid.).

Before proceeding to D’Alembert’s “Solution” let us fix our eyes on the for-
mulation of Probléme general. First of all, it sticks out a mile that D’Alembert’s
Corps are, as it is, purely and simply mass-points and no bodies at all: the for-
mulation of Prebléme general attaches Mouvement to chaque Corps, that is to say
vitesse according to D’Alembert’s “Définition”, and velocity is a mechanical entity
that becomes wholly meaningless when attached to rigid bodies — it is meaningful
only when localized to points. The second circumstance that cannot slip anybody’s
attention is that D’Alembert’s Probléme general is, when all is said and done, a
purely kinematical proposition with not an atom of dynamics. Now one is at a
loss how could D’Alembert, on the basis of a purely kinematical Principe general,
redeem his promise made with such an aplomb in the title of the Seconde Partie
of the work, namely to “trouver le Mouvemens de plusieurs Corps qui agissent les
uns sur les autres d’une maniére quelconque”? Be that as it may, let us proceed,
after these remarks, to D’Alembert’s Solution: .

~ “Soient A, B, C, & c. les Corps qui composent le systéme, & supposons qu’on
leur ait imprimé les Mouvemens a, b, ¢, & c. qu’ils soient forces, a cause de leurs
action mutuelle, de changer dans les Mouvemens a, b, ¢, & c. Il est clair qu’un peut
regarder le Mouvement a imprimé au Corps A comme composé du Mouvement a
qu’il a pris, & d’un autre Mouvement ¢; qu’'on peut de méme regarder les Mouve-
mens b, ¢, & c. comme composés des Mouvemens b, 8; ¢, x; & c. d’ou il s’ensuit que.
le Mouvement des Corps A, B, C, & c¢. entr’eux auroit été le méme, si au lieu de
leur donner les impulsions a, b, ¢, on leur éut donné 4 la fois les doubles impulsions
a, a; b, 8; ¢, x, etc. Or par la supposition, les Corps A, B, C, & c. ont pris d’eux-
mémes les Mouvemens a, b, c; etc. Donc les Mouvemens «, 3, x & c. doivent étre
“tels qu’ils ne dérangent rien dans les Mouvemens a, b, ¢, etc. c’est-a-dire, que si les
Corps n’avoient recu que les Mouvemens a, 8, » & c. ces Mouvemens auroient di
se détruire mutuellement, & le systéme demeurer en repos.

Dela résulte le Principe suivant, pour trouver le Mouvement de plusxeurs Corps
qui agissent les unes sur les autres. Decomposes les Mouvemens a, b, ¢ & c. imprimés
a chagque Corps, chacun en deur autres a, a; b, §; ¢, x; & c. qui soient iels, que
si l'on n’edt imprimé auz Corps que les Mouvemens a, b, ¢, & c. ils cussent pi
conserver ces Mouvemens sans se nuire réciproguement; et que si on ne leur et
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imprimé que les Mouvemens a, 8, », & c. le systéme fut demeuré en repos; il est
clair que a, b, ¢ seront les Mouvemens que ces Corps prendront en vertu de leur
action. Ce Q. F. Trouver” (ibid., p. 50-51).

This “Solution” of D’Alembert’s provides the occasion for quite a lot of com-
mentaries, all of them curious, instructive, and beneficial. We shall, however, spare
them for the time being, postponing a detailed discussion of the preceding text for
immediate future. For the time being we shall restrict our attention on-the sequels
this Principe général of D’ Alembert has had in the subsequent development of rigid
dynamics. _

Disregarding the FEigenwerte D’Alembert himself placed on his principle in
the Préface of [9] and in its application to various problems of mechanics in this
very work, let us first note that some decades later the same principle has been
rediscovered and brought back to life by Lagrange, D’Alembert’s true spiritual
son. Meanwhile, let us read the commentary of the Russian translator of [9], made
immediately after the principle is announced in the book:

“B nactoameM n° IlasambepoM ¢opMymMpyeTcd TO NPaBMIO, KOTOpPOE
HLIHe Ha3kIBaeTcA ,npuHipmom Jlanambepa“. Kak Buazo, eroT , mpuHImm
BRIMAAAT y €ro aBTOpPa COBCEM HE TaK, KaK OH M3JNaraeIcAa HhHe B y4yebHum-
kax. Popma, 6am3kaA X coBpeMeHHOM, mpuaaHa Ouia npummmny Hanambepa
JlarpamxeM B ero , AHaIUTUYECKOR MexaHmKe “.

llanamGep naj M3I0NKEHUE CBOEro , NPHMHIMINA® K B ,, DHIMKJIONEAMU“, B
ctatbe , Dynamique“ (Innamuxa). IIpusenem sneck 810 uanoxeHue ByKBain-
Ho ...” [24, c. 333-334].

The author of this quite equitable finding takes into consideration several some-
things, the first of which is the singing praise to the skies of D’Alembert’s Principe
général in Section Premiére. Sur les différents principes de la dynamique of Sec-
ond Partie, La Dynamique of [10] by Lagrange, who has been 7 years old when
D’Alembert published his Principe and, as regards the penetrating into the roots
of matter, did not fledge much since.

For the time béing at least we shall wind up our exposition by a mathematlca.l
coup de grice, in arenam cum aequalibus descendi.

Let us rewrite (51) in the form

(57) mw, -F,~R, =0 (v=1,...,n),

and let regard the formal expressions

n
i
(58) A=Y (mw, - F, - R)5 v =1,
v=1
and
S 1
(59) SA=Y_ Arbqa,
A=1
8qx denoting arbitrary infinitesimal variationsof gy (A=1,...,1), respectively, not
necessarily co-ordinated with the dynamical equations (51), the r, (v =1, ..., n)
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in (58) being subordinated to the geometrical constraints imposed cn the system
¥ of mass-points. The following computations are traditional. The identities

or, . or, _
(60) v,,_/\zz:la—q:q,\-i-—a?— (v=1,...,n)
imply
dv, Or,

1 = A= Lv=1
(6 ) 6Q)‘ an ( 17 y 3V 3 ) n)
and

! 2 2 '

(62) Q’i‘i _ or, . o‘r,

= +
Oqs £ 0,00, " Bgu0n

(gr=1,...,v=1,...,n). Now (62) and

'd_al_z’: o, . &,

dt 8q,

(63)
A=1

(p=1,...,v=1,...,n) imply

4) - —_ = =1,..,Lv=1,...
(6 ) dt aq“ 6(1# (I‘L 1) y &V | 11 ,TI«)
provided
(65) &r, _ &r, v, _ &r,

6QAaQu N 69;169)\ ’ ata‘ht B 69u0t
(Ap=1,...,,v=1,..., n). If by definition
@_Np O _Np OF

66 Y=y F,—, PP=3y"R, -~
(66) Qi 2231 5 O ; 5e
(A=1,...,1) and
(67) T=2 Y mad,

v=l

then (58), (61), (64), (66), (67) imply

_d T T @) » _
(68) A= Gaer g W - A=1, ..., 0.

If the constraints imposed on the system X of mass-points are smooth, then the
second definition (66) implies

(69) : QP =0 (A=1,...,1
and (68), (69), (58) imply ;
. or,
(70) Z_:l(m,,w.,——F,,—R,,)a—qA-: — - =
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(A=1, ..., 1), whence it is immediately seen that Newton’s Lez II (57) applied on
Y automatically leads to Lagrange’s dynamical equations

(71) @ 94y g D

As a matter of fact, the fundamental identities of Lagrangean formalism (70) at
once display that the left-hand sides of Lagrange’s dynamical equations (71) are,
purely and simply, linear combinations of the projections of the left-hand sides of
Newton’s Lez II (57) on axes, defined by the directions

or,
Oqx

co-ordinated with the geometrical constraints impgsed on X.
If by definition

A=1,..., 0.

(72)

(A=1,...,,v=1,...,n)

]
(73) ér, = ory Sqx (v=1, ..., n),
A=1 6QA
then (58), (59) imply
n
(74) §A=) (mw, - F, - R,),
v=l .

and the relation 64 =0, i.e.

n .
(75) Y (maw, — F, — R,)br, =0,

v=1 :
is usally accepted in the traditional dynamical literature as a modern mathemat-
ical expression of D’Alembert’s original Principe général. For the time being at
least we shall refrain from commentaries as to the degree of adequacy of such an
interpretation, in accordance with Davus sum, non Oedipus of Terentius.

As far as our experience goes, the composing of the true history of the theory
of mechanical constraints is as yet postponed ad Calendas Graecas. As already
emphasized and as maybe it becomes transparent from our exposition, this is a
back-breaking task. Neither shall we dare penetrate imprudently the vast white
fields of this terra incognita. One thing is certain: before one sets one’s foot in its
Arcadia, one must cross the rocky mountains of Lagrangean formalism.
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NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS
VI. INDUCTIO PER ENUMERATIONEM SIMPLICEM

GEORGI CHOBANOV, IVAN CHOBANOV

Opium facit dormire, quare est in eo virtus dormitiva

Moliére: Le malade imaginaire

Teopeu Yobanos, Hean Yobamos. INUHAMMUUYECKUE AKCHUOMBI HBIOTOHA U
SRJEPA. VI. INDUCTIO PER ENUMERATIONEM. SIMPLICEM

DTo ecTh mecTad YACTb CEPUM CTaThell, NOCBEMEHHABE OUHAMUUECKUX akcuoM Helo-
ToHa M Diinepa; OHa ecTecTBeHHOE NPOJO/MKEHMEe M PasBUTMe mocienneit us mux [25], B
KOTOPO# JaH NPEeAMCTOPUYECKUIA @CKM3 BOZHMKHOBEHMA M NI€PBOHAYAJILHOTO GOPMHDOBa-
HUS MIEN O MEXAHMYECKUX CBA3AX, HajsaraeMHX TBepAHM TenaM. HacToamas paGota co-
AePXXUT NoApPOoGHEYM aHA/M3 CErOAHALIHEro HOJIOMEHMA Aen B ®Toll obsacTH; cnenmanbHoe
BHMMaHMe yZAeNeHO OMHAMKUUECKOMy TpakrtaTy [15] Anmens, npuEaanexaleMy B HACTOS-
IIee BpeMsA MEXAHUYECKON KJIACCHMKM, & TaKe ero CTaThu [27], Tlie UCCIeOBaAHA NPUPOLA
MexXaHM4ecKUXx cBasel. [napHHII BHBOL aBTOPOB -KacaTeNbBO MaTEMATHUECKOro oNuca-
BHA CBA3LI MOXKET GHITL BLIpaXkeH dopmynoilt uepes inductio per enumerationem simplicem x
definitio per enumerationem simplicem. '

Georgi Chobanov, Ivan Chobanov. NEWTONIAN AND EULERIAN DYNAMICAL AXIOMS.
VI. INDUCTIO PER ENUMERATIONEM SIMPLICEM

This is the sixth part of a series of articles dedicated to the Newtonian and Eulerian dy-
namical axioms; it is the natural continuation and development of the last of them {25], where
a prehistorical sketch is given of the origination and first shaping of the idea of mechanical con-
straints imposed on rigid bodies. The present paper contains a detailed analysis of the state
of affairs in the domain nowadays, a special attention being paid to Appell's dynamical treatise
[15], now pertaining to the mechanical classic, as well as to his article [27] where the nature of
mechanical constraints is examined. The main inference of the authors concerning the mathe-
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matical description of the constraint concept may be expressed by the slogan via inductio per
enumerationem simplicem towards definitio per enumerationem simplicem.

Being the sixth part of a series of studies dedicated to various aspects of Newto-
nian and Eulerian dynamical azioms, the present paper is the natural continuation
of the last of them [25], published in this very volume of the Annual; that is why
the quoted literature in the present article has a unified numeration with that
of [25].

As it is well-known, the Eulerian dynamical equations [17; (114), (115)] rep-
resenting a mathematlcally formalized version of Eulerian dynamical axioms (the
laws, or principles, or postulates, or hypotheses, etc. of momentum and of moment
of momentum of a rigid body) become completely meaningless unless the nature
of the mechanical constraints imposed on the body is specified. Since there is
still a discrepancy between the physical ideas reflected in the naive conception of a
mechanical constraint imposed on a rigid body, say, and the mathematical devices
by means of which these physical ideas are formalized; since the said mathematical
apparatus s undergoing a process of perfection as yet; since, at last, any scientific
concept is perceived best in its historical development — in view of all these consid-
erations a brief and unpretentious information has been adduced in (25] concerning
the prehistory of the idea of such constraints.

As it has been underlined in this latter part, any attempt at composing a
genuine history of the kinetical (statical as well as dynamical) concept of mechanical
constraints imposed on a mechanical syster is, for the time being at least, bound
up with insurmountable difficulties. Due to that, there is not the slightest trace of
such an attempt in the present paper. If, here and there, disperced at sixes and
sevens, some historical records may be found here, their presence is due only to a
trend towards a better substanciation.

In the spirit of these reservations, a long-drawn—out-interval of time in the
history of rational mechanics will be left out: as a matter of fact, the period between

D’Alembert [9] and Appell [15]. There are two almost exigent reasons to do so. First
and foremost, one hardly could in sober earnest sustain that there have happened
in this space of time, some important developments that have contributed in a
degree, worthy of mention, to the mathematical clarification and finalization of the
mechanical constraint concept. As we shall soon see, Appell’s Traité [15] is exactly
as much in captivity of Lagrange’s mechanical ideology [10] as Lagrange himself
had “fallen under the personal influence of D’Alembert” [8, p. 248]. Could one
explain otherwise the presence of such statical apparitions in [13}:

“Principes générauz relatifs auz ensembles de points matériels. Si 'ensemble
est formé de points libres et indépendants les uns des autres, on peut répéter pour
chacun d’eux ce que nous avons dit sur le point matériel conzplétement libre. Pour
que Péquilibre existe, il faut et il suffit que la resultante des forces qui agissent
sur chaque point soit nulle. Cette condition n’est plus nécessaire si I’ensemble
est soumis a des liaisons définies géométriquement ou exprimées par des équations
entre les coordonées des points. C’est qui arrive, par exemple, si I'un des points
est assujetti a rester sur une surface, ou encore, si la distance de deux points de
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Yensemble est constante. Relativement & ses ensembles, ncus poserons les deux
principes suivants:

1°. Si un ensemble est en équilibre sous action 1’un systéme de forces, ’équi-
libre sera conservé si, sans changer les forces, on introduit de nouvelles liaisons.

2°. Si un ensemble est en équilibre sous Uaction d’un systéme de forces (A),
Uéquilibre sera conservé, si l’on ajoute ou supprime ¢ (A) un systéme (B) qui
maintient lensemble en équilibre” (I, p. 122-123]7

Or the following logical bijou:

“Principe de solidification. Nous avons étudié, jusqu’a présent, les condi-
tions de ’équilibre d’un corps solide, c’est-a-dire d’un systéme de forme invariable.
Imaginons un systéme matériel dont les différentes parties sont liées les unes aux
autres d’une certaine fagon, mais non d’une fagon invariable: le systéme est alors
déformable. Nous pourrons, pour tous ces systémes, énoncer la proposition suiv-
ante, qu’on appelle quelquefois principe de solidification et qui est un cas particulier
du premier principe énoncé [above].

Quand un systéme deformable est en équilibre, les forces exiérieures (c’est—
a—dire les forces autres que les réactions mutuelles des différentes partis) qui lui
sont appliquées satisfont auz conditions d’équilibre des forces appliquées a un corps
solide. En effet, le systéme, étant en équilibre, y restera évidemment si ’on relie
les points matériels les uns aux autres d’une maniére invariable, c’est—a—dire si ’'on
solidifie le systéme. Les forces extérieures doivent se fair équilibre sur le corps solide
ainsi constitué; elles satisfont donc aux six équations générales de 1’équilibre. Ces
conditions, nécéssaires, ne sont pas, en general, suffisantes” [ibid., p. 165]?

The hitherto quoted excerpts from the Traité {15] reflect the statical philosophy
of its author; as regards his dynamical Welianschauung, it becomes transparent
from the following place, ezempli gratia:

“On regarde un systéme matériel quelconque, formé de corps solides, liquides,
gazeux, comme composé d’un tres grande nombre de points matériels assujettis a
certain liaisons. Une corps solide, par example, est un ensemble de points assujettis
4 rester 3 des distances invariables les uns des autres.

Les théorémes généraux s’obtiennent en supposant qu’on ait écrit les équations
du mouvement de ces différents points matériels et qu’on en fasse des combinaisons”
{11, p. 70}.

All these three passages from [15] have a common characteristic: all of them
concern liaisons imposed on the mechanical system in question. The reader may
expect to come to know, what does by the way this term mean. If so, then those
are give-up—all-hope—expectations: the term ligison is explained in [15] mathemat-
ically as irreproachably as the term mésalliance. That is another topic though. For
the time being the important point is that, as regards the logical levels of expo-
sition concerning the mechanical constraint concept at least, the niveau différence
between [15] and [10] is ignorably small.

This first.- Second, the same reversibility exists between [15] and a vast horde
of modern mechanical literary youngsters — textbooks, treatises, as well as books
of problems, monographs, or articles. In order not to be baseless, let us mention
one and only of them, namely [16]. So much for that now, however: later we shall
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harp it on the same string. There is a point, however, that must be settled here
and now.

All that has been quoted from [15] has been written about 1896. It is true that
littera scripta manet. It is also true that fittera occidit, spiritus autem vivifical. At
last, it is not the lesser true that the genuine credo of a professional historian of
science must be verbatim ef litteratsim. Now in commenting ancient written sources
there is always a danger of prochronistic deviations — that is to say, to interpret
terms wrongly, ascribing modern meanings to words they did not possess in times
long over and done with. Is there such a danger in our case?

Well yes, as well as no.

This — somewhat enigmatic to be sure — answer stands vis—d-vis a two—faced
problem: the ethos, and the letter.

Let us not set at naught Anno Domin: 1896, when Appell’s Traité was first
published. It is a date Cantor’s Mannigfaltigkeitslehre was violently controverted
as yet; the integral concept was still in a process of fermentation, in Lebesgue’s
wood above all things; and Hilbert’s Grundlagen der Geometrie — that were to
topsyturvy in a fortnight the mathematical way of thinking all the world over —
were still drowsing in cunabula; in a word, the logical spirit of Twentieth Century’s
Mathematics was as yet cooped up in the tight frames of Nineteenth’s as the jinnee
in the bottle. All this as regards the yes-answer. It is as infantile to lay claim to
obligatio impossibtlium as to cry for the moon.

As regards the no-answer, we must take into account several considerations,
the first of which is that — as regards the liaisons-concept at least — no such
changes have set in rigid dynamics since 1896 as to be seen with a naked eye. In
the beginning of this century a clever man, Voss, has written with deep regret:

“Die Erscheinung, dass die Resultate mathematischer Lehrgebaude von grund-
legender Wichtigkeit oft eine lange Zeit hindurch ihrer strengen wissenschaftlichen
Begriindung vorausgeeilt sind, hat sich in weit héherem Grade bei der Mechanik,
wie bei der Arithmetik oder der Infinitesimalrechnung wiederholt. Man kann
den Standpunkt, welchen die systematische Entwicklung der Mechanik in ihrer
gegenwartigen Gestalt einnimmt, etwa mit dem der Infinitesimalrechnung vor
Cauchy vergleichen, auf den sich fast wortlich die Bemerkungen von Hertz in seiner
Einleitung zur Mechanik anwenden lassen ... siehe die Bemerkungen von Hertz,
Mechanik, p. 8, tiber das bei der Exposition der Grundlagen der Mechanik haufig
hervortretende Bestreben, iiber die Schwierigkeiten und Verlegenheiten in densel-
ben moglichst bald hinaus und zu konkreten Beispielen zu kommen” [26, Erster
Teilband, S. 8-9].

Today, December 17, 1992, anybody can calmly countersign this standpoint of
Voss and sleep the sleep of the just, unmolested that his bill mxght be protested
within a century of this date. C’est la vie mécanique .

The second of the considerations mentioned above is tha.t — as regards liaisons
at least — we shall quote the same author, only grown considerably wiser during
the thirty years gone by. The literary source we bear in mind is [27], and it is a
very interesting scientific document in several aspects indeed.

As its title implies, [27] is concerned with “des équations de la dynamique”;
what the title of [27] does not imply is that these “équations de la dynamique” are
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offsprings of the author of this article lui-méme. Those are the famous dynamical
equations of Appell (or of Gibbs-Appell, as they are sometimes called) — so famous
that we cannot desist from adducing some independent appraisals.

Pars, for instance, states: ,

... the Gibbs-Appell equations ... were first discovered by Willard Gibbs in
1879, and studied in detail by Appell twenty years later ... The Gibbs—Appell
equations provide what is probably the simplest and most comprehensive form of
the equations of motion so far discovered. They are of superlatively simple form,
they apply with equal facility to holonomic and to non-holonomic systems alike,
and quasi-co-ordinates may be used freely” [16, p. 201-202].

This is a generally shared view. For instance, in the Mathematical Encyclopae-
dia [28, p. 301-302] one reads:

“Anneas ypasrenus — oﬁbmnosem{me m¢¢epeﬂnnanbﬁme ypaBHeHUs
ONMUCHIBAIOIIME OBIKEHUA KaK IOJIOHOMHEIX, TaK M He TFOJOHOMHBIX CHUCTEM,
ycranosaennsle II. Ammenem [29, 30]. MHorna HashBalOTCA ypaBHEHUAMM
I'm66ca—~Annenss, Tak Kak [UIA TOJNOHOMHBIX CHCTEM paHee MX YCTaHOBMI

Ix. Y. T'ub6c [31] ... Annensa ypabHeHns apaAlorcA Haubosee o6mmmu ypa-
BHEHUAMU [BVWKEHNAS MEXAHWYECKUX CUCTEM. “
Ipse dizst:

“Les équations que nous avons en vue se rapportent donc a la mécanique clas-
sique d’aujourd’hui; elles s’appliquent, comme on le verra, quelle que soit la nature
des liaisons, pourvu que les liaisons soient realisées de telle fagon que ’équation
générale de la dynamique soit exacte” [27, p. 1-2]. ‘

The meaning of the last supposition is revealed on p. 10-11 of the article:

“Kcrivons ’équation générale de la dynamique, telle qu’elle résult du principe
de d’Alembert combiné avec le théoréme du travail virtuel. Nous emploierons, dans
tout ce qui suit, pour désigner les dérivées par rapport au temps, la notation des
accents de Lagrange. L’équation générale de la dynamique est alors ...”

Meanwhile, Appell proceeds:

“On verra que, pour obtenir ces equations, nous sommes obligés de calculer

Pénergie d’accélération du systéme S = 5 Y. mJ?, c’est-a—dire d’aller au second

ordre de dérivation par rapport au temps. Si’on veut s’en tenir au premier ordre de
dérivation, comme Lagrange, on est conduit a des équations assez compliquées qui
généralisent celles de Lagrange [32-33], qu’on a appelées équations de Lagrange-
Euler: cette méthode a été étudiée d’abord par Volterra en 1898 [34 — 38]; on
pourra aussi consulter des mémoires de Tzenoff {39] et de Hamel [40]. Nous don-
nerons des applications & de questions de mécanique rationelle. Mais nous esperons
que ces équations pourront aussi étre utilisées par les physiciens dans des cas ou les
équations de Lagrange et les équations canoniques d’Hamilton qui s’en déduisent
ne sont plus applicables” [27, p. 2]. :

As regards this article of Appell’s we declare our earnest intention to split
hairs, at least in reference to some of its parts: he, who sows the wind, shall reap
the whirlwind, and old sins cast long shadows, as the saying goes; and it proceeds:
God’s mills grind slowly, but they grind superfine. There is wind sowing in [27],
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and there are old sins there, no matter that the author is hiding himself under the
umbrella of one or two great names, Poincaré’s and especially Gauss’, quoting the
latter apropos of Appell’s magister Lagrange:

“Le principe des vitesses virtuells transforme, comme on sait, tout probléme de
statique en une question de mathématiques pures, et, par le principe de d’Alembert,
la dynamique est, & son tour, ramenée a la statique. Il result de 14 qu’aucun principe
fondamental de 1’équilibre et du mouvement ne peut étre essentiellement distinct
de ceux que nous venons de citer et que Yon pourra toujours, quel qu’il soit, le
regarder comme leur consequence plus ou moint immediate.

On ne doit pas conclure que tout théoréme nouveau soit, pour cela, sans mérite.
1l sera, au contraire, toujours intéressant et instructif d’étudier les lois de la nature
solus un nouveau point de vue, soit que ’on parvienne ainsi a traiter plus simplement
telle ou telle question particuliére ou que 'on obtienne seulement une plus grande
precision dans les énoncés.

Le grand géométre, qui a si brillamment fait reposer la science du mouve-
ment sur le principe des vitesses virtuelles, n’a pas dédaigné de perfectionner et de
généraliser le principe de Maupertuis, relatif a la moindre action, et I’on sait que ce
principe est employé souvent par les géometres d’une maniére tres advantageuse
(see Journal de Crelle, tome IV).

A most symptomatic for the mechanical philosophy of the author of {27}, along
with the manifestation of the above ideology, is his dynamical credo, revealed in
the very inceptive sentence of the article:

“H faut tout d’abord prendre ici le mot dynamique dans son sens ancien, dans
le sens de Galilée, de Newton, de Lagrange, de d’Alembert, de Carnot, de Lavoisier,
de Mayer.”

Do you see the name of Euler in this register of maestri of la dynamique? We
certainly do not. A chance oversight, maybe? By no means. The fact is a result
of a traditional, systematical, and most intentional scientific policy. The Indez
bibliographique of the article [27] includes 49 items (much more, in reality, since
some of them, say No 39, involve more than one titles); as regards Euler’s name,
however, it has not a word to throw at a dog. Why is in this respect Appell as
durnb as a fish — as silent as a grave? He certainly is not a regular oyster. He has
found in [27] place enough for lyrical digressions — even for scientific poetry too
fair to be sane, like H. Poincaré’s:

“Peut—étre devrons-nous construire toute une mécanique nouvelle que nous
ne faisons qu’entrevoir, ou, I’inertie croissant avec la vitesse, la vitesse de la lu-
miér deviendrait un obstacle infranchissable. La mécanique vulgaire, plus simple,
resterait une premiére approximation puisqu’elle serait vraie pour les vitesses qui ne
seraient pas trés grandes, de sorte qu’on retrouverait encore I’ancienne dynamique
sous la nouvelle. Nous n’aurions pas & regretter d’avoir cru aux principes, et meme,
comme les vitesses trop grandes pour les anciennes formules ne seraient jamais
qu’exceptionelles, le plus siir dans la pratique serait encore de faire comme si ’on
continuait & y croire. Ils sont si utiles qu’il faudrait leur conserver une place.
Vouloir les exclure tout & fait, ce serait se priver d’une arme précieuse. Je me héite
de dire, pour terminer, que nous n’en sommes pas 13, et que rien ne prouve qu’il ne
sortiront pas de la victorieux et intact”(p. 1, see La valeur de la Science, p. 231).
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The absent-mindedness of P. Appell towards L. Euler apropos of systémes dy-
namiques non holonomes is by no manner of means due to lack of good upbringing,
or of want of place, or in default of bond — it is by nc means accidental, fortuitous,
and twopenny-halfpenny. This is a selective absent-mindedness. An idealist would
say that it is a Freudean forgetfulness. A cynic certainly would qualify it as an
unfair competition.

It is true that Euler never wrote a single line dedicated expressly to non-
holonomic dynamics; it is true that Euler never solved even a most simple of all
the non-holonomic problems; it is even true that he never suspected the existence
of such a branch of dynamics and he never heard the term “non-holonomic” itself
— the first study [41] in this domain has been published more than half a cen-
tury after Euler’s death. All this is true. At the same time it is also true that
already in 1750 Euler discovered in his work [42] (see § 22, 40-58) the one and only
system of differential equations describing adequately, authentically, and autorita-
tively the mechanical behaviour of any rigid body, submitted to the action of any
active forces and subjected to any mechanical constraints whatever — including
the non-holonomic case in a most natural way and as a most trivial particular case.
Moteover, it turns out that any other kind of differential equations of motion of
non-holonomic dynamical systems (including Appell’s) as yet proposed represent
only necessary and by no means sufficient conditions for the motion of the body,
being only corollaries from Euler’s dynamical equations and theérefore being unable
to solve ultimately a single non-holonomic dynamical problem (leaving unanswered
the cardinal question of existence of a solution, as well as the crucial problem of
the motive causes of the non-holonomic dynamical phenomenon under consider-
ation, that is to say, the question, which are the reactions of the non-holonomic
constraints). To cap it all one must add to the calamities of Lagrangean dynamical
tradition in non-holonomic dynamics two great misfortunes. First, all Lagrange’s
versions of non-holonomic differential equations are adopted under the hypothesis
that the constraints are ideal, and the Lagrangeans have no modus operandi to
make sure of the mathematical reliability of this hypothesis which may be verified
only by means of Euler’s equations. Second, in the most frequent case of non-ideal
non-holonomic constraints those Lagrange’s versions become wholly unworkable,
and the only way to solve the non-holonomic dynamical problem is to apply name-
ly Euler’s equations. But those are other topics we shall return later on; for the
time being they have been mentioned in passing only in order to become crystal-
clear that the absence of Euler’s name, say, in the Jlumepamypa of neither more
nor less than 515 quoted authors in the monograph [43] especially dedicated to non-
holonomic dynamics is a fact attesting at least a:professional ignorance, putting it
politely.

The only consolation Euler might find in — a Dutch comfort though maybe
— is that Newton is, in this respect, ejusdem farinae.

After these mtroductory explanations let us dot the i’s and cross the t’s of
that part of the article [27] which concerns itself with the Nature des liaisons.
The first paragraph entitled Systémes essenticllement holonomes ou essentielle-
ment non holonomes; ordre d’un systéme non holonome begins with the following
explications:
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“Imaginons un systéme matériel, a k degrés de liberté, formé de n points de
masse m, (4 =1, 2, ..., n) ayant pour coordonnées rectangulaires z,, y,, z, dans
un triedre d’axes orientés, animés, par rapport aux axes considérés comme fixes
dans la mécanique classique, d’un mouvement de translation rectiligne et uniforme;
les déplacements, les vitesses, les accélérations que nous considérerons sont des
déplacements, des vitesses, des accélérations par rapport & ce triédre” (p. 4).

With a view, to vantage references, we shall organize our remarks in the form
of several scholia. ‘

Scholium 1. The mechanical systems Appell intends investigating (unless
the reader hears to the contrary) represent sets of a finite number n of discrete
mass-points.

Scholium 2. Appell’s description does not exclude the case n = 1.

Scholium 3. The triedre d’azes orientés described by Appell so loquaciously
and so indefinitely at the same time (namely, animés d’vn mouwvement de transla-
tion rectiligne et uniforme par rapport auz azes considérés [?!] comme fizes dans
la mécanique classique) is, when all is said and done, purely and simply an iner-
tial according to Newton (right-hand orientated) orthonormal Cartesian system of
reference Ozyz, i.e. such that Newton’s Lez IT ’

o 2 (mv)=F

holds for any mass-point P, the mass of which is m and which is acted on by forces
with the resultant F', provided r = OP and

dr

E ’

all derivatives being taken with res;;ect to Ozyz. Except for being circumlocutory
and, as a result, obscure, Appell’s description is physical rather than mathematical:
it speaks about azes considérés comme fizes dans la mécanique classique, hinting
(without the explicit use of the term space, to tell the truth) at a purely physico-
philosophical idea — as deep seated as short witted — of a kind of absoluter Raum,
a broken puppet from mechanics’ childhood the grown up mathematicians have
Jjunked long ago.

Scholium 4. Another physical remnant that has slipped through Appell’s
fingers is the adjective matériel — that much persona gratissima in analytical
mechanics as Old Harry in church. This term is a string vibrating psychologically
dangerous overtones. It cherishes the vain hopes in circles earning their bread and
butter from mechanics that the objects rational mechanics studies have something
to do with certain entities in the real world. They have not. The erroneous belief
that they have has damaged immensely rational mechanics in the course of it
whole history from Aristotle to Einstein and has muddied the sound connection of
mathematical mechanics with the other two faces of mechanical triunity — physic:al
mechanics and engineering mechanics.

Scholium 5. The quoted above excerpt from [27] includes an expression fhat
is a virtual logical dalayed action bomb for the whole following exposition, na'mely
systéme d k degrés de liberté. Why? Because the definition of the notion degr'és de

2 v =
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liberté requires, in the capacity of a conditio sine qua non, the precursory definition
of the notion liaisons imposées a un systéme mécanique, and no definition of the
term liaison may be found in [27] preceding page 4 of the article.

Scholium 6. How come? That seems a pretty how-d’ye-do. The section is
entitled Nature des liaisons and the reader is rightfully expecting to learn what does
a liaison mean and which attributes pertain to its nature. Maybe the author of
[27] presupposes that the reader is presumably familiar with the ligison-concept?
Where from? Appell gives no answer. To what extent? Silence again. If the’
degree of the reader’s knowledge is inconsiderable, he won’t be able to penetrate
the author’s exposition. If it is too high, the said exposition would be needless.

Scholium 7. A quite natural supposition is that the definition of the liaison-
concept is to be searched for in Appell’s Treité [15]. It is not a bad idea. Let us
part for a while from [27] and peep into this treatise. At that, according to the
above supposition, we presume that we know nothing about ligisons and that the
genuine mathematical definition of this notion is in store for us in [15].

This mental experiment has been accomplished at the cost of considerable
time, attention, and patience. Independent of the celebrity of this world-famous
book, gone through countless editions and translations into many languages, from
a constructional point of view it is a pell-mell achievably only by the French genius
applied on such a slithery material like mechanics. Since there is no explicit defi-
nition of the liaison-concept in it; since the work is lacking in an index of subjects;
and since its author rambles from subject to subject. like a grasshopper, or rather
hurries up and down the same theme like a shuttle — for all those reasons we have
been compelled, in order to accomplish our task scrupulously, to reread through
the magnifying glass of the prospected definition the 548 + 538 printed pages of the
first two volumes of [15] on the lookout for liaisons with the avidity of gold-diggers.
Voild what remained in our cradle rocker after all the auriferous gravel has been
panned out. ‘ ’

As well as the scientific philosophy of a chemist is reduced to the idea of atoms,
the scientific phylosophy of a mechanician of Appell’s phylum is reduced to the idea
of point matériel. With a view to the fundamental importance of this notion, let
us see how it is introduced in [15]: _

“A fin de commencer par le probléme le plus simple, on étudie d’abord le
mouvement d’un portion de matiére assez petite pour qu’on puisse, sans erreur
sensible, déterminer sa position comme celle d’un point géométrique. Une telle
portion de matiére s’appelle un point matériel. On considére ensuit les corps comme
formés par la réunion d’un tres grand nombre de points matériels” (I, p. 78).

The only congenial commentary this “définition” is worthy of is Louis Carroll’s
quatrain from his Alice:

“Twas brillig, and the slithy loves
Did gyre and gimble in the wabe:

All mimsy were the borogoves,
And the mome raths outgrabe.”

For the first time a significant, symptomatic, and even (as immediate future
is to prove) crucial adjective is attached to the notion point (matériel) in Chapitre

V. Equilibre d’un point; équilibre d’un corps solide, vol. I of [15], where one reads:
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“Pour qu’un point libre M soit en équilibre, il faut et il suffit que ...” (p. 115).

We are not interested now what, as a matter of fact, the necessary and sufficient
condition in question is; we do not even take an interest in the most curious fact
that no definition of the term équilibre precedes this mathematical criterion for
the mathematical category “equilibrium”; what attracts our attention now in the
above excerpt is the adjective libre. Its use is by no means accidental.

Indeed, not only is the considered paragraph entitles Point libre, but also two
following paragraphs are entitled Point mobile sans frottement sur une surface fize
and Point mobile sans frotiement sur une courbe fize, respectively. Since in the
book there is no definition of the notion point libre, the only reasonable conclusion
a reasonable reader could educe from those texts of Appell’s (provided such a thing
is possible) is that a point matériel is libre if it is not compelled to be mobile sans
Jrottement sur une surface fize or sur une courbe fize. In such a manner, the notion
of point libre is defined through its demerits rather than through its merits, in other
words, by means of what it is not rather than what it is. Besides, there are two
more problems:

1. What about points matériels compelled to be mobile sur une surface fize or
sur une courbe fire, respectively, avec frottement?

2. Is this description of point libre, based on statical considerations, usable
under dynamicel circumstances? ,

The solutions of both these problems are lying on the mechanical conscience
of the author of [15].

As far as our control goes, the term liaison comes forward, explicitly at least,
for the first time in the following excerpt from [15]:

“La méthode générale que nous emploierons consiste & regarder les corps
comme libres, en introduisant comme inconnues auxiliaires les réactions provenant
des liaisons qui leur sont imposées, réactions que I’on nomme forces de liaison”
(ibid., p. 145).

Alas, this cryptic legend does not a whit lend one a helping hand to come to
know what does actually a liaison mean, if one does not know it already. The
immediately following paragraphs of the work are dedicated to particular though
important examples of equilibria in special cases, like corps ayant un point fize,
corps ayant un aze fize, corps tournant autour d’un are et glissant le long de laze
and corps s’appuyant sur un plan fize. Thence the term laison escapes at all the
memory of the author of [15], in order to come across his mind not until Chapitre
VII. Principe des vitesses virtuelles, where the reader comes to know that “nous
exposerons une démonstration classique [of this principle] qui repose sur I’analyse
des diverses sortes de liaisons simples” (ibid., p. 226, our italics).

This promise is very hopeful. Looking on the bright side, if not of life, then at
least of [15], the optimistic reader is in anticipation of at least three things:

1. To learn ultimately what does by Jove actually a liaison mean.

2. To become acquainted with diverses sortes de ligisons.

3. Moreover, to penetrate deeper into the ligison-concept by means of an
appropriate analyse of this notion.

(The fourth possible expectation, namely:
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4. To attend at une démonstration classique du principe des vitesses virtuelles,
the reader must postpone ad calendas Graecas.)

Unfortunately, the following exposition of [15] blights all those hopes in pulvis
et umbra.

Indeed, after the “définition” of the terms déplacement virtuel, travail virtuel,
and vitesse virtuelle (I, p. 226), the logical level of which equals that of the impli-
cations canis @ non canendo and lucus a non lucendo, the first text containing the
term liaison reads:

“ .. imaginons un systéme de points assujettis & des liaisons sans frottement.
Divisons les forces appliquées aux différents points en deux classes: les forces de
liaison qui proviennent des liaisons imposées au systéme, et les forces direclement
appliquées ou forces données que I’on fait agir sur le systéme; le principe des vitesses
virtuelles s’énonce alors de la facon suivante:

La condition nécéssaire et suffisante de I’équilibre d’un systéme est que, pour
tout déplacement virtuel de ce systéme, compatible avec les liaisons, la somme des
travauz virtuels des forces directement appliquées soit nulle” (ibid., p. 227).

If the principle of virtual velocities is quoted here, the reason is not concealed
in its importance: it is a mechanical anachronism, remains of peripatetic antiquity,
wreckage of the Great Dynamical Catastrophe called Lagrangean Tradition. Its fal-
sity, its spuriousness, its phoniness are seen from miles away with a naked eye. Its
inclusion in modern mechanical textbooks — moreover, its supplying with counter-
feit “proves”, “demonstrations”, and “deductions” in these books — unavoidably
provokes one to exclaim together with Cicero: Mirabile videtur, quod non rideat
haruspez, cum haruspicem viderit; hoc mirabilius, quod vos risum tenere possitis.
Immediately following the formulation of the principe des vilesses virtuelles, quoted
above, the special cases are treated of point sur une surface (p. 228-229) and point
sur une courbe (p. 230-231). Now a mass-point, moving on a smooth surface or
along a smooth curve line inertially (that is to say, under the action of no forces
directement appliquées, in other words, movable only by les forces de liaison) is a
counter-example par ezcellence of the principe des vitesses virtuelles that destroys
it without leaving a trace. If the principle of virtual velocities is quoted here, we
repeat, the only reason is that its formulation and disctission is in the consecutive
text of [15], where the term liaison is visible.

The next text with this same characteristic is:

“ .. unsolide libre . . . est formé d’un grand nombre de points matériels assujet-
tis & rester a des distances invariables les uns des autres: ce sont la les liaisons
imposées au systéme. Dans ce nouveau cas, les seuls déplacements possibles, com-
patibles avec les liaisons, sont ceux pour lesquels la forme du solide reste invariable”
(3bid., p. 231). :

These profound thoughts are followed by the text:

“Que le corps soit en équilibre ou non, la somme des travaux des forces de
liaisons, qui sont ici les actions mutuelles des points du systéme, est nulle pour tout
déplacement compatible avec les liaisons ... Si les déplacements virtuels imprimés
aux deux points sont compatibles avec la liaison imposée aux deux points de rester
4 une distance invariable, r reste constant, ér est nul et la somme des travaux des
forces de liaisons est nulle” (ibid., p. 232-233).

.

109



Immediately afterwards Appell formulates le lemme suszant:

“Qu’un systéme de points matériels soit en équilibre ou non, pour tout dépla-
cement virtuel compatible avec les ligisons, la somme des travauz virtuels des forces
dues a ces liaisons est nulle, en supposant essentiellement qu’sl n’y a pas de frotte-
ment.

11 suffit évidemment d’établir ce lemme pour chacune des liaisons du systéme
et, pour cela, nous passerons en revue les dlverses sortes de liaisons. Nous les
diviserons en deux catégories: :

1°. Liaisons des corps du systéme avec des corps fixes.

2°. Liaisons des corps du systéme entre eux” (ibid., p. 233).

We shall not particularize the subsequent meditations. Their mathematical
value is below zero: at the best they may be qualified as physical casuistry of a
mathematically vicious practice. What we are interested in is the ligison-concept
as it is shaped in [15]. If the hitherto adduced patterns of Appell’s way of thinking
and writing are still insufficient in this connection, let the following ones replenish
the shortage with fresh samples:

“Les liaisons réalisées dans les machines sont les combinaisons des précédentes.
Ainsi il est aisé de fair rentrer dans les liaisons examinées ci-dessus les liaisons
réalisées & I’aide de fils ou de chaines. -

Imaginons, par exemple, que deux points M et M; du systéme sont liés 'un
a ’autre par une chaine C inextensible, tendue dans une partie de sa longueur sur
une surface S sur laquelle elle peut glisser sans frottement, cette surface S étant
d’ailleurs fixe ou mobile. Cette liaison est une combinaison des précédentes; les
chainons sont des corps solides; chacun d’eux est articulé au suivant en un point
ou suivant un axe; ceux qui sont en contact avec la surface glissent sans frottement
sur une surface S. L’un des deux points, M; par exemple, pourrait, de plus,
étre lié invariablement & la surface S: ce serait encore une liaison précédemment
examinée. Ce genre de liaisons comprend en particulier les liaisons effectuées a
Paide de poulies” (ibid., p. 236-237).

All these particular cases settled in the described manner at that place, fol-
lowing a process of inductio per enumerationem simplicem, Appell arrives at a
conceplion générale des liaisons sans frottement:

“Nous venons de voir que, pour les liaisons les plus simples et leurs combi-
naisons, la somme des travaux virtuels des forces de liaison est nulle, pour tout
deplacement virtuel compatible avec les liaisons, du moment qu’il n’y a pas de frot-
tement. Pour des liaisons d’une nature plus compliquées, par example des liaisons
qui sont exprimées par des équations, ou prend la propriété précédente comme la
definition méme de I’absence de frottement; les liaisons sont sans frottement si, pour
tout déplacement compatible avec les liaisons, la somme des travaux des forces de
liaisons est nulle” (ibid., p. 237).

We shall not discuss the qualities, the advisability, or even the very reasonable-
ness of this “définition” . Two points must be, however, unconditionally emphasized.

First, it makes use of the notion déplacement virtuel compatible avec les li-
aisons, which is void of mathematical roots of matter in the frames of the treatise

[15].
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Second, it would define the notion liaisons sans frotiement 1f the notion lieison
was defined preliminary; and it is in no way.

The following paragraph is dedicated to a pseudodemonstration cf the principe
des vitesses virtuelles, namely:

“Pour que le systéme soit en équilibre dans un certain position, il faut et il suffit
gue, si U'on imprime au systéme un déplacement virtuel quelécongue compatible avec
les liassons, la somme des travauz virtuels des forces directement appliquées soit
nulle” (ibid., p. 237).

After his hymerical proof of this unveracious mathematical proposition, the
author of [15] takes liberties with a mechanical caprice, namely Izazsons sffectuées
& Uaide de corps sans masse:

“Il arrive quelquefois que, dans un systéme en mouvement ou en équilibre,
il se trouve des corps dont on néglige la masse par rapport aux autres corps du.
systéme et qu’on regard comme ayant une masse nulle. On traduit cette hypothése
en exprimant que les forces appliquées a un corps sans masse se font équilibre ...
Par exemple, si deux points matériels M et M; sont liés I’un & I’autre par une tige
rigide et sans masse, les actions de la tige sur les deux points sont deux forces F
et F’ egales et directement opposées” (ibid., p. 240).

An occasional gleam of mathematical professionalism as regards the liaison-
concept may be spotted in the following text (ibid., p. 249):

“Soit donné un systéme forme de n points

Ml(zlv i, zl)y MZ(“’?) Y2, ZZ)) sy Mn(zny Yn, zn)
soumis & des liaisons qui s’expriment par des relations entre leurs coordonnées -

fl(zlyyl’zlvz%y%z?y . "5xn7yn;zn) = 0,
(1) f2(zlay1721122:y2')22’-';)znyynszn)=0’
fh(zlyyl,‘zl;zZ)yLzZa -:-,-’Bmymzn) =07

Anything that follows till the very end of Chapitre VII are routine mathematical
manipulations and applications. As regards Chapitre VIII, it is dedicated to Notions
sur le frottement. Against the background of the hotchpotches around the general
liaison-concept its content may be skipped with a Graecum est, non legitur.

Scholium 8. All foregoing observations have been made on the basis of Deuz-
iéme partie: Statique of vol. I of [15]. All of them run upon the liaison-concept,
the mathematical zenith of which attained in [15] being the text quoted above from
page 249. Now we are on the horns of a dilemma: to proceed further, repeating in
the dynamical case all that we have already done in the statical one; or to suspend
discussions with a Sapienti sat or Intelligenti pauca. Both solutions have their good
points and their drawbacks.

We have a preference for the aurea mediocritas — which is maybe the silliest
decision. We shall at once point at the mathematical climax Appell has attained
"in dynamics in connection with the ligison-concept. It is formulated on p. 319-320
of vol. II of [15], where one may read:

“Soit un systéme de n points my, ms, ..., m, de coordonnées z1, y1, 21, T2,
Y2, 22, ..., assujettis & des liaisons données, realisées sans frottement; ces liaisons
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peuvent d’ailleurs dépendre du temps ... Supposons, ce qui n’est pas toujours
possible, les liaisons exprimées par des équations finies, entre les coordonées des
points et le temps,

fl(zlv) Y1,21,22,Y2,22,. . wznyyn)zﬂ’t) = 0’
(2) fZ(zliylyzlyx%yZ)z?a"'axnyyﬂizﬂit):0’
fh(zla Y1,21,22,Y2,22,-- -, Tns Yn, zﬂ’t) =0.

On concoit comment les liaisons peuvent dépendre du temps; ¢’est ce qui arrive,
par exemple, quand un point du systéme est assujetti & glisser sur une surface ou
sur une courbe animée d’un mouvement connu.

Comme pour le cas de 1’équilibre, il faut supposer le nombre des équations
de liaison inférieur & 3n; si ce nombre était 3n, le mouvement du systéme serait
déterminé. Nous poserons encore

h=3n-k.

Imprimons au systéme un déplacement virtuel éz1, éy1, 621, ..., 6Zn, 6yn, 62x,
compatible avec les liaisons qui ont lieu a 'instant ¢. Ce déplacement devra se faire
de facon que les équations (2), dans lesquelles ¢ posséde la valeur numerique qui
correspond a I’instant considéré, soient satisfaites; on aura donc les relations entre
les différentielles éz,, dy,, 6z,, en différentiant les équations de liaisons ou ¢ sera
considéré comme une constante. On a de cette fagon

ON gz 4 901 gy, 4 SN g, +- S S
3) Oz, 6 0z 8zn
' 8fn 8 5fh O o _
61:16 1+6—-6 o bzi + -~ +6 §zp, = 0.

. Les équations (3) montrent que parmi les 3n variations 6z,, éy,, 6z,, il
y en a k d’arbitraires; les h autres s’exprimeront linéairement en fonction des k
premiéres au moyen de ces équations ...”

In such a manner, the system of equations (2) may be adopted (with a grain
of salt) in the capacity of a definition of ligisons imposed on a system of n discrete
mass-points, and the system of equations (3) may be taken up (again for what
it is worth) as a definition of virtual displacements compatible with such liaisons
imposed on such a system.

Unfortunately, the range of action of those definitions and constructions is
negligibly small. Before writing down the system of equations (2) Appell proposes
to “supposons, ce qui n’est pas toujours possible ...”; as a matter of fact, this
supposition is impossible for the most part — in any case, every time when a rigid
‘body is concerned. In other words, in the rigid case all the above considerations
become as illusive as, ezempli causa, panacea, philosophorum lapis, or phlogiston.
In the rigid case all those considerations purely and simply become completely void
of sense. And yet, it is the rigid case, namely, where the overwhelming majority
of applications is done. As an ephemeral illustration, let us cite the Remarque of
Appell immediately following the excerpt quoted above:
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“Il n’est pas toujours possible d’exprimer les liaisons par des équations finies
telles que (2) entre les coordonnées. Par exemple, si iine surface S est assujettie
a rouler et a pivoter sur une surface fixe X, on exprime cette liaison en écrivant
que la vitesse du point de S au contact avec I est nulle, ce qui ne donne pas une
équation finie” (p. 322-323).

Now, wurare iovem lapidem, quid hoc ad Iphicli boves? What does the surface
S have in common with a finite system of n discrete mass-points? The question is
purely rhetorical, of course.

As regards the illegitimate applications of the above definitions, formulations,
and constructions upon rigid bodies, any text-book and book of problems on ana-
lytical dynamics dealing with Lagrange’s dynamical equations verbatim et litferatim
1s swarming with such a breed born on the wrong side of the blanket.

Scholium 8. In such a way the program announced in the beginning of Scholi-
um 7 may be considered settled. If the essence of this program is rooted in the
question, whether Appell’s Traité [15] contains a strict and irreproachable math-
ematical definition of the liaison-concept, then the answer is a most categorical
NO. . »

Scholium 10. In such a manner, the excerpt from the article [27], cited im-
mediately before Scholium 1, is a false start or, just the same, a logical circulus
vittosus. The vitiosity of the mathematical procedure involved is traditionally qual-
ified by the phrase idem per tdem or definitio per idem; by analogy with the terms
circulus in demonstrando or circulus in probando it could be called also circulus in
definando. '

The phenomenon is no news in mathematics. The precedents are legion in
order to be exemplified here; one of them is, however, too congenial to be passed
over in silence: the notion of measure and the concept of integral.

Scholium 11. In the absence of a clear-cut definition of the laison-concept
the statements of Appell cited immediately below sunt verba et voces, practereaque
nthil — absolutely arbitrary formulations that could be true, and could be untrue,
and heaven only knows where does the dividing line between verity and falsehood
lie:

“Pour obtenir le déplacement virtuel le plus général du systéme [matériel, formé

de n points de mass m, (4 = 1, 2, ..., n)] compatible avec les liaisons existant
a Pinstant ¢, il suffit de faire varier k paramétres q1, ¢, ..., g, convenablement
choisis, de quantités arbitraires infiniment petites 8q1, fqs, ..., 8gr. On a alors

pour le déplacement virtuel du point m,

62,'“ = au,16q1 + au‘zéqz + -+ a,u,kéqka
(1) 6yu = bu16q1 + b 2bga + - - + by k6,
62# = C#,16q1 + C,_;)Qéqz +---+ Cp,kaqk)

et pour le déplacement réel du méme point pendant le temps dt

dr, = a,1dq; +au2dga + - - + aypdgr + aydt,
(2) ‘ dy# = b[l,ldql + bp,quz +---4+ by,kqu + bpdts
dz, = cudqL+cu2dga + - - -+ cu pdgr + cudt.
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Dans ces équations les coeflicients ay, ., b0, cpoy Gu, by, o (=1, 2, 001
n;v=1,2,..., k)sout quelconques; ils dépendent uniguement de la pusition dn
systéme a l'instant { et du temps i; iz constitution de ces coefficients ne joue anctin
role dans le cas général” (p. 4).

Scholium 12. In order to proceed further. we are compelled now to play the
hypocrite: we must dissimulate that we understand Appell’s arguruents. 1n tids re-
spect we are not the ouly pebbies on the beach: the sindents of this Professeur ¢ la
Faculté des Sciences (as well as the students of any professor on analytical dynarics
all over the world who is presenting his subject according to the canons of the La-
grangean mechanical tradition) have alsc been constrained to feign understanding
of the enforced mateial in order (o take no risk of failing in the examinations.

Under these conditions we come to know that:

“I’apres la terminologie de Hertz, un systéme st dit holoneme, quand les
liaisons qui lui sont imposées s'expriment par des relations en termes finis entre
les coordonnées déterminant les positions des divers corps dont il est comnose;
dans ce cas, on peunt choisir pour g1, ¢o, ..., gx des variables dont les valenrs
numériques, a linstant ¢, déterminent la position du systéme; les guantités g,
g2, --., qr sont alors les coordonnéss du systéme lolonore, dout la position est
déterminée par le point figuratif avant pour coordonnées reciangulaires g1, ¢g, . ..,

il

gx dans 'espace & k diniensions; les coordonnées x,, y,, 7, sont des fonctions de
q1,°q2, - .., q& et du temps t exprimables en termes finis et les second membres
des équations (2) sont lés différentielies totales de fonctions de 71, ga, ..., g €t ¢
Les équations du mouvement prennent alors la forme donunes par Lagrange. 1 peut
arriver, au coutraiive, que les laisons entre cerbaius corps du systéme s’expriment par
des relations différentielles neon intégrables entre les coordennées dont dépendent
les positions de ces corps; c’est ce qui arrive, par exemple, si un solide du systéme
est terminé par une surface cu une ligne assujettle & rouier sans glisser sur une
surface fixe ou sur la surface d’vn autre solide du sysitme; cette laison s’exprimie
en effet, dans le premier cas en dcrivant que la vitesse du point matériel au convact
est nulle, et, dans le deuxiéme, que les vitesses des deux points matériels au contact
sont les mémes. D’apres Hertz, on dit que le systéme n’est pas holonome dans e
cas; méme si I'on supposer que les a,,, by, ¢4, peuvent étre exprimés & 'aide
des seuls variables ¢, ¢z, ..., 4&, {, les seconds membres des {ormules (2) ne sont
par supposés des différentielies exactes” (p. 4-5).

Scholium 13. It is symptomatic that, though by chance, the numnber of this
scholium sounds almost as fatally as the content of the text it contains:

“Dans ce qui précéde, nous avons considére avec Hertz les systémes eux-memes;
pour les distinguer nous dirons qu’iis sont essentiellement holonomes ou essen-
tiellement non holonomes. On peut aussi définir la nature d’uu systéme pour un
certain choix des paramétres; & cet égard on peut définir Uordre d’un systéme non
holonome, pour un cheiz de paramétres. 1l y a alors deux éléments & rapprocher, le
systéme matériel et le choix des parameéires. On dira qu’un systéme est holonome,
pour un certain choix ¢1, ¢a, ..., gr de paramétres, si les équations de Lagrange
s’appliquent a tous les parameétres. On appellera ordre, pour un certain choix de
parameétres ¢, ¢z, .- ., ¢, d’un systéme non holonome, le nombre des paramétres
auxquels les équations de Lagrange ne s’appliquent pas ...
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D’apres cela, un systéme qui est, pour un certain choix de parameétres, non
- holonome d’ordre zéro est holonome.

L’ordre peut rester le méme vu changer quand on remplace le systéme des
parameétres qi, g2, ..., gk Par un autre ...

On voit que Pordre d’un systéme non holonome est défini par rapport a un
certain choix des paramétres et qu’en faisant varier ce choix on peut faire varier
Vordre; mais il existe neanmoins un ordre essentiel attaché a chaque systéme, ¢’est
le mintmurn w des ordres obtenus en faisant varier d’'une facon quelcongue le choix
des paraméires. Par exemple, un systéme essenticllement holonome est un systéme
non holonome d’ordre essentiel zero” (p. 5-T).

For a connaisseur of the real state of affairs in rigid dynamics this verbiage
rings at least as whimsical as the aiready cited quatrain of Carroll’s, which we shall
quote again, this time in French:

“TU brilgur lcs toves lubriedileur

Se gyrent en vrillant dans le guave
Enmimes sont les gouge hosqueus
Et le mémerade horsgrave.”

It is an hopeless task to enlighten the mind of a Lagrangean mechanician
by ‘bringing to light his almost fanatical siiperstitions as to convert-a religious
neurasthenic to-the dogmata of modern physics. Lagrangean mechanicians put as
much confidence in old wifes’ tales about “les corps comme formés par la reunien
d’un trés grand nombre de points matériels, c’est & dire portions de matiére essez
petites pour qu’on puisse, sans erreur sensible, déterminer ses positions comme
celles des points géométriques” as simple-hearted infant children in Arabian Nights
fairy-tales. And yet, some commentaries in connection with the last fragment from
[27] are purely and simply inevitable. At that, in order to make a long story shert,
we shall once more cast a glance into Truesdell’s Essays [8]:

“At the end of the [eighteenth] century there was a dismaying tendency to turn
away from the basic problems, both in mechanics and in pure analysis. Directly
contrary to the great tradition set by James Bernoulli and Euler, this formalism
grew rapidly in the French school and is reflected in the Méchanique Analitique.
Much of the misjudgement that historians and physicists have passed upon the werk
of the eighteenth century comes from unwillingness to look behind and around the
Méchanique Analitique to the great works of Euler and Bernoullis which are left
unmentioned. As its titie implies, the Méchanigue Analitique is not a treatise en
rational mechanics, but rather a monograph on one method of deriving differential
equations of motion, mainly in the special branch now called, after it, analytical
mechanics ... While it contains interesting historica! parentheses, the presentatien
- of mechanics is strictly algebraic, with no explanation of concepts, no illustratiens
either by diagrams or by developed examples, and no attempt to justify any limit
process by rigorcus mathematics” (p. 134, 173).

No ezplanation of concepts, no illustration either by diagrams or by developed
ezamples, and no altempt to jusisfy any limit process by rigorous mathematics one
may find in Appell’s Sur une forme générale des éguations de la dynamigue too.
There is, however, a characteristic feature of this article that Truesdell has over-
‘locked in his portrait of Lagrange the Mechanician, and it is the absolute absence
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of existence arguments. As regards Lagrange himself, this non-attendance of the
‘existence problem may be apologized by Sacculi vitia, non hominis. As regards
[27], however, no vindication save Mea culpa, mea mazima culpa may be accepted.

The article [27] is published in 1925, that is to say a quarter of a century
after Hilbert’s Grundlagen [44] and Probleme [6]. Born in 1855, Appell was in
the fullness of his mental powers when these titanic works entered the depository
of human knowledge. Now the existence problem is Problem Number One of the
whole of Hilbert’s mathematical philosophy. Obviously, Appell’s mathematical
blood proved perfect immunity against axiomatic infections.

Ezxistence problem — what does it mean in mechanics? In order to answer
this question we shall put a counter-question: which mechanics? There is no such
thing as universal mechanics — there is a mathematical mechanics, there is a
physical mechanics, and there is ar engineering mechanics, at last. For an engineer
something exists if he can operate it. For a physicist something exists if he can
experiment it. For a mathematician something exists if he can demonstrate it.
Since we are interested in mathematical mechanics (which is a synonym of rational
mechanics), for us an ezistence problem means a problem of proof.

Appell is speaking about liaisons. Moreover, he describes them. In this respect
he completely satisfies Fontenelle’s epigram: “Mathematicians are like lovers . ..
Grant a mathematician the least principle, and he will draw from it a consequence,
which you must also grant him, and from this consequence another ...” Like a
lover fancies the eyes, the hair, the bosom, and other attributes of his beloved,
Appell fancies the smoothness, the holonomeness, the order of his liaisons, virtual
displacements compatible with the latters, and what not yet. All the same, both
Appell and the lover overlook the cardinal problem: Does she love me? (the lover);
Do liaisons exist? (Appell).

What does ezistence in rational mechanics mean?

The answer of this question is twofold, since there are two kinds of objects in
rational mechanics:

1. Non-specific objects.

2. Specific objects.

Restricting ourselves to rigid dynamics we could state that non-specific objects
of this domain of rational mechanics are those mechanical entities that live a self-
dependent life, detached from the concept of force. Such are, for instance, all
paraphernalia of kinematics, including geometrical constraints in se, as Dinge an
sich, imposed on kinematical rigid bodies (that is to say, rigid bodies considered as
purely geometrical objects devoid of density and completely insubordinated to any
forces). On the contrary, specific objects of rigid dynamics are those mechanical
entities, the very definition of which becomes meaningless in the absence of the
force concept.

As mathematical notions, both non-specific and specific objects of rigid me-
chanics require, with a view to the logical legalization of their definitions, existence
proofs. The difference between the first and the second categories consists in the
fact that while no forces are needed to prove existence in the first case, in the second
one no existence proof is thinkable without the essential use of the force concept.
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Since this is a problem that will be analysed in details elsewhere, we confine for the
time being our exposition to these brief indications.

~ Scholium 14. The last remarks apropos of {27] concern the following fragment
of the article:

“Les deux jeux préférés des enfants, la toupie et le cerceau, fournissent les exem-
ples de systémes essentiellement holonomes ou essentieilement non holonomes. Pour
le montrer, définissons d’abord les six coordonnées d’un corps solide entiérement
libre (systéme essentiellement holonome). Soient trois axes rectangulaires fixes
O&nC; appelons €, 7, ¢ les coordonnées du centre de gravité G du corps solide par
rapport a ces axes; 0, @, ¥ les angles d’Euler d’un systéme d’axes rectangulaires
Gzyz liés au corps avec des axes de directions fixes Gziy12; paralleles aux axes
fixes. Ces six coordonnées £, 1, (, 6, ¢, ¥ définissent la position d’un corps solide
libre. Les coordonnées d’un point quelconque du corps sont des fonctions de ces
six coordonnées. Si 1’on impose des liaisons au solide, cela revient, suivant les cas,
3 établir certaines relations en termes finis entre les six coordonnées ou encore a
établir certaines relations différentielles du premier ordre non intégrable: le nombre
des degrés de liberté est alors diminué” (p. 7).

This fragment from [27] represents the only mathematically sane text of Ap-
pell’s article up to this place. But it is not Appell’s — it is Euler’s, for whose
name Appell’s mind was a complete blanc when, in the beginning of his article, he
explained that he accepts “ici le mot dynamique dans son sens ancient, dans le sens
de Galilée, de Newton, de Lagrange, de d’Alembert, de Carnot, de Lavoisier, de
Mayer” (see our commentary immediately above Scholium 1). All constructions de-
scribed above are Euler’s inventions: even Appell — volens nolens or nolens volens
— is coerced to call 8, @, ¥ “les angles d’Euler”. Nowadays all these constructions
may seem trivial: Lavoisier’s chemical ideology also seems trivial nowadays; but
anyone having the slightest idea of the tragicomical or comitragical history of chem-
istry real’es that Lavoisier’s chemical philosophy is a Promethean gift to mankind.
As Truesdell says, Euler “put most of mechanics into its modern form; from his
books aud papers, if indirectly, we have all learned the subject, and his way of
doing things is so clear and natural as to seem obvious. In fact, it was he who
made mechanics simple and easy, and for the straightforward it is unnecessary to
give references. In return, the scientist of today who consults Euler’s later writings
will find them perfectly modern, while other works of that period require efforts and
some historical generosity to be appreciated” (8, p. 106, our italics].

Facit indignatio versum: is the above excerpt from [27] not an argumentum ad
ignorantiam? Anyway, it is a pound to a penny that the mathematical procedure
just now described and thence frivolously applied to the toupie and cerceau has
nothing to do with the mathematical procedure that led to the differential systems
(1) and (2) from p. 4 of [27]: it would be the helght of mathematical effrontery to
maintain that a toupie or a cerceau represents “un systéme matériel . . formé de
n points de masse my, (p =1, 2, ..., n)”, in spite of the fact that such a mathe-
matical imprudence, such a mechanical insolence, such a dynamical impertinence is
exhibited as many as 40 years after [27] in the treatise [16] on analytical dynamics,
where a collection of typical rigid bodies (a spinning top, p. 113; a rigid rod, p. 119;
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a rolling penny, p. 120; a sphere, p. 207; an :=llipsoid, p. 224; etc.), are substitut- .
ed by the counterfeit of “a collection of particles set in a rigid and imponderable
frame” (p. 20): This treatise {16} will not be mentioned in the sequel: the game is
not worth the candle.

As regards Appell’s article [27], its further content is rather interesting with a
view to the degree of freedom of mare’s nest a phony mechanical idea may resuit
in. Instead of exploring and exploiting the concept underlying that fragment of
[27], where Appell speaks about “les angles d’Euler”, in the section Réalisation des
liaisons. Asservissement of the article its author adduces arguments in connection
with the liaisons which give a good grounds to repeat Truesdell’s words apropos
of D’Alembert, namely “in attempting to connect physical experience with math-
ematics, he heaped folly on folly” [45, p. 12]. But why ask the Bishop'when the
Pope is around:

“Dans ce qui précéde, les liaisons sont considérées a un point de vue purement
analytique, indépendent de la maniére particuliér dont elles sont réasisées ... Or,
peut-on faire abstraction de la maniére dont une liaison est réalisée? La question
a fait ’objet de nombreuses études. Voici quelques considérations générales em-
pruntées 4 Beghin ... et & Delassus ... Une liaison L d’un systéme ¥ peut étre
réalisée avec ou sans le secours d’un systéme auxiliaire ¥;. Dans le premier cas,
la réalisation de la liaison est dite parfaite; dans le second cas, la réalisation de
la liaison est encore parfaite, si Vintroduction du systéme auxiliare ¥; n’apporte

"aucune restriction aux déplacements virtuels du systéme ¥ qui restent alors tous les
déplacements compatibles avec la liaison L; mais elle est imparfaite, si 'introduction
du systéme ¥; apporte des restrictions aux déplacements virtuels du system %”
(p. 9).

And alibi:

“Mais il faut faire remarquer que, méme si 'on se borne aux liaisons parfaites, il
existe une catégorie importante de mécanismes dans lesquels les liaisons se trouvent
réalisées par des méthodes différentes de celles qui permittent Papplication pure
et simple de Péquation générale de la dynamique: dans ces liaisons spéciales, on
ne peut fair abstraction du mode de réalisation et se contenter de leur expressions
analytique. Ces liaisons sont celles que ’on obtient par asservissement; nous dirons
qu’il y a asservissement lorsque les liaisons correspondantes, au lieu d’étre réalisées
d’une facon en quelque sorte passive, par contact de deux solides qui glissent ou
roulent P'un sur P'autre & titre d’exemple, le sont pas utilisation appropriée de
forces quelconques (forces électromagnétiques, pression de fluides; forces produites
par un étre animé, etc.). De ces liaisons d’asservissement, il resulte des forces de
liaison que M. Beghin ... appelle de deuziéme espece et dont le travail virtuel
est généralement différent de zero, méme si le déplacement est compatible avec la
liaison. Il est entendu que nous liaisons ce genre de liaisons de ¢c6té, renvoyant pour
ce cas 4 la thése de M. Beghin qui utilise la forme générale d’équations que nous
indiquons” (p. 10).

Now, if a reader of the article [27] puts in a claim on penetrative understanding
of those texts, then he produces his autocertificates either for hypocrisy or for self-
deceit: tertium non datur. Unfortunately, a reader of the second category who
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swallowed that bait — hook, line. ard sinker — has been the author of the paper
[48], as inconvincing as the Immaculate Conzeption; fortunately, nevertheless, he
never returned to that Muu‘)cct

Scholium 15, Today, Anno Domini 1993, the sivuation around the liaison-
concept is, on principle at least, as mirthless as 70 years ago.

Causa ceusarum for this status quo ad praesens is, one and only, the La-
grangean dynarical tradition conceived by D’Alembert and fanatically supported
by the overwhelming majority of modern mechanicians. In such a sense, it would
not be iniquitous o state that, as regards the logical crisis rigid dynamics has
lapsed into, it is a ceuse sui: wvelenti non fit inturia. As sure as death, if Euler
could see a Lagrangeanist of today, his words would be Nescio vos. And yet, there

a hope: rational mechanics is worthy of Augustinus Sanctus’ encomium patiens,
quta aeternus.

Any analysis whatever of any features whichever of Lagrangean dynamical
tradition lie entirely outside the frames of present brief sketch. Summing up our

observations, we intend to fix the reader’s attention on some Cardl'xal points con-

nected with the liaison-concept.

Every unswayed examination of any attempt at a mathematically consistent
definition of the notion mechanical constraint mposed on & rigid body is predesti-
nated to establish the total collapse of any such a try. Moreover, any future efforts
in this directicn are doomed to fail. The grounds for that prophecy — which is no
prophecy at all, but only an cuarthi-born, earthbound, and earthly minded plausible
inference of mechanical experience of Iun& standing — are quite plain and utter-
ly simple ones: the constraint concept is insusceptible of a strict mathematical
dermnidion, since it is a non-mathematical notion in the proper sense of. the word.

This is « situation one must fathom if one has the intention of working profes-
stonally in rigid dynamics instead of imitating third-rate laic parrotries of amateu-
rish mimicries of dilettante forgeries.

In - der to attain this persplcacmus insight, one must come back mentally to

his mechanical childhood — in other words, to the time of his first steps in rigid _

dyna:cs. Let us imagine such a backward journey to the first dynamical problems,
including rigid bodies we have solved, or at least we have considered solved.

Inasmuch as we are interested in constraints imposed on rigid bodies, the free
bodies must be excluded. As regards the non-free bodies, a mere look in the Table
des -mati¢res of vol. II of [15] will refresh our memory. The first and the secend
" sections of Chapitre XIX are entitled Mouvement d’un corps solide autour d’un
aze fize and Mouvement d’un solide parallélement @ un plan fize, respectively, and
Chapitre XX itself is entitled Mouvement d’un solide autour d’un point fize. These
are classical dynamical problems, ergo classical mathematical problems. We have
solved them in our student youth on the supposition (not always, and maybe net
at all, explicitly expressed) that such motions exist. As a fatter of fact, neither we
nor somebody else ever raised this question. It was considered answered by Mether
Nature itself: didn’t we see any moment such motions performed in plain sight of
everybody? Why make mountains out of molehills?

In this same time, when we missed the very idea to pose the qmﬁon of ex-
istence of motions of one kind or another, in other branches of mathemafics we
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have been instructed in then the existence problem has grown up to such dimen-
sions and proportions as to shut out the whole horizon. In Euclidean geometry, for
instance, the problem of existence of more than one parallel proved tc be a hard
nut to crack for the strongest mathematical teeth in the course of two clear mil-
lenia. In arithmetic the non-existence of a rational measure for the diagonal of the
square blighted the hopes of Pythagorean philosophical school. Again in geometry
the non-existence of certain solutions (by means of ruler and compasses) of three
famous problems of antiquity preoccupied the most brilliant mathematical minds
for more than twenty centuries. Other examples? Nomen illis legio. As a matter of
fact, the efforts to solve various existence problems in the course of long periods of
time ultimately led to the creation of dozens of most important domains of modern
mathematics. In dynamics solely no existence problem about motiocns is not merely
solved, but even submitted. Why?

Also sprach Zarathustra. Lagrange, we mean — Lagrange “under the per-
sonal influence of D’Alembert” [8, p. 248]. And all neophytes since Méchanique
Analitiqgue, Hamilton in the first place. Gauss too, mirabile miserabileque dictu.

Leaving for the time being the existence problem aside, let us fix our attention
on the modes of making a free rigid body constrained. First of all, let us announce
in everyone’s hearing that all considerations in [15], concerning mouvement d’un
corps solide autour d’un aze fire and mouvement d’une solide parallelement ¢ un
plan fize, are dynamically absolutely illusionary ones. Indeed, one of the aims
and purposes of dynamics is to discover the causes leading to one dynamical phe-
nomenon or another. This means revealing of the forces producing the dynamical
happening. Now, what makes the rigid body rotate around a fixed axis or move
parallel to a fixed plane? God Almighty? Pars gives no evidence in this connection.
He even goes so far as to forget to ask such a question. He simply hypothesizes
that these bodies perform obediently this or that motion. Do they indeed? Is such
a procedure mathematically possible? Is Appell’s hypothesis consistent with the
dynamical principles? Ultimately, are those motions conformable with Euler’s dy-
namical equations {17, (114), (115)] with appropriate reactions of the constraints?
Apropos of all these questions there is a dead silence in [15]. (It is a gospel truth
that these questions cannot be answered. In the case of a mouvement d’un corps
solide autour d’un aze fize the contact between the rigid body and the axis is ac-
complished along a line, and in the case of a mouvement d’un solide parallélement
d un plan fize this contact is carried into effect upon a surface; in both cases rigid
dynamics is as ignorant of the nature of the reactions of the constraints as, for
instance, Euclidean geometry is know-nothing about the temperature, the colour,
and the sound of an equilateral triangle. The competence of rigid dynamics is tied
to point-contacts only. If in the first case two different points of the rigid body are
compelled to coincide with two fixed points of the axis, then rigid dynamics is quite
sure what does this imply: the fixed points generate passive forces acting on the
rigid body with directrices running through those points. If in the second case three
non-collinear points of the rigid body are compelled to rest on a fixed plane, then
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rigid dynamics is also entirely certain what does this imply: the plane generates
three passive forces acting on the rigid body with directrices running through those
three points of the body. All these zonclusicns are pased on Ax 3 E, formulated
n [17]. The application of Ax 3 E, however, presupposes the availability of one or
several absolutely strictly defined points of contact. As regards extravagant, ex-
traordinary, and exotic “constraints” violating this conditio sine gqua non, in such
cases rigid dynamics is as helpless as a tortoise on its back.)

After these parentheses let us consider somewhat closer that case in [15] which
arouses no such remonstrances, namely mouvement d’un solide autour d’un point
fize. If this fixed point is O, then Ax 3 E of [17] implies that it generates a reaction

R acting on the rigid body S with a directrix running through O. On the other
hand, if P is any point of S different from O, then P obviously is compelled to rest
on a sphere with centre O and radius @ = OP. Let now P, be three points of S with
OP,=a(v=1,2,3) and OP; x OP3.0P3 # 0. Then it is obvious that, instead
supposing O fixed, one could consider the same motion of S hypothesizing that P,
(v =1, 2, 3) are compelled to remain on a sphere with centre O and radius a. And
yet, though geometrically the same, this condition is mechanically a quite different

one. Indeed, Ax 3 E implies that now, instead of a single reaction R through

O, three reactions T%),, are acting on S through P, (v = 1, 2, 3), respectively.
Mathematically this is a quite different problem, the unknown reactions introducing

9 new unknown quantities instead of the 3 components of 75, namely the 3 times

3 unknown components of ﬁ,, (¥ = 1, 2, 3). In such a manner, even though
geometrically the same, dynamically we are faced with a quite different problem.
As a matter of fact, there is even an infinite variety of such problems, since the
radius a and the points P, (v = 1, 2, 3) may be chosen in infinitely many ways.
Moreover, one could cast away the condition that P, (v = 1, 2, 3) must remain
on the same sphere: any of those points may remain on a sphere of its own; it is
essential only those points to be non-complanar with 0.

Nonsense? Maybe, but nonsense non stop. For almost any geometrical con-
straint imposed ‘on a rigid body there exist ways that constraint to be substituted
by others, geometrically equivalent and mechanically different nevertheless. These
instances suggest that in dealing with liaisons imposed on rigid bodies no cautious-
ness can be surplus. On the contrary, a mathematician must approach the liaisons
with the wariness of one stepping up to a rattlesnake: anguis in herba.

One thing is surer than sure for the present: the approach to the liazson-concept
must be inductive rather than deductive: the deductive attemps exhibited their
emasculation in the course of three clear centuries. Before reaching a satisfactory
generalization of the formulations, one must pan off enormous amounts of gravel
in order to attain to genuine dynamical nuggets. There is one and one only way to
an adequate mathematical description of the constraint concept: via inductio per
enumerationem simplicem towards definitio per enumerationem simplicem.
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RAYEHHWE IIAPA 110 ABCOJIFOTHO IIEPOXOBATOMY
TOPY

COHA LEHEBA

Cong Hencsa. RAYEHWE IHAPA 11O ABCOJIIOTHG HIEPOXOBATOMY TOPY

B paGo*re 3aTPOHYTHI HEKOTODLIC ACHEKTH HECOJIOHOMHOM 3aa4dl O KayeHy M ulapa no
abcoIoTHo mepoxoaa'roi’l NOBEPXHOCTH OL AeﬁCTBH&:\l CHUJMbl TAXECTH.

Sonia Deneve. PRIVATE MOVEMENTS OF ROLLING SPHERE ON ABSOLUTELY ROUGH
TORE

In this paper is considered some aspects of the classical unholonomic problem about relling
sphere on absolutely rough surface under the action of weight. ‘

v

- B pabore [1] paccMoTpeHsl HEKOTODEIE YaCTHEIE OBISKEHUA KATALIEr0 Mia~
pa o abCoMIOTHO MEPOXOBATOMY TOPY, KOr'Za TOYKa CONPHMKOCHOBEHMA ILapa
OIMCHBAET HapaJiedb. B 0JHOM U3 ®TUX CIy4aeB yroJl HYyTallMyl [10ABHKHOIO
TpUdApa Mapa 0CTAaeTCA IOCTOAHHEIM BO BpeMsA ABWKeHUA. B HacToAmme# pa-
Gore uccuenyercs Boiee obunit ciydait »Tol 3a0a4u, [IpU KOTOPOM ABMXKEHHE
TIOABMAKHOTO TPUBADPa Miapa onpeleidercsd mo Merody apby. Ilns stol ne-
JI¥, KaK UCKOMBIE QYHKUMMA BPEMEHM PACCMATPUBAIOTCH KOMIIOHEHTHl BEKTODA
YIJIOBOM CKODOCTHA Ha HEMOABMKHBIE OCH KOODIUHAT.

BeezaeM cnenyiomue obosnauenna: G — ueHTp Macc mapa, GEn( u Ozyz
— COOTBETCTBEHHO IIOABWKHASA, CBA3AHHAA C ABWKYIIMMCA TEJIOM C HAUAJIOM
B ero nedrtpe Macc G, M HENOABWAKHAA CHCTEMBI KoopmuHat, n’(ng, ny,n,) —
eIMHUYHREIA BEKTOP BHEIIHed HOPMAJM B TOUKe P CONMpUKOCHOBEHUA Iapa ¢
HOBEDXHOCTBIO KadeHus, w — YIJoBaf CKopoctek Tena, R(R;, Ry, R;) — pa-
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JAYC~-BEKTOD NPOM3BOJLHOM TOUKY TODPA Ha HENOABWKHEIE OCH, T @ @ — Macca
miapa M €ro pajuyc, a;; — AWPEKTODPHEIE KoCHHYcH Tpwaapa GEn¢ oTHOCH-
tenpHo Ozyz, o« ¥ f — mapaMeTphl NOBEPXHOCTHU T0DA, Uy ¥ WG — CKOPHCTH
U YCKOpeHMe LeHTpa mapa, ¢, ¥, § — yram Dinepa HOABWXKHOIO TpUsIpa

Gén¢.

Tak Kak KHcclelyercs ABMMKEHWE OAHODPONHOTO IMapa, KakAasa cucTeMa
G&n¢, koTopad HEU3MEHHO CBA3aHHA C IIADPOM, ABJAETCHA CACTEMO ero rias-
HEIX oce¥ MHepUMHU. [{1A ONpEAeSIEHHOCTU MOXKHO IIPUHAThL, YUTO IOJIOXKEHHE
Gén¢ mo orHomeHumn Ozyz B HavyalbHOM MOMEHTe ABWKEHHA 3aJaHO, T. €.
YLAH @o, o, Jo — durcupoBaHh.

W3 ycnoBus, 4To nap KaTHUTICH 110 Topy Be3 CKONBKeHWs, MMEEeM HeroJso-
HOMHYIO CBH3b

€))] vg = a(w x n°)
wau u3 npoexum#t Ha Ozyz monydaem )
g = a{wyn, —w,ny),-
(2) Y6 = a(w,ng — wzn,),
zg = alwzny — wyng).
IHna ypasHeHu# Topa Bymem umets [1]
‘ R; = (R; + Rysin ff)cos o,
(3) Ry, =(R1 + Rysinff)sin e,
R, = Rysin .
W3 (3) maxoaum HOpMaabHeI BekTOp n’:
4) n® = cos asin Bi + sin a sin 87 + cos Gk,

rae i, j, k — optH cuctemur Ozxyz.
[IpuEMMaa BBULY, YTO PaccCMaTpHUBaeTCA ABIDKEHME 110 MapaJlieiyt Ha To-
pe, T. e. § = const, u3 (2), (3) u (4) HaxoMM 3aBMCHMMOCTH

(5) . wgsina ~wycose =0,

Ry + (Ry+a)sin g
a

(6) @ cos & = w, cos asin f — w, cos B.

YpaBHerm ABVDKEHNA UIapa HaXoIyM U3 ypaBHeHm'Z Ammensa B KBa3WKOODIN-
HaTaXx

1) as o
or; T
rae S — 9HEPrus YCKOpEHUH Tena, Q_,- — o6obumenHnle cuakl. dna kBa3mKo-

ODAUHATaX BHGepeM NPOoEKUH yFJIOBOﬁ CKOPpOCTH 1apa
(8) ’ 7'r1 = W, 7‘{-2 = Wy, 7'r3:wz-

Ilo Teopeme Kenura sHeprua yckopeuwit S uMeer creayoluii BUI:

A . . .
9) S="2“(w£+wz+w§)+%wé+'--,
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rae A = gma2 (A, B, C — raaBHeie moMeHTH uHepuwu). Coraacuo (1)
HAXO0 UM ,
(10) w? = g [cbz - (d.:.no)z] —2a% (0.2°%) (wn®) + -

3aech MOBCIOAY MHOTOTOUMEM 0603HaUeHBl YJIeHhl, KOTODbIE He COAepkaT Wy,
Wy, w;. 3amensaem (10) B (9) u monyqaem cornacuo (4)

7 . . .
(11 ' S':l—oma2 (wi+;u§+wf)

-3 a® (s cos asin 3 + wy sin asin 3 + W, cos 4)?

- maz(w.no)o'z sin B(— sin cwo, + cos awy) + - - -

O608mennsie cUInl (J; onpenefoTCsa o GopMyiam

N
(12 0 =3 sk,
v=1
rae F, — cuibl THMKeCTH ¥ a;; HaXOHUM 13 GOPMYyJ iIA cKopocTel
3
(13) v, = Zaujfrj +ay = @y 1w + Gyowy + Gyaw, + ay.
j=1

C apyro# cTopoHH, coryacHo (1) CKOpOCTH ¥, ONpEHEeAAIOTCA U3 3AaBUCUMOCTH
(14) v, = a(w x n°) +w x p,, '
The py = i+ Yoj + 2,k — paanyc-BeKTOp NPOM3BONLHOM TOUKM IHApPA.
W3 cpapuennit (13) n (14) naxoaum
ay; =sinasin Gk —cos 8§ — 2,5 + y k,
(15) ays = cos 31 —sin fcosak + 2,1 — z,k,
_ a,3 = sinf(cosaj —sinai) + z,J — y, 1.
M3 (12) n (15) umeem

Q1 = —mgasin asin 3,
(16) Q2 = mga cos asin f3,
Q3=0.

3aech UMEETCH BBUAY, UTO

N N N
E My Ty = E myy, = E myz, = 0.
v=1 v=1 v=1

3amensiem (11) u (16) B (7) u noayuaem

= aw; — acos asin B(w; cos asin B + Wy sin e sin B + w, cos f)

an g
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+ adsin Bsin a(w.n’) + gsinasin g = 0,

5 awy — asin asin f(w, cos asin f -+ wy sin asin B -+ w, cos )
— adesin 3 cos o(w.n®) — gcosasin # = 0,

5 aw, — acos f{wy cosasin f 4 wysinasinf + w, cos3) = 0.

Ypasneuna (17) AOMycKalOT MepBBLIE MHTErPAJIBl KHHETHUECKOTO MO.ZHTA X
KWHEeTHMeCKol sHEPruM, KOTophle HalijieM HemocpeXcTerHo. {lyety P 7ey-
Ka KaCaHMA 1mapa ¥ Topa. KuHeTudHbl MOMEHT uMeeT CHeAYIOHIHE 1l

Kp = Aw + m(GF X vg)

‘unnm cormacho (1) HaxomuMm

~

(18) . Kp = 5 ma?w — ma?(w.n®)n’.
W3 ypapHeHEMA KMHETUYECKOIO0 MOMEHTa MMeeM
dKp
= PG x (—mgk),
dt
OTKYy.la TOJydYaeM MHTErpasl KMHETHUEeCKOro MOMEHTA LA TOHUXH
(19) Kp.k = C; = const.
Ws (18) u (19) naxomum
(20) w, cos asin B cos 8 + wy sinasin Scos F —w, (0,4 - sin? 8) = 1,
rae C} — KoHCTaHIA.

VnTerpai KMHETUYECKON DHEPIUM CliedyeT W3 TeOPEMs! U3MeHEHNH KuHe-
Tudeckolt sHepruu 1’

(21) dT = mg.drg + N.drp,

rine N — peaxuus Topa Ha WIap.
Ins mupdepesmmanos B (21) uveenm

d'l“}? = yp.di,
TaK Kak AP KaTUTCH 0e3 ckoabxenus. CoOTBETCTBEHHO
g.drg = —gdzg =0
u3-3a ABWXKenuA no mapanuend. Torma uz (21) HaxommM, 9To
(22) T = h = const.
W3 teopemrl KeHura mjd xuseTHUeCcKO! pHEPIUU UMeeM

A, m 4
T—"Q“U +-2—1)G

nam coraacHo (1) wonyuaem

7 2
(23) T = Emaz(wﬁ + “’3 +w?)— -r%a—(w, cos asin § + wy sin asin § +w, cos 8)%.
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W3 (22) u (23) HaxoanM
(24) 7 (w2 +w? +w?) —5(w in3+wysinasin3- 8)? = hy = const
(24) 7wz +wy +u; d{wx cos asin § 4wy sin asin § +w, cos F)° = hy = const.
Hz (5), (6) u (20) cocTapnaem cucTeMy YDAaBHOHUHR 0 THOCHTEIRHO KOMITOHEH-
TOR yrioBol CKOPOCTH
W SIL ¢ - wy cos a = §,
- . R, +(R 2+a)sinﬁ
(25) wy €os 3 --w, cos asin F = —d cos o e 2D
' ~ a
wrcosasinBcos §+ wy sinasin feos 5~ w, (0,4 + sin rj) =
Pes orpanuvenyid oSIBOCTH, NDEANONKNAM, YTO B HAYAJILHOM MOMEHTE
(26) Qg == 0.
Mz (25) B oToM cilydae foydaenM 32aBUCUMOCTH

7y ,’v =
(\Zf) Wyg <F U,

I3

Q(’ ’C:
(28) .0 R, - (R:,Ta)smﬁ w

2o SIN 3 = iy o0 B

(29) Cy = tg sin Bcos 8 - w,o (0,4 4 sin? 8).
Havanrroe veaosse (27) snmerca #e05x0 HUMbIM yCIOBUEM AN yrioeeo cxo-
poCTHM Wiapa Hpr HB8WMM<eHUWKX 110 Tapaniein.

Pewas nunefinyro cucremy (23) OTHOCHTENBHO W, Wy, W, TOIyYaeM

wg = _._L:’.“_Of_fi {C sin B + ‘_Q.i_t_' Ry +a) (0,4 + sin? ,3)
cosg | ¢
* 2,5 sin o R1 (Rz -+ G) 2 .
3 by = 2B - st G)
(30) "y cos 3 [ nf+ a &(0.4+sin” f)
W, =—25 {vi +asin 8 R F (Rt a)sin ﬁ}
L a

lHocne samenrt (30} B (24) nonyuaerca anrebpuueckoe ypaBHEHME OTHOCK-
TEABLHO G, M3 KOTOPOTO CAEAYeT, YTO & -— KOHCTAHTa [UlA PACCMATPHBAEMOTG
JIBYDEEHVA, T. €. IMeeM

a . .
Koz 8in 3 — wey cos £].

R+ (Ry+a)sin g’

Samvenns (29) u (31) B (30), maxomum

—~

31) & = dg =

(32) Wp = Wgo COSQ, Wy =Wgosina, w, =w,,

T. €. Wy ¥ Wy ABIMIOTCA NEPUOIMYECKUMM QYHKIMAMM BPeMeHM. 1 perbe K3
ypabHenuit (17) ymoBieTBopAETCA TOXKAECTBeHHO coriacHo (32), a nepBhie
B2 YPaBHEHUA PeAyIMPYIOTCA HA CJeAYIoyIo 3aBHCUMOCTD

7 . . - .
= QWz, — asin B(wg, sin § + w,, cos Bj& — gsin f = 0.

(33 .
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3amennn (31) B (33), monyuaem
(34) w? sin? Bcos B+ w?_ cos B(0,4 + cos® B)

— 25sin $(0,2 + cos® Blwgow., -+ % sin 3[Ry + (R2 + a)sin f] = 0.
a

YpaBHenne (34) mokashBaerT, YTO KOMIOHEHTHl HAYAJIbHOM YrIOBOM CKOPOCTH
3aBUCHUMEL IPY ABWKEHUU 110 HapaJlieli.
M3 (34) moayunm

(0,2 + cos? Blwz, £ \/0,04402.0 - :;2 sin # cos BR

(35) Wao = sin 8 cos 3 !

rae ¢ R 0603HaUMANN BeUUUHY
(36) R=Ry+ (Ra+a)sinp.

Oquvao, yToOhl ABYKEHME OBLIO pealibEbBIM, HaydaJlbHafdA yriaoBas CKODOCTH
JOJMKHa YIOBJIETEBODATL OI'DAHUYECHHUIO

(37) Wzo 2 —z-\/gRsinﬂcos A.

Ilpyroe orpanudenue s wz, MOJYUYUM U3 YCJIOBMUA, YTO IPOEKUMA DeaKlUMM
N pomkHa ObITh HallpaBJjeHa IO BHelIHeld HOpMaJ# Topa, T. €.

(38) Na’>o0.
M3 ypaBHeHus ZBWKEeHUS LEHTDA IIapa UMEEM
N.n® = mg cos 8 — ma?sin SR.

Y caosue (38) noaydaer caexyomuii BUL:

(39) 6 < 1/ % cotg 8,

rae R onpeneneno u3 (36).
N3 (31) w (35) HaxozvMm .

(40) &= Rc‘;sﬂ (0,2%0 + \/0,04ng - 595 Rsinﬂcosﬂ) .

U3 (39) u (40) momyuaeM HepaBEHCTBO

(41) 0,2wg, £ \/0,04w30 - -:’—2 Rsingeos g < 8 \JaRoowgB.

a

HepaBercrtso (41) MMeeT pa3iuyHhle DEeLIEHHMA B 3aBMCUMOCTH OT 3HaKa pa-
zukana B (35). Ilpu smake nuoc (41) Bo3MOXKHO ToNbKO MNA yria (3, ynoB-

™
neTBOpsomuit ycaosmo 0 < 8 < I
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Insa wgy, DORYYNATCA OTpAHNIECHME

25
! t .
Sﬁ\/g_Rcogﬂ

a Cco

Wz, <

Koraa smax nepea paaukaioMm B (35) — MMHYC, BO3MOMHBI JBa CHYYaf:

‘ a) Ipu 0 < G < T uveem yCJIOBHE

4
5cos 3
Wgo < " VgRcotg .
T 7
- 6) Ipu i € B < — — uMeeTcA orpaHUYeHUe

2,5 5
z : 2 - 1 .
W > acos B VgRcotgf = , VgRsin B cos

Tak n1oKazaHa CleXYIOMAA _

Teopema. Kadenue 6e3 cxoabykeHUs 0THODOAHOIO IMapa Io abCcoaIOTHO
mepoXoBaTOMy TOPY, KOorja TOYKa KaCaHWA ONMCHIBaeT Hapailjienb Ha Tope,
BO3MOMKHO TOJIBKO TOrJa, KOrJa HadaibHEIE YTIOBHE CKOPDOCTH Iapa M CKo-
POCTb €r0 TOUYKM KACAHMA N0 NAapajlield TOPa yAOBJIETBOPAIOT CleAyIOLMe
YCIOBUA: :

2 < v/
1) " gRsinfcosf £ wgy < acos D gRcotg B,

(0,2 + cos? Bwg, + \/0,040.230 - 55 Rsin.ﬁ cos A

Wy = -
%o sin Bcos B !

. a 29 oo )
o= Reos B (0,2(«),50 + \/0,044‘2_,,0 " Rsmﬁcosﬁ) ,

: T
TONLKO IJIA yrila mapaJjiiesu J B MHTepBaie (0, Z) .

2) g—\/gRsin,Bcos,B < wg, < Scosf VgRcotg B,

a

(0,2 + cos? Bwg, — \ﬁ],o%go - % Rsinﬂcosﬁ

Wze =

)

sin 3 cos 3

. a g ..
&= Reosd (0,240,0 - \/07,0401%0 - Rsmﬂcosﬂ)

s
IiA yria 3 B MHTepBaie (0, Z)’
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2,5
3) wzo > Yy VgRcotg 8,

0,2 + cos? Bwz, — \/0,0440,%0 - -(—1‘(]7 Rsin 3 cos B

sin 3 cos B

wlo = ’

a

g . .
= Reos D 0,2wg, — 4/0,04w2 — -a—stmﬂcosﬂ ,

™
Korza § yAOBJIETBOPHAET yCIOBUIO 1 £ A< 5"

3necw noscrony R omnpenenena u3 (36). Bo Bcex aTux cayuasx wy, = 0.
YTi0BHE CKOPOCTH Wy, Wy —— MepHoMYecKre (YHKIMU BpeMEHM, KOTOpHIE
safansl U3 (32); w, — HOCTOAHHAA, a TOUKAa KacaHMA Wiapa ONMUCHIBaeT Ia-
pajliels HO TOPY C HMOCTOAHHOM CKOPOCTHIO, 3a4aHA BHIPAsKEHNEM

V= (R1 + R2 sin ,B)Q

WHTepecHO OTMETUTh, UTO MABMKEHWE 110 Hapajiiiejid OXHOPOIHOro Mapa IpU
YaCTHOM ABW)KEHWM C TOCTOSHHEIM YI'JIOM HYTalyy HEBO3MOXXHO IO BHeIDHeH
cTOpOHE Topa. Koraa nepeMelnble yrikl Diiaepa 110 ABWKHOIO TPUspa — BTO
BO3MOXKHO, KOHEYHO CO CHe/IaHBLIMM OT PAHMYEHUAMM 1A HauyaJbHOM CKOPOCTH.
Hakonelw, . paccMoTpuM chepryecKoe ABWKEHME IaPa OKOJO e€ro LEHTIPaA,
T. . HalifleM yrawl Dlnepa nogswxHoro rpusapa GEn( B GYHKIMM BpeMeHHM.
Hpunoxum meron Hapby — Puxkartu ans pememma a3To# mpobaemsr. Cor-
JIACHO 8TOMY METOAY, pacCMaTpuBaeM ypaBHeHue PuUKKaTu
% = ———"”z;”y A2 4w, A + ———""’2 -

rje HeU3BeCTHadA BeJdyyuHa A Olpeneiinerca U3

(42)

(43) : A = —icotg ;

3aeck ¥, § — yran Ditnepa rTpusapa GEn( — HemsBecTHHe PYHKIMM BpeMe-
_HM. 3amenseM B (42) BeNUWYMHH Wz, Wy, W;, KOTOPEIE U1 PACCMATPHBAEMOrO
HOBIDKeHUsA onpeleiieHH u3 (32}, T. e. nmeeMm

dA ; ;
(44) 2 i W e A% 4 2iw, A + iws, €.
Y pasuenue (44) momycxaet YacTHOE pemeHue
(45) ’\0 = keiav
rae k — NMoCTOAHHAA, KOTOpaa cordacHo (44) yaoBiaerBopAer yp%nmem«no
(46) Wz k? + 2(‘-"10 - a)k + wg, = 0.

Coraacro (35) u (40) nerko ysmmers, uto ypasuenue (46) mpu 0 < ,B /4
uMeeT pealibHble OTPUUaTe]bHEe KOPHU. Jlid ompeliesleHHOCTH OCTaHOBAMCS
Ha ®TOM clydae, T. €. KOTZa k — BeIecTBEHHOE YMCJIO.
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1r
Yacrroe pemenne (45) cooTBercTByeT caydalio f = const, ¥ = o — 5 KO-

TopHIk MHI y2ke paccMoTpeinu B pabore [1]. B HacToAmem uccienoBaHumM 8TOT
ciaydai MBI JO/DKHEI OTBPOCHTD, TaK Kak 3aBUCHMMOcTb (35), B aToM ciayuvae,
He ¥MeeT peafbHOro pelieHus. B AefCTBUTIENbHOCTH, C NOMOIILIO GopMmMyda
Oiinepa ANA Wy, Wy, W; TaxkKe 3aBUCHMOCTD 3[€Ch NOJyYaeT CleAyIONLIMiA BIA:

2
(47) sin® B cos 3 [m sin(fy + B) + cos 00] ?

+ cos 8(0,4 + cos? B) sin? fop®
+2sin 5(0,24cos® B) [cos 6o + m sin(fo + ﬂ)] sin 00¢2+a%- Rsing=0.-

Ouesuano ¢ u3 (47) He UMeeT peaIbHLIX 3HAUEHMIA.
Yrobu HaliTh obmee pemenue (44) MPemIOIOXMM, UTO

(48) A=ke** +u,
TIe u — HOBaA HeW3BeCTHaa (QyHKums. 3ameHseM (48) B (44) ¥ TOJIyYMM
ypaBHerue Bepayim
du 1

(49) Wgy€ e U2 + i(w k + wyyu.

a2
O6uiee permerune (49) “MeeT BUA

$
60 )= gy (€GB ],

2 kwg, +wi —a
rae D(t) — Benuunna

1
ro (k Wz + Wi — 0)2
4 Y=o [Cy sin(kwzy + Wz — a)t — Ca cos(kwgz, +wyo — a)t]
kwg, +wz —a

_ ' 1
(51) D) = C} + Ch + 5l

u Ci, C; — mpousBobHEE AeliCTBUTENbHEIE TIOCTOAHHEIE.

31ech NpMHATO BBUAY, 4TO coriacHo (26) u (31) Benuumna o ABAAETCA
dyuxumel
(52) aft) = at.
Coraacuo (43), (48), (50) u (52) HAXO0IMM Cileyloinue 3aBUCHMOCTH IJIA
yriosB Diunepa 0 u ¢

C; cos(kwg, + wy — @)t

wg, sin{at) ]
2(kw,n twz—a)l’

cotg § siny =k cos(at) + =

D() [
+ Cysin(kwg, + wy, — @)t —

(53)

cotg b cosyp = ksm(at) + =

3 [Cg cos(kwz, + wzo — )t

wg, cos(at) ]
2(’60)30 + w;o - d) ’

D(t)

— Cysin(kwg, + wy, — @)t —
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rae D(t) onpenenena n3 (51) u k — w3 (45).

ITocroannrie C1 n C; onpenensmoTcs U3 HAYANbHEIX YCIOBUM, TPUMEHMME
ana (53). Ilpeanonaras, uro HagaJbHbE YIibl fg M ¥y — 3alaHbl, TOJYYHAM
CHCTEMY

_ By . 2 2% Wz,
Ci= (cotg 5 sin Yo Ic) [Cl +Cy o — C>
+ ?
Y hwgy +w,, —a)? ]’
(54) o " o2
_ vo 2 2 _ To - Zo
CZ - COtg 2 cos 1/)0 [Cl + Cz kwxo + Wao — & C2 ' 4(sz0 + Wag — Q’)ZJ

+ . -
2kwzy + w,z, — @)

.

Herpyano yemners, uro cucTteMa (54) pelylwmpyercsa Ha OXHO KBaApaTHOE
yPaBHeHME OTHOCHTENbHO OMHOU M3 HemsBecTHRIX. Cucrema (53) onpenenser
yrabl ¢ u 6 xak Qynxumm Bpemenu. Tperuit s yraos Ditnepa HaxomuM u3
KuHeMaTU4Ieckux ¢popmya Ditnepa, 1. e. coriacHo (32)

1
Wi —

t) = +’ 1'/.)afi?
w(t) = ¢o /—chT .
0

OueBnano To, uro coryacHo (53) ¢ u cos§ ABAAOTCA 3HAKOMEIMM (YHKIMAMK
BpEMeHH.
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XUIPOINHAMUYHY B3AUMOIOEACTBUS
HA TBBPIAU UJAU JIYUIHU YACTULIN

3AIPAH 3ANIPAHOB

3anpan 3anpanoce. XWUJAPOILIUHAMUUECKOE B3AUMOJAENCTBUE TBEPIBIX
ANU KHUAKUX YACTUL

B nauane paBoTh caenan o8zop McciaelopaEMi TMADOAMHAMUYECKOro B3auMoneiic-
TBUA TBEPAHIX W *UAKMX YaCTHK NOPU MaluX uuciax Peiionbaca. PaccmaTpuBalorcs
TOMXKEe CHCTEMBI, B KOTOPHIX MUKPOCKOOMYeCKKil MaciiTad JIMHE BO MHOIO pa3 NpeBHINACT
pasMep monexys {Tak 4TO CMCTEMa WMeeT MaKPOCKOMHUECKHE CBOMCTBA) M ONHOBPEMEHHO
C ®TUM, BO MHOFO pa3 MeHbile XapakTepHoll MJIMHM Makpockomuueckoro obpasua. Ilpm
TaK#X YCHOBMSX, HEOAHOPOAHaA cpela (cMechb) MOXKET PaCCMATPHUBATHCA B MAKPOCKONH-
ueckom MacmTabe Kak KOHTMHYYM, KOTODHI XapaxTepusyeTcH ,ohdexTUBHLIMK“ CBOMKCT- )
BaMM.

B pafoTe AMCKYTHMPYETCR TOXE KOIMUECTBEHHOE ONpeZiesieHMe OCPeAHeHNA MO ,aH-
camba10 peanusanuu®, T. €. ocpeAHEHMe OTHOCHMTEJbHO GOABUIOrOo UMCJia CHCTEM, KOTOP-
b€ ABAAIOTCH WACHTUYELIMM B MaKPOCKONMUECKMX JeTall/iAX, HO Pa3nyaioTCHA B MMKpO-
CcKomuuecKoM MaciiTaBe. PaccMoTpeHnle pe3ybTaTh (M3-3a MaTeMaTHUECKOH aHAJIOTHH)
Ans oddeKTUBHON BA3KOCTH, JIEFKO MEPEHOCATCA ¥ Ha KOBOPUIUMEHT TENNIONPOBOAUMOCTH,
KOB((PUIMEHT IJIEKTPONPOBOIUMOCTH U KooddnuueHT auddysnn. HlocTynarenbHele ¥ Bpa-
maTeabHble ABMIKEHMA YACTHI M UX CHAPOAMHAMUUECKOE B3aHMOJeiCTBMEe ONMUCHIBAIOTCH
Yepes HECKONbKO BHYTPEHHHX TEH30DOB, KOTODHIE 3aBMCAT TOJBKO OT ODM U Pa3Mepos
YacTul. .

[lonyueno ,Tounoe“ pemenue 3agaun o6TeKaHMA ABYX CHepUUECKUX nysnipeil noro-
kaMm [lyasenna. Uccnenyerca samaHue NOBEPXHOCTHO-AKTUBHEIX BEIeCTB HA CTPYKTYPY
TeUeHUA.

Zapryan Zapryanov. HYDRODYNAMIC INTERACTION OF RIGID OR FLUID PARTICLES

The hydrodynamic interaction of rigid or fluid particles at smail Reynolds numbers is re-
viewed. The paper focuses on the many instances in which the “microscopic” lenght scale (eg.
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the average domain size) is much larger than the molecular dimensions (so that the domain pos-
sess macroscopic properties) but much smaller than the characteristic length of the macroscopic
sample. In such circumstances the heterogeneous material can be viewed as a continuum on the
macroscopic scale and macroscopic or “effective” properties can be ascribed to it.

A quantitative definition of an ensemble average for particulate systems is discused. The
ensemble average refers to an average over a collection of a large number of systems which are
identical in their macroscopic details but are different in their microscopic details. For reasons
of mathematicle analogy, the general results given here for the effective viscosity translate into
equivalent results for the thermal conductivity, electrical conductivity, dielectric constant and
diffusion coeficient. The translational and rotational particle motions are marked to be governed
by several intrinsic ténsors that depend only upon the size and shape of the particle.

Bipolar coordinates are employed to obtain “exact” solution of the slow, Poisenille flow past
two spherical bubbles. The influence of surface active agents on the flow is investigated.

1. XUAPOOIUHAMUYHY B3AUMOIENCTBUA U MOIEJUPAHE
HA CYCIIEH3MU X EMYJICHUH

Ilpu nBwxenMe Ha Kallk¥, MEXyP¥ WIM TB'HPAM YACTHMI BbB BUCKO3EH
$GAYUL ChIlecTBYBAT ABa BUAA XMAPOAVHAMUYHM B3aUMOLEHCTBUA — AMPEK-
THO, KOraTO BCAKa YacTuila (TBbpAa Wiy GIyuiHa) cu B3auMomelCTBYBa ChC
.3a00MKaaAmuA GAYMI, ¥ KOCBEHO, KOTaTO YaCTVMIMTE CH B3auMoAelicTByBaT
HOMEXIY CH IIOCPEACTBOM QUuIyMla MexAy TAX. PesyiaraTuTe OT M3cJieIBaHMU-
ATa Ha XNAPOIAMHAMMYHMTE B3aMMOLEHCTBUA Ce NPHJIATAT MHOTO YECTO TIPU
MOJeAVpaHeTO Ha CYCHEH3WM M eMyicun. M3noasysaliku Hampumep IMpEKT-
HOTO B3aMMOJEHCTBHME Ha TBBPAM MM (GJYMIOHN YaCTHULM C BUCKO3€H QJIyHII,
Ca MOJIyYeHM BaXKHM GopMyiH 3a , eheKTUBHUA “ BUCKO3UTET HA pa3peleHUTe
CYCIEH3MM U eMYJICHH.

IIpbe Aitamaita (1, 2] npe3 1906 u 1911 r. npecmeTHa epeKTUBHUA BUC-
KO3WTET Ha Pa3pe]eHM CYCIIeH3MM Ha TBbPAM CHEpUUHM YacTUl (IMCIepCHa
$a3a) B HIOTOHOBa TeYHOCT (HempeKbCHaTa $a3a): :

(11  # = (l + gsO) , ‘
KBJAETO Uy € BUCKO3UTET'HT Ha HeIPeKbCHATaTa (a3a, ¥ — OTHOINEHMETO HA
obema Ha mMCHEPrupaHNTe YacTULM KbM obeMa Ha cycmeHsuara, a u* — Hell-
HUAT edeKTHMBEH BUCKO3UTET.

~ 3a na usBene Ta3su dpopmyia, AiHmaiin Halt-HaIIpe] HaMMpa XMIDOIMHA-
MHYHOTO B3auMojelicTBMe Ha TBBDAA chepwyHa YacCTMIa C TPAAMEHTHO BUC-
KO3HO TeyeHue. W3pbpmieHuTe eKCIepUMEHTAJHM U3MEPBAHUA Ha €(EKTUBHUA
BUCKO3MTET Ha pa3peleHM cycmeHsum [3, 4] nokassar, 4e KoeQUIMERT BT npen
¢ npuema croifmocty ot 1,5 mo 5. o

IIpes 1922 r. IDxeppu [5] m3cnemsa cycreHsus, B KOMTO 3a AMCIIepCHA

q)a.aa, Ca B3€TH €JIMIICOBMIHM UACTHIM. B 3aBMCHMMOCT OT CIMIICOBUIHOCTTA €

a—-=>b b—a
3a NPOABICOBAT U £ =

(m:ne’ro € = 3a CIlJeCHaT eJIHHCOH,ZI) Ha

YacTulmTe To# IIoJiydyaBa 3a ed)ex'rmamm BHUCKO3UTET Ha CYCIIEH3HUATA q)opMy-
Jilata

(1.2) B = po(l+vy),
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KDbAETO V 3aBUCH OT £, T. €. OT F€OMETPUATA Ha eJUIICOMIA.
EdexTUBHUAT BUCKO3KTET Ha CUJIHO pa3pedeHH eMyaciu (ChepUIHM KalTku
OT elHA TEYHOCT B APYTa TEYHOCT) e mpecMerHaT oT Tehasp [6, 7, 8]:

(1.3) L

Tyk p ¥ jI ca BUCKOBNTETHTE ChOTBETHO Ha HOCEINaTa M JUCIepcHaTa da-

. B
3a. Rorato — — o0, or dopmynara Ha Teitnpp ce morydaBa KaTo YacTeH
u

cay4ait opmynaTa Ha Adumabn (1.1), a opu E_, 0, T. e. xoraTo QIYMAHUTE
YacTUIM Ca MeXypu #

(1.4) ‘ # = po(l+ ).

®opmynata (1.3) e usBesena mpu mpeamolioxkenue, e ¢ K 1, m ekc-
NepUMEHTAIHATE U3CIeABaHNA MOKa3BaT, 4e TA AaBa A06py pesyiTaTH Npu
¢ € 0,02. Koraro oGemnaTa KOHLHEHTpau#dA He OTroBapd Ha TOBa yCJOBME,
TpabBa Za ce OTYMIA ¥ KOCBEHOTO XMADOIMHAMMIYIHO B3aMMOJECTBIE MEXKAY
GIyuIHATE YaCTHIM. . :

CmounyxoBcku [9] nbpBu TeopeTHYHO M3C/IelBa CeTUMEHTAIMATA Ha Yac-
THI B HeOTpaHM4Y€eHa TeYHoCT. 3a Ta3W iedl ch3JaBa T. Hap. ,MeTOX Ha OTpa-
KeHUeTo “, ChIACHO KOMTO rpaHUYHUTE YCJIOBUA BBDXY OTIACIHMTE YaCTHULM
ce YyAOBAETBOPABAT IMOCJIENOBaTEIHO €HO ciel npyro. Pusumuecku ,Mero-
I'bT HAa OTPAKEHMETO “ Ce MHTepIpeTHUpa C MOMOINTA Ha NPEANONOKEHNETO, ue
HAKAKBO HAYaJHO CMYINEHME C€ OTpa3fgBa OT IPDAHMIMTE Ha YaCTHLMTE, KaTo
edpeKTBT IpM CAeABAIOTO oTpaskeHwe orciaabpa. IIpum mbpBOTO OTpakeHMe
ce Tpemnojiara, 4eé B CYCIEH3MATa Ce ABWKM CaMO eJHa OT n-Te ChepudHu
YaCTHIM ¥ TPaHNYHOTO YCJIOBUE 33 MoJielBaHe Ce YAOBJETBOPABA CaMO BBDXY
Hess. B pesynTaT Ha TOBa BBH3HMKBA CMYTEHO T€YeHME, KOETO BJINAe Ha BCAKa
oT octaHauTe n — 1 yactuim. IIpM BTOpOTO OTpakeHue T'PAHNYIHOTO yCAOBUE
ce yIOBJIETBODABA CaMO BLPXY edHa oT TAX u T. H. Ilopanu /mmelinoctra Ha
ypaBHeHMATa Ha CTOKC M Ha FPaHMYHUTE yCJIOBUA I'bPBOTO NpUOMKEHNE Ha
pellieHMeTo 3a t-TaTa YaCTUIA ce MoJIydaBa, KaTo ce cbbepaT ,I'bpBUTE OTPa-
KeHUA“ Ha BCUUKU n — | vactmm. TH# KaTo o6MIOTO CHIPOTHBIIEHME, KOETO
M3MMTBAT YacCTMLMTE, Ce pasnpedelis BbPXY BCAKA OT TAX, TO i-TaTa YacTH-
[a M3IMTBa NO-MAJKO ChIPOTHUBIEHME, OTKOJKOTO, aKO € caMa B TeUHOCTITA.
CXOIMMOCTTa Ha ,METOa Ha OTPAKEHUeTo“ He e JOKa3aHa, BLIIPEKH 4e Ce
M3M0J3yBa OT MHOro M3cienopareau. llpunaraiixu ro, Cwmonayxoscku [9] mo-
AydaBa B IWhpBO NpubmbKeHWe 33 CBIPOTUBIEHMETO, KOETO M3MMTBa I'bPBATa
yacTuiia, GopMyaaTa

F =67 aU 1‘—§i1 1+flg
T # 4;’:2” r’.z ,

KBAETO T; € PA3CTOAHMETO MEXIY JacTuimTe 1 M i, T; — NMPOEKIMATa Ha TO-
Ba pascToamMe BBpxXy octa Oz, U — cKOpocTTa Ha €JIHOBPEMEHHO MaJaliuTe
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YaCTHUM U @ — CoJleMWHaTa Ha pamuyca uM. Tbi kato 3HaKBT Ha M3pasa
npex cymara € "—", TO OpH NO-rodaM Gpoit n Ha cPepuTe CHLOPOTHUBICHHUE-
TO, KOETO M3MMTBa BCAKa OT TAX, me 6bae mMaaxo. ToBa o3mayaBa, 4e HpHU
rno-royiaM 6poif Ha chepUUHKUTE YACTUIM CKOPOCITAa MM Ha najaHe mie 6bhe
M0-roJIAMA.

3a na u3BbpmM NpecMATannATa, CMOIYXOBCKMA B3€Ma LIEHTPOBETe Ha, Yac-
THIMTE Ja CHBOANAT C BbPXOBeTe Ha KybudecKa pemeTka. Heka Up e cko-
pocITa Ha CeIMMEHTALMA Ha KOA & € OT n-Te YacTUIM B BesxpaifHa TeYHOCT,
KOraTo HE CH B3aMMOAeHCTBYBa C APDYIUTe YACTHULM, a ! — Pa3CTOAHMETO MEXK-
Ay OBe mpomsBoJHM uacTuim. ToraBa ckopocrTa U Ha ceuMeHTalMA Ha KOf
Ia € OT N-Te YaCTULM, KOraTo Te HnajaT 3aefHO, € paBHa Ha

Uy ;
1+2,6(a/l)
B cBBRynsocT oT wacTumM, ofpasysamm Kybudecka pemeTka, obeM-

(1.5) U=

3
. a
HaTa KOHIEHTDpallA Ha YacCTUIIMTE € paBHa Ha 57!' (T) . C.ne;xoBa,TeJmo

-L; = 0,620/ u popmynara (1.5) Zobusa BUAa

(1.6) U= 1o

Kbraero k ~ 1,6.

Tlpeanonaraiixku, Ye YaCTHIMTE MOTaT C €[Ha M ChIla BEPOATHOCT A4 3a-
€MaT BCUYKM MOJIOKEHUA OKOJIO KOA Ja € OT TAX, Broprepc {10] moayuasa
cpmaTa Gopmyna (1.6), Ho npu k = 6,88.

HuTepecHn peayaTati 3a CKOPOCTTa Ha CEAMMEHTALMA HA YACTHIM B CyC-
neHsua nonyvasa Kuuu {11]. Toi#t pasraexaa nogpoSHO cayyaure Ha IABe M
TPU CHEPUYHM YACTHLM, KaTO IIPaBU KOJMYECTBEHM OLEHKHM M CPABHEHMA C
pe3yaTaTH Ha Apyru uscienoBaTend. CrnopeXx Hero B pe3yaTaTuTe Ha Biop-
repc BAMAHMETO HAa KOHUEHTDALMATA (¢ € 3ABMIIEHO, 32IOTO He Ca OTYeTeHH
epeKTUTE OT MO-BHCOK MODANBK.

WHrepecen MeTox 3a pemaBaHe Ha 3aJa4aTa 3a obTWYaHe Ha cepUUHM
YaCTHUIM, PA3MOJIOMEHH B'bB B'bPXOBETE Ha NMPaBOBI'bJHA peleTKa, IpeAiara
Xacumoto [12]. IIpaBobIbiHATA HEPHOMUYHA CTPYKTYPA CE CHCTOK OT IOC-
JIeXOBATENHO MOBTAPAIIY Ce NPABObI'bIHM Napajellenue i, oOnpeaejeH OT

' TPY He3aBUCHMMU BEKTOPa G 1, @32, @ 3. AKo ce u3bepe KoopIMHATHA CUCTEMA
C Ha4aJjlo B €[MH OT LEHTPOBeTe (Bb3NUTE) Ha YaCTHALMTE, PaIAYyC-BEKTOPBT
T'n HAa HEHTHpPa Ha KOS Ha € OT OCTAHAJATE YACTHMIM IIE Ce ONpPEEeNf OT
PaBEHCTBOTO
— . — —_— —
Tn=n1a1+tnzaz+n3as,
KBIETO Ny, Ny, ng = 0, +1, £2, £3,
XacuMOTO mpeaJara OPHTMHAJHA WAes — YaCTUIMTE N3 C€ 3aMEHAT C
KOHIIEHTPUpPaHH (TOYKOBHM) CHMJM, AeiiCTBYBallM B IieHTpoBeTe MM. IIpm Moze-
JIMpaHeTo Ha TeUeHneTo Tol Moamduumpa ypaBHeHuATa Ha Croke, AobaBsiiku
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HOB 4J€H, KoliTO omMcBa CUAM. Ha peakumy, ,IleﬁCTByBa.HIM BBB BCUYKM BL3JM -
Ha pemeTKaTa. Taka ce nonxydaBaT ypaBHCHUATA

17 AV =V+F (T3 Y e(7-7.)), vV=o

ni1 N2 N3

KBAETO T € Pad¥yC-BeKTODBT HAa IPOM3BOJHA TOUKA OT TEYHOCTTa U (YHK-
mmaTa Ha Jupak ce 3aJaBa Mo OOMKHOBEHUA Ha9MH

—
D fo(F-Fa)ar=g, T InET
J ‘ 0 npu T,¢T;
2) 6 ("?—7"’,,) =0 npu F#£ 7,
3a MpoM3BOJieH obeM T.

3a na HaMepu pemeHuATa Ha ypabBHeHumaTa (1.7), XacuMoTo THpcH CKo-
pOCTTa ¥ HAJACaHETO B'bB BUJA Ha (ypHMepoB pex C TPOMHO pasiiaraHe

V=3 Y3 Voexp|-2ri (F+7))].

n; na n3

=LY Frew |-2mi (F 47|

n; nz na

— .
Tyk k Moxe 1a ce pasriexia KaTo paiguyc-BEeKTOD Ha B3aMMHA pelieTka C

e .
HOBU Ba3sucHM BekTopu b1, ba, b3, 33 KOWTO ca U3MBLAHEHW PaBEHCTBATA

* ='n1—b_’1 + nz—g)z + na?a, —’?-71' = n,

KpaeTo t =1, 2, 3.

Karo ce samensaT napasure 3a 7 u Vp B ypasHenusaTa (1.7), ce moayuaBa -
CUCTEMA YDAaBHEHWA OTHOCHO KOMIIOHERTHATE Ha BEKTODHUTE _17,, u ?,,, KOMTO
MOraT Aa Ce HaMepAT B'bB QYHKINA Ha HEU3BECTHATa CUIa F. 3a Ra ompenean

— ‘
F, XacnmoTO MOCTaB#A U3UCKBARHETO cpelsaTa CKOPOCT BBPXY NOBbPXHOCTTA
Ha cpepruynuTe YacTUIM Ja O'ble paBHA Ha Hy’a, T. €.

— 1 —
(V):W//Vds,

" rnnonydansa

6rpal 3
1. F=_—2THY L0
(18) 17601573 T O
KbIETO ¢ e oGeMHaTa KOHIeHTpPalMA Ha dyacTuimre, a U — CKOpOCTTa Ha

¢unTparma Ha TedeHmero. Tpit kato (1.8) MoXke Ha ce 3amviue ¥ BB BAAA

F = 6mpal (1+176010'°) +0 (6°)
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3a CKOPOCTTa Ha CeAUMMEHTAUMA Ha YacTUUM, ob6pa3yBaimu KyOuuecka pewier-
Ka, ce NMoJy4aBa '
v _ 1
.Up 14 1,7601p1/3

IIle 06bpHEeM BHMMaHMe, Ue TO3M De3yJTaT MOXe Ka Ce M3n0n3y3a caMo 3a
CHMJIHO pa3pelieHH CYCHeH3UHM.

IIpu ompenenfne Ha BUCKO3UTETa Ha KOHIIEHTDUDPAHM CYCHEH3MM e Heob-
XOAMMO 13 Ce OTYMTa He CaMO XUIAPOAMHAMUYHOTO B3auMoleliCTBHe MEXIY
. YaCTHUIMTE, HO ¥ TAXHATA DOTalMs, B3aMMHM yaapu, obpasyBaHe Ha nybiaeTn
U no-cioxuu koupurypawmm. Hal-roxsMaTa TPYIOHOCT IPH MOJAeIMpaHETO Ha
[MO-KOHAEH3MPAHUTE CYCIIEH3UM e, HYe ciaydaiinaTa UM CTPYKTYpa He MOXKe [a
6be ONMMCaHa ITOCPEACTBOM MPOCT MOJEI. :

B MHOro eKcriepUMEHTAJHA M TE€OPETHUYHM WU3CAEABAHUA 3aBUCHMOCTTA
MeXLY eheKTMBHMA BUCKO3MTeT M obeMHaTa KOHIEHTDallMA Ha HacTUIMTE Ce
IpeacTaBA Upe3 CJEOHUA CTENeHeH pel:

* f

p——-—: 1+k1ga+k2<p2:tk3§03:i:--~

3a mbpBaTa KOHCTAHTA ki Ce IprMeMa CTOMHOCTTA, mojxydeHa oT AMHmalH —
5 _.
k= 3 Kato mM3noasysaT MeTona Ha OTPaXKeHMETO, B KOWTO ce mpeamoJara,

4e JOI'bJIHWTEIHOTO TeYEHNE OKOJIO BTOpaTa cdepa ce KOMIIEHCHpPa OT CMyIie-
HUATa B TEYEHHETO OKOJO mbpBara cpepa, I'yr u Cumxa [13] noayuasar 3a
BTOpaTa KOHCTaHTa ko = 14,1. MskmiouBaitku edexTa Ha 3aeMaHUA OT YaCTH-
mure o6em, Caltto [14] nonyuasa ky = 12,6. ITo-n06po oTunTane Ha epekTHTE
Ha B3auMoeiicTBue moaydaBa Bawz [15], kato orunra o6pasyBaHeTo Ha XyO-
aerute. 3a obeMHM KOHUEHTpalwH, Ho-rodemu ot 0,15 mo 0,20, orpaspaneTo
Ha CTENeHHMA pel clie] WileHa ¢ ¢° Boamu no rpemxu Hax 10%. Brmousanero
Ha WieHa C ¢° NaBa B'b3MOXHOCT & C€ Pa3UIMPM BaJMAHOCTTA HA CTEINEHHUA
pex a0 ¢ = 0,40. Mouu [16] npexnara aa ce usnonsysa popmynaTa
B
— = exp [2,5(1 — azp)],

Ho
KBAETO KOHCTaHTaTa dg CE€ ONpelelid 0T eKkcnepuMeHTa. KaTo u3xoxaa oT
MoJZiesla, OCHOBAaBaIl ce Ha KyOWUHO HapeAeHM YacCTHIM, M oT dakTa, 4e IpH
ZIOTMpPAmM ce CHepUIHN YACTHIM OTHOCUTENHATA BUCKO3HOCT TPA6Ba fa KIOHN
KbM Besxpaiinoct, MoHu npennara 3a ap CTOUHOCTH, OTTOBAPAINM Ha yCJIOBH-
- ero 1,35 < az < 1,91.

Kpaiiuuar pa3Mep Ha YaCTHUIMTE MDY NO-KOHIIEHTPUPAHN CYCIIEH3UU npetm
Ha IeHTpaJHaTa YacTMla Aa B3aUMOAEACTBYBa C HO-OTHaJeYeHHTe. 3aTOBa
edeKThT Ha €KpaHMpaHe PeAylLMpa pe3yJiTaTa, IIOJYyUeH IIPU 3aMeCTBaHe Ha
YACTMIIMTE C MaTepUAaNHM TOUKd., KaTto orumra ToBa, Cumxa [17] moaydasa
3a paspelieHy CYCHeHsM d)opmyna’ra

u* . 2bp
E - 1+ 2,56 (1+——-),
B 413
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KbaeTo 1 < f < 2. ‘

B [18] ce 06ppbma BHMMaHKE Ha BaXKHOCTTa HA Pa3Mepa Ha YaCTUIMTE. 3a
YACTHIMA C MaMeThp, o-MaibK oT 1 o 10 MUKpOHa, 3aII0uBaT Ja AEACTBYBAT
KOJIOWAHO-XUMUYHMATE CUJIM, KOUTO Ca NPWYMHA 33 HEHIOTOHOBOTO TOBeJcHUE
Ha CycneHsuuTe. B pesynTaT Ha TOBa OTHOCHUTENHATa BMCKO3HOCT pacTe C
HaMaJjigBaHe pa3MepUTe Ha YaCTHIMTE ¥ HaMallABa C PACTEHETO Ha MHTEH3U-
TeTa Ha IPAAMEHTHOTO TeYeHHe. 3a YacCTUIM C AMaMeThp, Ho-ToaaM oT 1
ao 10 MuKpOHa, yBeJIM4YaBaHeETO HAa AWaMETbPa HAa YaCTULMATE M BbPTEHETO
MM BOJAT IO IHONBJHWTENHO yBeAWYaBaHe Ha AMCUITALMATA Ha €HEeprusATa Ha
OTHOCHMTEJIHUA BUCKO3HUTET. A .

CobmiecTByBaT ABa HaUMHA 33 TEOPETMYHO OIMCAHWE Ha AadeH MaTepHal
B 3aBHCHMOCT OT JiMHedHuA Mamab, B KOHTO ce U3BbPIIBAT U3CJACABAHNATA:

a) MaKpOCKOIMMUYEH, B KONTO MaTepUaJbT Ce PasrierKia KaTo CIOMKHA, HO
XOMOreHHa HelpeKbCHAaTa Ccpela;

6) MHUKPOCKOIIMYEH, B KOKTO MaTepualbT ce NPeAloara, e € CbCTaBeH
OT IMCKPETHM YaCTHIM, KOUTO Ce ABWKAT TPAHCIAUMOHHO M POTAIMOHHO, Ae-
dopMHUPAT Cce U B3aMMOAEHCTBYBAT NIOMEXKAY CH.

CycneHsuure ca JIMCHEDPCHA CpPeau, IPEACTABIABAINM CMeC OT IBE XOMO-
rexnn cpemu. Ilpu TeunuTe cycnensum eqHaTa oT cpeauTe ((pasure) e Teuna,
a Zpyrara — 4acTHIM (BKIIOYBAHUA), KOMTO MOTAT Aa 6baT TBBPIM, TEYHA
niu razoobpa3Hu.

MHoro 0T MakKpOCKONWYHMATE CBOMCTBA Ha AMCHEPCHMTE CPeIy MoraT A2
ce mpenckasBaT TeoperuuHo. Takuea ca HampuMep T. Hap: IIPEHOCHM CBOIMC-
TBa. Te XapaKTepM3upaT CHOCOBHOCTTA Ha AMCIEPCHATa CHCTEMa KaTo IAJIO
Aa NpeHAacH TOIJIMHA, MOMEHT Ha KOJUYECTBO ABIWKEHHE M JAp. IIOJ BIUAHME
Ha IPagMeHTUTE Ha Te3M BEJINUMHM B pasriexkJaHaTa cpeja.

IlTe or6enexum, ye BHIPEKH rojieMUA 6poit CTaTUM, IOCEETEHN Ha M3CIed-
BaHETO Ha JMCIIEPCHUTE CPEOM, KOCEra Ca MPeIOKEHU CTPOrM HEEBPUCTUYIHU
TEOpMM CaMoO 3a pa3pelAeHMTe cycneH3uu. W3yepnaTenuu cBefeHud 3a M3cC-
neaBanuATa A0 1974 r. ca naneHn B o63opure Ha Bperep [19, 20, 21] u Kokc
u Bpenep [22].

3aMeHANKN NpUGIMKEHO BAMAHUETO Ha ChCEJHWTE YACTMIM BBPXY IpPO-
M3BOJIHO B3€Ta YacCTHla C AefiCTBMETO Ha KOHIEHTPUPAHHU (,, TOUKOBH“) CUIIH,
neficTByBamm B TeXHUTE HeHTpoBe, Xacumoro [12] moayvasa ciemiata pop-
MYyJ#a 33 PeAYKIMATA Ha CKOPOCTTA HPH CeIVMEHTAIMA:

(1.9) AU—f = 1,76¢/3,

kbaero AU = Up — U, Up e ycraHoBenaTa (TepMUHANHATA) CKOPOCT Ha €IM-
HWYH3 YacTHla, JBIDKEIa ce MoA Ae#CcTBMETO HA CHIaTa Ha TexecTTa i, a U
— cpeAHaTa CKOPOCT Ha CEIMMEHTAlLMA Ha YACTHIATE OT CYCHEH3MATA.

. TeopeTwuruTe pe3yJsiTaTH 3a HpecMATaHe Ha €DEKTUBHUA BHCKO3UTET Ha
CYCHeH3MM Ha TBBPAM CPepHUYHM YaCTHLM, Ha TB'BPAN CHEepOMIAIHM YaCTHIM
¥ Ha chepUuHU (IAYUIHU YACTHIM Ce OTHACAT 3a CJydad, KOraTo B3auMoelc-
TBMETO MeXIy YacCTUIMTE MOXKe Ja ce npeHebperHe, T. €. PU CHJIHO pa3penae-
HU CyCHEH3UM, IIPH KOMTO JUCIepCHaTa (a3a 3aeMa CaMO HAKOJIKO MIPOLEHTa
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or obeMma Ha cycmeHsuaTa. lIpakTukarta ofaye M3MCKBa C'h3AaBaHeTO i Ha
MOAEIM, OTHACAINM Ce 3a CYCHEH3WM C [O-FoJieMd KoHUeHTpamuu. Takss e
,KIeTBIHUAT Mozen“, npenoxker ot Cumxa [23], a cien ToBa Momu¢uIwIpaH
ot Xamnen [24, 25], Kysa6apa [26] u ap. OcHoBHO mpeMIoIoxeHNe HA , Kile-
THYHUA MOJeI® e, ue JelicTBUeTO Ha AajeHa YacCTUIa OT CYCIIEH3MATA BbPXY
oCTaHAIUTe YaCTUIM Ha Te4eHMEeTO MOXKe Ia Ce JIOKAJIU3Mpa BbTPE B KJET-
Ka, ChIBbP/Kalla YacTUIaTa ¥ MMallla BLHIOHA I'PaHMLA C OAXOAAMO M36paHo
FPaHMYHO yCJOBMe BbpXy Hed. Koraro BBHIIHATa I'DaHMOA Ha KjeTKaTa €
chepa, HEMHUAT pajMyC ce B3ema paBeH Ha ap~'/3. KoepumenrsT Ha mpo-
HOpUMOHAMHOCT BbB popMyiaTa Ha Kysabapa [26]
(1.10) . AU 1,62p1/3

Uo
ce pa3iaMuaBa 0T ChOTBETHUA KoepuUimeHT BB popmynaTa Ha ['an-Op u Bac-
a0 [27]
(1.12) av_ 1,503

Uo

i d

Ipu cexuMenTaimaA Ha Kanmku B TeudocT ['an—Op m Bacao [27] momyuaBat
ciemHaTa no-obma ¢popmMyna:

3
1+-A .
AU 2 sy E
Us 1+ ’ B

Ille oT6enesxuM, ue 3a Apyra BbHIIHA FPaHMLA Ha KIETKATa (LMANHIPHY-
Ha, Ky6W4Ha ¥ Ap.) WM APYLU FPAHNYHM YCJOBUSA B'BPXY Hed KOeQUUMEHTBT
Ha TIpoMopuMoHadHocT npu ¢~ /3 mpomens romemmmara cu. Toba moka3ssa,
Ye 3HAUYMTENHWTE ONPOCTABAHMA HA MPECMATAHUATA NPH , KIETHYHAA MoJed
CTaBaT 3a CMETKa Ha TOYHOCTTA Ha pe3ysTaTuTe.

Bpunkmba [28] npuema, e BANAHUETO Ha BCUYKM YacCTHAIM BbPXY AaAeHa
YacTUIA MOXeE Ja ce MOAENMpA C BAWAHMETO, KOETO M3NMTBa pa3riexIaHaTa
YacTuia IpHU ABWKEHMETO U B mopecTa cpeda ¢ (peHOMEHOJOTHYHM KOoe(HUIM-
€HTH, 3aBHCECIIIM OT obeMHaTa KOHICHTpaluA ¥ Ha CYCHEH3HMATA. V

IIpes 1947 r. upes 103U noaxon BpuHkMEBH nmojiydaBa Qopmysa 3a yc-
peAHEHOTO B'b3JeficTBUe, KOETO OKa3Ba JajleHa YacTuIa, IpeMMUHaBalla Ipe3
caoit 0T MHOTO HENMOABMKHM dacTumy. WiaeuTe Ha TO3M IOAXOXM MOJy4YaBaT
HO-HATaT'hIIHO pa3puTHe B paborure Ha Tom [29], Jlyuapen [30], Unnapec
[31], Xaynec [32] u na Byesuu u chrpymumm [33]-[36].

B paBoture oT ToBa HampaBieHME OCHOBHUAT pe3yiTaT NPU OlpedeisHe
CKODOCTTa Ha CeIMMEHTALUA €

Ty ~ 2

Ta3mu popmyaa e o6obmena npe3 1977 r. or Cupkap [37] 3a eMynicus, B KoATO
GAYNIHATE YaCTHLM MMAT Pa3iIdyHU PaguyCH.

(1.12) AU _ 3—[3¢1/2.
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BaxHO NpeANosoKeH!e P MPHIAraHeTo HA TO3M MOLXOJ €, de MoBede-
HMETO Ha, KaleHa MMKDOYACTHIA Ce BJUAE€ MaKPOCKOIMYHO IPHU o6TUJIaHETO
¥ OT TeuYeHMeTO B IIOPeCTaTa CPela, ChCTOANA Ce CHUIO OT MMUKPOYACTHI.
Topa e HegOCTATHK Ha TO3M IOAXOX, 3alOTO M3JM3A, Ye MOXKE da HaMEePUM
IIOBEA€HMETO Ha JadcHa MOJICKYJ1a B TCYCHMEC Ha TC€YHOCT, CbCTOAINA CE€ OT IO~
n0o6HM MOJIEKYIM, KaTO DellMM ypPaBHEeHMATA, OIMCBAllM OBTHYAHETO Ha Ta3d
MOJIEKYJIa OT C'BIDOTO TEYEHHE.

lle orbesnexxum, Ye M3NOA3yBaHETO Ha METOAMTE Ha CaMOCBHIJIACYBaHO-
TO NoJie JaBa B’h3MOKHOCT BBIIPEKM HAIPaBEHATAa [HO-TOpe 3abelexKa La ce
MOJIeJIMPAT CYCHeH3uu ¢ obeMHa KOHIeHTpaimsa Ha yactuimre 30-40%.

B T. Hap. CTaTMCTUYECKH HDOAXOJ Ce NMpeanojara, 4e CyCIeH3UATa € CTa-
TUCTUYECKM XOMOT€HHa cpelia, T. €. Ye YaCTUIUTE Ce ABMKaT CBOGOIHO U IeH-
TPOBETE MM MOTAT [a 3ae€MaT CTATUCTUYECKM IIPOM3BOJIHO MACTO B HOCemaTa
TeunocT. ToBa o3HauaBa, Ye MHOroOpoMHMTe HacTUIM Ha CyCIIeH3MATa Ca
Pa3NoJIOKEeHH XaOTUYHO (HEMOAPENEHO) B HOCENMATa TEYHOCT M MMa CMUCHI
caMO CTATUCTHMYECKO ONMCAaHMe Ha DaslNojoeHMeTo mMm. Waciaenpaimara B
TOBa HaIllpaBJjieHMe 3aiouBaT oT Bioprepc [10]. Toif usnonsysa muHaMudHO
onpejeseHNe Ha BUCKOZHOCTTA IIOCPEACTBOM HAIIPEXKEHMETO, BMECTO Jja Ce 0C- °
HOBaBa Ha IUCHIIaIMATA Ha €HePIHATa, KaKTO NpaBu AMHmANH.

W3cnenpaiixn cejUMeHTAUMATa Ha cilydalHO paslpelelleHMe Ha “aCTULU-
Te B cycnensus, Bioprepc [10] u ITion u Pukcmbr [38] nonyuasat, ue cpeaso-
TO OTHOCHMTEJHO M3MEHEHME Ha CKODOCTTa Ha IafaHe € IPONODPIMOHANHO Ha @,
KO€TO Ce pa3Ju4aBa 3HauuTesHO oT dpopmyuwmre (1.9)-(1.13), noayuenu npu
IPEANOJIOKEHNE, Y& HACTUIUTE Ca MOAPEedeH! PEryIAPHO WM e Ce U3I0J3Y-
Ba , KIeT'hYHUAT MoJea“. 3a CKOPOCTTa Ha CeAUMEHTALMAA Ha CYCII€H3MS OT
eIHaXBM TBBbDMM yacTum Batuenop [39, 40] noayyasa dopmynata
(1.13) av = 6,55¢.

Uo

Bamonasp [41] o6obmasa u3ciensammara Ha BaTuemop 3a cayuad Ha
cycneHsuaA (eMyJICHA) 0T eZHAKBU CePUMHN KallKi, HO AOIYCKa I'pellika, Kof-
TO e Kopurupaka B paboraTta Ha Xabep u Xercpoun [42].

B [43] Ca¢mbH npaBy mbieH aHaAM3 Ha Pa3iIMKUTE Ha CTEIIEHUTE Ha KOH-
HeHTpalmATa ¢ BB dpopmyamre (1.9)-(1.13).

Hpyr meToxn 3a M3cilefBaHe Ha CyCIeH3unTe Ipeaiarat npes 1959 r. Jag-
nay u JInpmuu [44]. Ha Mukpo- (Monexysnmo) paBHMINe CyCHeH3MHTe MMAT
X€eTEepOreHeH C'hCTaB M HECTAIMOHADHO ABIDKEHME Ha MOJIEKYJHTE. 3a Ha ce
[0JIy4aT MaKpPOCKONWYHY XapaKTePUCTUKMA Ha CYCIIEH3MATA, € HeobXoauMo 12
Ce U3M0J3yBa HAKaKbLB BUA ycpeaHsABaHe. KaTo usmoasysat oGeMHO ycpea-
HABaHe, Jlangay u Jludmun moxassat, ye 06€MHOTO yCpelHEHO HallpeXKeHMe
B CYCHEH3MA, ChABDXKallla MHOI'0 YaCTHUUM, € PaBHO Ha HAllPpEXKEHHETO, yC-
peAHeHO B rojsaMm obeMm Ha enHa eIMHCTBEHa TecToBa (IpobHa) YacTula OT
CyCIIEH3MATa, HaMHpalla ce BbTpe B Hero. ToBa o3HauyaBa, Ue CpPeAHOTO B
AajeH obeM HalpeXeHMe Ha CYCIEH3MATa MOXKe Ha ce npeCMeTHe 6e3 ma ce
3HAAT HAIPEKEHUATA BbTPE B YACTUIUTE.
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KOHCTUTYTHMBHOTO ypaBHEeHHe Ha CyCHEH3UATa U IPH TO3M METOX Ce Moay-
YyaBa, KaTO Ce 3allMIIe 3aBUCHMOCTTa MEXIAy yCpeAHEeHUA TeH30D Ha Hallpeke-
HMATA U yCPeNHEeHWA TEH30p Ha CKOPOCTTa Ha AepopmammsaTa. 3a CBKATeHAEe
ofade mpM TO3M MOAXOA (KaKTO ¥ NPY MOAXOAa Ha AiHmIaiiH) ce NOABABAT
VHTErpaJii, KOUTO He ca aBCOMIOTHO CXOIAIIM.

Ilerepcou u PuxcmbH [45] usnoasysar Meroaa Ha Jlannay u Jludmmn, 3a
ha IpecMeTHAT XiofireHcoBua koeduumenT Ky, mosBssam ce B pa,3narane1~o
Ha edeKTUBHATa BUCKO3HOCT

5 5\? ,
p=po |l+gp+Ka{g) ¢+

IIpu Te3u M3cienBaHUA Te 3a 'bPBU I'bT OCH3HABAT TPYAHOCTUTE, CBBP3aHM C
nmicaTa Ha aBCcoJIIOTHA CXOAMMOCT Ha MHTErpaJy, U IpeajaaraT HauMH 3a TAX-
HOTO mpeofoJseaHe. llopaay He CbBCEM ACHOTO U3ioxKeHUe obaue paboTarta
[45] He monyuaBa HyXKHOTO IpM3HAHME B Hay4HATa JIMTEPATypa. ‘

CucTeMaTH9eH [MOAXOM 3a I'bJHO NPEOHOJABAHE HAa TPYAHOCTHTE, CBBP-
3aHM C IoABaTa Ha HeaBCONIOTHO CXOIAIKM MHTErpalld IpHM NpecMATaHE Ha
eQeKTMBHMA KoeUIMEHT Ha BMCKO3HOCTTa Ha CyclleH3uMTe, XaBa Batdenop
[39, 40] [46, 47]. Karto o606masa noaxona Ha Jlarmay u Jludnmm, Toit pas-
pabBoTBa MOUIHM METOMM B TEOPUATA Ha CyClleH3WuTe. B ciy4as Ha chepuyuHu
vacTimim Bartuesnop u I'pun [46, 47] u3pbpmBaT BCECTPAHEH aHAJIU3 HA B3a-
uMoZeicTBUEeTo Ha JaCTHMIWTE, B3ETH IO ABOHKM, U Ha II'BTHOCTTa Ha (QYHK-
IMAT2 Ha BEPOATHOCTHOTO pa3lpelelleHMe Ha Pa3CTOAHMATA MeXAY chepure.
3a mpecMATaHe Ha ePEKTUBHMA KOSPUIMEHT HA BUCKO3HOCT Te IpejaraT Ha-
YMH, HOCPELCTBOM KOMTO ce M36ArBaT TPyHHOCTHTE, CBBP3aHM C IoABaTa Ha
HeabCoMOTHO CXOMMIM MHTerpaiu. C TOUHOCT 4o BTopu MopaxbK O(p?) Te
foJIydyaBaT U3BECTHaTa GopMyiia

. 5
1= po (1+-2-<P+7,6902).

OcBeH 3a TOYHOTO NpecMATaHe Ha XiolreHcoBua KoepmmeHnT Ky moaxo-
AT Ha Baruenop [48] e msnoasysar u.3a pemaBaHe Ha APYTM npobiaemm
B TeOpMATa Ha CyCleH3uuTe — ceauMeHtaima [40], Hammpane Ha oGeMHuMTe
MaKPOCKOMWYHM CBOMCTBA Ha CYCNEH3MM C'hC CHJIHO yIbJDKeHM yacTuim [49],
XMIpPOAMHAMUYHO B3auMojelicTBue Ha 6payHosu yacTemm [50] u ap.

Bes npeyBeandyeHne MoXKe 4a Ce TB'bDIM, Ue MPOrPec’hT B M3CIEABAHETO
Ha cycneHsuuTe ciex 1970 r. e IpAKO CBBbP3aH C MOCIEAOBATENHOTO M3MOA3Y-
BaHe Ha MOAXOJa Ha T. Hap. ,yCpeAHABaHe o aHcaMGBba“ wim ,aHcaMbiI0BO
ycpelHaBaHe “, M3NoA3yBaHo Hali-Hallpell B TEOPHMATAa Ha CyCHEH3MHTe oT Xa-

muH [51] n Ba.qunop [39].

Ilpyro HanpaBiieHMe B PEOJIOTHATA Ha AUCIHEPCHUTE CHCTEMM Ca M3clel-
BaHMATA, CBbP3aHN C HEHIOTOHOBUTE CBOMCTBA Ha TedalluTe CYClNEeH3UH — 3a-
BHCHUMOCT Ha BUCKOSUTETa 0T TE€H30Pa Ha CKOPOCTTa Ha AedopMaluATa, edek-
TUTe Ha peNlaKCalMA M JAp., KOMTO Bb3HMKBAT AOPH IPH MaJKHM CTOMHOCTH
Ha ofbeMHaTa KOHIEHTpauMA. Te3u cBoMCTBa Ha CYCHEH3UMTE Ca M3CJIeIBAHU
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ot Ibxeppu [5] — 3a emvmcommu, Onxpma [52, 53] — 3a Tewrmt kausm, To-
napa u Musep [54] u Pocku [55] -— 3a enactuuanu cdepu, Batuemop [56] —
3a yOB/DKEHM TBBpM dacTiim. Ilpu Tesm uscacasanms auHeiinuar mamab
Ha OBIDKEHMETO Ha CYCIEH3KATa € MHOI'C IIO-TOJIAM OT pa3Mepa Ha YacCTHIM-
Te. 3aToBa CYCHEH3MATAa MOXe A2 Ce PasTiexha KaTo HempeKbCHaTa Cpela,
UMITO MaKPOCKOIIMYHM CBOMCTBa Ce IOJydaBaT NOCPEACTBOM aHcaMBiI0BO yc-
pelHABaHEe Ha CHOTBETHUTE MUKDPOCKONMUAY Bejimuuau. Clrel moayyaBaHe Ha
- AeTafIHOTO I0JIe OKOJIO BCAKA YACTHLA € B'b3MOKHO M0Jy4YaBaHeTo Ha PeoJIo-
THYHO ypaBHEHUE HA CHCTOAHMETO, T. €. Ha QYHKIMOHAIHA 3aBHCUMOCT MEXKIY
HAIIPEKEHMETO ¥ CHOTBETHUTE PUINIHM BeJnmauad. To3M moxXxox ch3zasa Ce-
P¥O3HM TDYJAHOCTH, 3aIl0TO HaMHPAaHETO Ha KapTHHATA Ha TEeYCHMETO OKOJIO
BCAKa YaCTHULUA € MOYTY HEB'B3MOXKHO. 3aToBa 33 IpemiouMTaHe € HojAy4da-
BaHeTO Ha N0-00Ila 3aBUCHMOCT MEXIY HAIPEXKEHUETO ¥ AedopMallMsTa —
HalpyuMep ypaBHeHuero Ha Pusnun—Epukceh [57], ypasuenuero na Onapua
[58], ypaBrennero na Xauz [59] u xp.

Iocera BzaumozelicTBHeTO MEXAY PEOJOrMATa Ha CyCHEH3WATe U (ero-
MEHOJIOTUYHMUTE TeOpUM € TBBpAe clalo, HO MOXKe Aa ce IMpeanojara, 4e B
6baeme me ce yseanun. KisBecTHu HaZexau 3a ToBa aAasaT paBorure Ha [op-
abH ¥ Hloyontsp [60] u Xann [61]. CpasHaBafiku HAKOM PEHOMEHONOTUUHM
YPaBHEHMA C'bC 3aBUC/AMOCTUTE MEeXKIY HalperKeHMeTo U ZedopMalmaTa, XaH
[I0Ka3Ba, Ue YCPEAHEHOTO HalpeeHWe Ha pa3peleHM CYCHEH3UM Ha TB'bPIM
€JIMIICONIM, eJACTUYHU CPepU U TEeUHM KallKM yHOBJETBOPABA IIPeI0KEHOTO
0T Hero $peHOMEHOJIOTHYHO KOHCTUTYTUBHO ypaBHEHNMeE.

Uacnempanuara na Teltnnp [6, 7] 32 Moxe/mpane Ha cycnensuy (eMyacun)
C T€YHM KalKu ca npoabikenu oT lloyoarsp, Yadu n Bpenep [62] u Ppan-
kba 1 Axpusoc [63]. Karto usnonsysaT MeTona Ha peryaspHMTe pasjaraHud,
®paskba M AKPUBOC pelNaBaT XMAPOAMHAMUYHATA 3a7ava 33 obTUUYaHE Ha
debopMupyema GaymAHa YacTULa OT CpajMeHTeH MOTOK M Upe3 HOAXOHAa Ha
Baruenop [39] mpecMATaT ycpeaHeHOTO Hanpe)XeHHe Ha emy.ncmu‘a " edek-
TUBHMA M BUCKO3UTET.

Pesynrature na ®panksa u Axpmsoc [63] ca pasmupenu or Baprn-Bu-
cea u Axpusoc [64] mpm oTuMTaHe HedopMAaIMATE Ha KalKUTE OT [O-BHCOK
pea. HalpaBeHMAT OT TAX aHaJWU3 Ha PEOJIOTMATA Ha Pa3PeheHH eMYJICHHM OT
AepopMupyeMu GIyMIHM YACTULM UM MO3BOJIABA Ja IOJYYAT JABE pPa3iIMuHMA
MHOXECTBa OT yPaBHEHWA — ypaBHEHMe, CBbp3BAlll0 HAllpEKEHUETO X CKO- -
pocTTa Ha AeopMalumMATa IIOCPEACTBOM U3pa3, KOMTO ONMCBA roJeMUHATA Ha
AHM3OTPOIMATA, ¥ MHOXKECTBO OT AMPEpeHIMA HA yDPaBHEHNHA, Moeavpamy
M3MEHEHMEeTO Ha AHM30TPONKATA KaTo (QYHKIMA Ha BDPEMETO M CKODOCITa Ha
Aepopmaimara. Ille or6emexxum, ye BCUUKU usieHOBE, YUacTBYBAIIK BBB de-
HOMEHOJIOTMYHOTO ypaBHenue Ha XaHX [61], Bb3HMKBAT [0 €CTeCTBEH HAUMH
U B pasriiefaHus npobiaem or ®pamxwa u AxpuBoc [63]. IIpu ToBa paspe-
AeHWTe eMyJICHM TpAbGBa Aa ce pasrjeXmaT KaIo ,NCeBR0-aHU3OTPOMUYEH “
¢ayus, 3amoTo TAXHATA AHM3OTPONMMA Ce ABJDKM Ha ABiDKeHmero. OT ToBa
clelBa, Ye TAXHOTO KOHCTHUTYTMBHO ypaBHeHue TpPAGBa Ja ce PeAyLMPa KbM
HEHIOTOHOBMA ,, IIpOCT dhuryua“.
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ITonoBHO € MOJOMKEHNeTO U C pa3peleHnTe CYCMEeHsNy OT eJacTUYHM cde-
pu, usciensanm oT Logapa u Munep [54] -— Te chmto ca’, NCEBAC-AaHU30T YOI~
HM, 3aIM0TO AHU30TPOIUATA MM Ce MOABABA CAMO IPM IBWKEHH: Ha CYCIEH-
3UATA. :

Y paBrenMeTo, moaydeHo or Xauz [59] nmpes 1961 r. 3a cycrensus c enun-
COBMIHM TB'bPAM YacTHiM, npe3 1970 r. e monyveno ot Baruenop [39] nocpen-
CTBOM 116-0611 ¥ T10-ebeKTUBEH MOAX0A. Ype3 TO3M MOAXOJ CPemHOTO (Mak-
POCKOTIMYHOTO) HaIpeKeHUe ce NMPEeCMATA KaTo , yCPeAHeHo Mo aHcaMbbia Ha
KOHQUI'Yy palMUTE “ MUKPOCKONIMUYHO HallpeXeH!e BhbPXy Pelpe3eHTaTUBeH 06eM
V, ceabpxam N yactumm. Taka ce monydasa

, 4Ty
Ty = —pbij + 2peij + > Sis,

KbAETO CyMUpaHeTo o6XBallla BCHUKM YacTUIM ¥ S;; € HalpEKeHMeTo, Bb3-
HUKHAJO OT HaJAUMETO UM B CYCHEH3MATA.

B noBeyero oT myGIMKyBaHMTE HOCEra U3CIEIBAHUA BBHPXY CYCIEH3UUTE
MHEDUMOHHUTE CUIIM ce NpeHeBpersat, T. €. M3NOJI3YBAT Ce YPaBHEHWATa Ha
Croxc. ITocpeacTBoM MeToAa 3a CpacTBaHe Ha aCHMITOTUYHWTE Da3jaraHus
Jlyn, Mepu u loyonrsp [65] B3 ocHOBa Ha ypaBHuenuara Ha Hapue—Crokc
[pU MaJKM Yuciaa Ha PeiiHonic pemaBaT npubiamkeHo 3ajadara 3a obruva-
He Ha CyCIeHIMpaHa B'bB BHUCKO3eH $ayun chepa ¥ [OJyuyaBaT KapTHHA Ha
TedeHMeTOo, KOATO He € CUMETPUUHAa OTHOCHO YacTHIaTa Mopalu LeiACTBUETO
Ha MHEDUMOHHMTe Cuiu. ToBa BOAM O aHM30TpONMA B TeYalla pa3peleHa
CYCIIEH3UA OT TB'LPIAYU CHEePUYHM YACTUIM B yCHOBUATA HA PA3jIMYHO OT HYHda
uyciao Ha PelHonac. 3aToBa mpM MOXEAMPaHETO Ha TaKbB BHMA TeYallu Cyc-
IeH3uM e HeoGXo Mo Ja ce M3noasysa o600ineHo ypapHeHne Ha XaHKA, KOETO
Aa BKIIOUBA TEH30D C IO-BUCOK OT BTODM paHr. HampaBeHMAT aHajmM3 U IO-
Jiy4eHOTO paslpelelieHUe Ha CKOPOCTTa M HajiAraHero B [65] mossonssatr Ha
aBTOpPUTE Ha NpecMeTHAT BIWAHMETO Ha MHEDIMOHHMTE CHAU BBPXY PeOjorn-
fATa Ha CYCIEH3UM OT TaKbB BUI. 3a €DEeKTUBHMA BUCKO3HUTET Te MOJIy4aBaT
¢dopmMyaara .

* .
£ o1 + > e+ 1,34Re3/2<p
m 2
kbAeTo Re e uncnoro Ha Peltronac.

Ilpyré edexTuBHO TPEHOCHO CBOMCTBO, KOETO npwremaBaT CyCIIEeH3UHTE,
€ TOILIONPOBOAHOCTTa. II'bPBOTO M3CieABaHe Ha BJIMAHMETO HAa B3aUMOAeHCT- ‘
BMETO Ha YacCTHIMTE B CYCIEH3MWTE BbPXY U3MEHEHMETO Ha KoeQUIMeHTa Ha
TOIIOTIPOBOJHOCTTA € HampaBeHo oT Peitim [66] npes 1892 r. Tosa mamene- -

a
HMe To# THPCH BBB BUA H3 ped II0 CTENIEHUTE Ha napaMeTbpa —, KHAETO @ €

paauychT Ha cHEepUUHUTE YACTUIM, a d — CPeAHOTO Pa3CTOfHUE MeXIAy TAX.
3a fga ompeneny BIMAHNETO HA OKOJHHUTE YaCTUIM BbPXYy MHTEH3MBHOCTTA Ha-
CHIIOBM#A IOWIIOJ, XapaKTepU3upall TeCTOBaTa YacTula, Peiinu npeanonara, de
rpaA¥eHThT Ha CHJATa B HEeHT'bDa Ha Ta3M YacTHla € PaBeH Ha HellHUA TeM-
eparypeH rpaJuelT IIIOC CyMaTa OT TeMIepaTypPHUTE NoJieTa, UHAYIMpaHH
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OT ocTaHaiute chepuurd gactuim. IIpm mpecmsitanero Ha Tasm besxpeitna
CyMa TOW CTMra X0 MHTErpaJ, KoiiTo He e abcosmwoTHo cxoasm. llpeomonssa-
HETO Ha Ta3U TPYAHOCT e 0beKT Ha uscieaBaHuATa Ha Jlepun [67], 3azoBcku u
Bpenep [68], Makkuusit 1 Makpepaan [69] u ap. Kakro Peitam, Taka u cro-
MeHaTUTe aBTOPM NPaBAT obade uaeanusnpanoro (rpy6oTo) Npeanosokenue,
Y€ YaCTMIMTE B CYCIHEH3UATa Ca PEryJdApHO HoapedeHu. EdexTusHaTa Ton-
JIMHHA U €JIEKTPAYECKa MPOBOAMMOCT Ha CYCHEH3WM, B KOUTO JaCTHUIMTE HE Ca
nopelieHy, a Ca Xa0TUYHO DA3NONIoXkKeHH, e uscaenpana ot bxedpu [70, 71].
3a mpeofosifBaHe Ha TPYAHOCTUTE, CBbP3aHM C MOJYyYaBAHETO Ha MHTErpa-
JM, KOUTO He ca aGCOMIOTHO CXOASMIM, TOi M3MONA3yBa Moaxoaa Ha BaTuenop.
Adpyr MeTon 3a nmpecMmATane Ha edpeKTUBHUTe (IPEHOCHM) CBOUCTBA Ha CyCIIeH-
3MM C B3aMMOAeHCTBYBaIM CaydalHo Pa3MOJIOMEHM YACTHIM € MPELTOXKEH OT
O’Bpeiin [72].

Hapex c MOHOMMCIIEPCHUTE CMECH B MHOFO XMMMUYECKH TEXHOMOTHY Ce U3~
MOA3YBAT U NOJMAXCIEpCHUTe cMecHd. TAxHOTO M3yyaBaHe 3amousa c pabo-
ture Ha Tom [29], Byesuu u Mapkos [35] u JIyuapen [30].

IIpes 1976 r. Baruesop (73] u3cielpa IBWKEHMETO Ha MOJTUIACIEPCHA
CYCHEH3UA, KaTO OTUYMTa XMAPOAMHAMUAYHOTO B3aMMOAelicTBME Ha YaCTHUIMTE
npu GpayHoBoTO MM nwxenue. OBo6maBaitky MeToa Ha M3CJeABaHe Ha Ce-
JMMeHTalMATa Ha YacTUIMTE Ha MOHOIMCIepCHa cycremsusa [40], Baruenop
[74] npecMATa AombAHMTEIHATA CKOPOCT Ha YACTHHATA OT BUJA i, AbJUKAIIA
ce Ha HaJI{uMeTo Ha YacCTMIATa OT BMAA j, HOCPEACTBOM QYHKUMUTE, XapaK-
TEpU3MPAIHU TAXHATa MobuanocT. Tolf HaMMpa NIBTHOCTTA Ha BEPOATHOCTTA
fi;(7) Ha OTHOCHTENHOTO pasmoJIONeHMe Ha i-TaTa M j-TaTa YacTHLa, Ka-
TO peillaBa AM¢epeHIMAIHO ypaBHEeHWe OT BMJa Ha ypaBHeHMeTo Ha Pokep -
Ilaanx. Topa ypaBHeHMe omucBa epeKTHTe Ha OTHOCHUTENHOTO IBWMKEHME HA
TE€3M YacTUIM, A'bJDKAOIO Ce Ha IPAaBUTALMATA, Ha CHJIATa H3a TAXHOTO B3au-
MoZnelcTBUe M Ha GpayHoBaTa Audy3us.

Y cpeHeHNTe CKOPDOCTY Ha ABAaTa BUIA YaCTHIM, OTOE/HA3aHA C UHAEKCH 1§
¥ j, ce moayuyaBaT oT obmure Gopmynn:

U = U (1 + Sisi + Siivi),

— 779
(Us) =U; 7 (1 + Sjivi + Sjjp) -
Tyk S u Sj; omMCBAaT XMAPOAMHAMMYHOTO B3AMMOIEHCTBME MEXKIY UaCTH-
o o
IM OT eXMH ¥ CBUI BUXA; Si; 3aBHUCAT oT A = L u y.= u, KBAETO p €
a; pi—p
IINI'bTHOCTTA Ha Te€4YHaTa Cpela.
onyuennte B [74] GopMyaH, OTUMTAMM BIAMAHMETO HA XMADOAMHAMMY-
HOTO B3a.m\{0,lleﬁCTBHe MEXAY IBE YaCTULM B pa3riexlIaHaTa CTaTUCTUYECKU
XOMOr'€HHa, pa3peleHa INONMUANCIIEDCHA CYCIIEH3MSA, Ca M3CJHEIBaHU YUCJIEHO

or Bartyenop u Yunm [75]. 3a cycmeHsus, npu KOATO ABaTa BHAA YaCTHIM Ce

1
XapaKTepU3Mpar ¢ A = 1HT= 1, 3a cpennnre cxkopoctu Baryenop u Yuu

nojay4daBaTt ]
(U:) = UL (1 - 6,55¢; — 3,830;),

145



(U;) = ULV (1 — 24,320; — 6,55¢5)

Uznonzysaiku noxaxona Ha Baruenop, ®uamboiic [76] pasraexna cycnensus,
KOATO He € XOMOreHHa B'bB BEDTHKAJHO HallpaBjleHMe, U IoJgydyaBa gopMmyna
3a cpeiHaTa CKOPOCT Ha CeIMMEHTALMA Ha chepudHMTe YacTim. Ako cyc-
[EeH3UATA € XOMOTeHHa, KaTo 4acTeH ciaydail oT Tasm Qopmyiia ce MOJiy4yaBa
dopmynara (9.1.38) na Barwyemop. Kpanuduumpan 0630p Ha M3CIeIBAHMA-
Ta HO CeXMMEHTAIMA Ha HEKOJOMAAJHM YaCTUIM B CYCIECH3UM € HAaIpaBeH OT
Axpusoc [77] npes 1985 r.

HHTepechT KbM M3CAeIBAHETO Ha XUIPOIMHAMMYHOTO B3amMoaeicTBue
Ha 6payHOBM YaCTHMOM HallOCJeAbK HapacHa MHoro. ToBa ce IbJDKM Ha roaf-
MOTO MYy BJIMAHHNE B Pa3TBOPH € rojeMy MaKPOMOJIEKY U, KbIETO OTUYMTAHETO
MY BOJM JO 3HAUUTEJIHM OTKIOHEHUA B CDABHEHHE C PA3lIE&XKIAaHETO Ha BCAKA
6payHoBa wacTuua moorhesHo. OT XMIApOJMHAMMYHA [AelHa TOYKa OT ro-
JIAMO 3HAYEHMEe € BJMAHMETO Ha GpayHOBOTO IOBIKEHUE BbPXY yCPEIHEHUTE
XapaKTEePUCTUKM Ha CYCIIEH3MWUTE — HallpeKeHHe, BUCKO3UTET, TOIIOIPOBOA-
HOCT M IP. )

UsBecTHO e, ue OpPUEHTALMATA Ha HecPepMUHMTE YaCTULM (HamprhMmep
€JIMIICOBMIHYU YaCTHUIM) B Pa3peeHa CyCIeH3Ud 3aBICH OT BU/a Ha T€YEHUETO,
B KOETO TH y4acTBYyBa. 3a Da3iuKa 0T GIYMIHOTO TedeHHEe, KOETO , IOAPEX-
Oa“ B onpellelieR peX YaCTAUMTE OT CYCIIeH3UATa, 6payHOBOTO ABWKEHNE BOIM
IO cAyuaitHOTO MM pasmojarase. B3auMomelicTBUeTO Ha Te3u JBa edekra ce
ommcBa OT ypasHeHMeTo Ha Pokep — Ilnank. B wyacTHOCT KoeQMIMEHTBT ki
BBB popmynata u* = u(l+ ki1p) 33 edexTUBHUA BUCKO3UTET 3aBUCH OT (op-
MaTa Ha YaCTHIMTE U BHja Ha TEUYEeHMETO, B KOETO Te y4dacIByBaT. Bartuemop
[78] moka3a, ue 6payHOBOTO ABWKEHME [IPK pa3pe/ieHa CYCIEH3us Ha CHepuUuHM
YaCTUIM He BaMAe Ha KoehUIMeHTa Npej 'bPBaTa CTeNneH Ha ¢ BbB opMyJa-
Ta 3a epeKTUBHMAA BUCKo3uTeT. Toll ycTanoBM, Ye 33 TaKUBa CYCHEH3UM NPH
YMCTO AePOPMAIMOHEO TeYeHUe XIONTMEeHCOBMAT Koe(UIMEHT € paBeH Ha 6,2
BMecTo Ha 7,6, KoraTo He Ce OTYMTA BJIMAHMETO Ha BPAyHOBOTO IBWKEHHE.
Usnoasysaliku MeTozsa Ha T. Hap. , TOUKoBa ampokcumaumsa“, Pennepxor [79]
C’bINO U3CHeNBa BAMAHMETO Ha XMAPOAVHAMMYHOTO B3auModelicTBre Ipyu 6pa-
YHOBM YaCTMIM B CYCIIEH3UU M [10Jiy4aBa PEe3yATaTH, KOUTO ca MHOrO OJM3KM
Lo pe3yATaTHTe Ha Batuemop.

II.pBOTO cMCTEMHO M3CieABaHE Ha PEOJIOTHMATA Ha Da3peleHM CyCIeH3UH
OT eMHAKBM, AOCTATbYHO MaJKM 4YaCTHIM C IpoM3BojHa ¢opMa, 3a KOUTO
6payHOBUTE MBOMIM Ca OT 3HaueHMe, € u3BbpmeHo oT sKucukyc [80] mpes
1962 r. BauanueTo Ha 6payHOBOTO ABIWKEHHE BHPXY PEOJOIHYHHUTE CBOMCTBA
Ha CyCIHeH3uM C HechepudHM YacTim e usciensano u ot Xuny u Jlun [81] n
JIun u Xunyu [82]. Bananuero Ha 6payHOBOTO B'bPTeHe Ha €HAKBM YaCTHUIM C
Ipou3BoJHa GopMa B pa3peleHa CYCIIEH3UA BbPXY PeOJOTMATA U € U3cleaBa-
Ho oT Pamumctu [83]. KaTo ce ocHoBaBa Ha moaxona Ha Bardenop, Pamucsu
‘U3BEXIa KOHCTUTYTHUBHUTE YDaBHEHNs, ONMCBAIM HECTAMOHADHOTO TeYEHME,
MHIYIMpPaHo OT 6payHoBM ABOMIM, AelCTBYBAIIM BbPXY pa3pelAeHaTa CyCIeH-
34A Ha eJHAKBM YacTULM C mpousBosHa ¢opma. IInjeH 063op Ha u3ciel-
BamMaATa A0 1981 r., cBBbP3aHM C B3aMMOAEMCTBUETO MEKIAY UACTULMTE IIPHU
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GpayHOBOTO MM JBIDKEHME B CyCIleH3MMTe, e HanpaBeH oT Pncen [84]. Cra-
6uaHOCTTA (yCTOMUMBOCTTA) Ha CYCIIEH3MMTE € OT TOJAMO 3HAUYECHME 33 MHOTO
TexHoJoruyHM nponecu. Ilox crabuanocT Ha KoA Ha € CHCTEMa, BKIIOUWTEN-
HO ¥ Ha CycneHsuwTe, ce pa3bupa crocobHOCTTa ¥ Aa 3ana3Ba HENPOMEHEHO
CbCTOAHMETO CH B nenuda obem. HectabunsHocTTa Ha rpy6o micrepcHMTE CHC-
T€MM Ce I'bJDKU IVIaBHO Ha 3HauMTelHaTa CKOPOCT Ha yTaABaHE Ha YaCTHIMTE
MM IIOR ReH#CTBUETO Ha rpaBurammara. OT roaaMo 3HadeHMe e NPOLECHT HA
HEMOCPEeACTBEHO cllenBaHe (o6eMHABaHe) Ha YACTHLATE [P YAADUTE MEXLY
TAx. To3u mponec ce Hapuya Koarynala WM (GJIOKYTalms.
Ilpu ynap ma mBe wacTHIM MexAy TAx AeHCTBYBAT CWIM Ha NPUBIMYAHE
u cun¥ Ha oTbabcksane. JlokaTo bPBUTE ca OGMKHOBEHO OT BaHIEPBaaJCOB
THII, BTOPHMTE C€ NpHeMa, Ye Ce IbJDKAT Ha B3aUMOAEHCTBHETO Ha 3apeleHNTe
HOBBPXHOCTH Ha yacTuuure. Koraro npeofnagaBat CHINTe Ha HpUBJIMYAHE,
CcTabMIHOCTTa € MaJKa ¥, 06paTHO, HapacTBaHEeTO Ha CUJIMATe Ha 0TBIbCKBa-
He MOBHINaBa CTabUIHOCTTAa Ha CycheH3uATa. Ilpym Koarymaims ce o6pasyBaT
ZBofiHM YACTWIM, KOMTO NPM CpPella C eIVHWYHA AaBaT TPOMHM, a NIpM Cpella
€ ABOMHM — arperaT# OoT YeTWpPHM YacTumu ¢ T. H. IIpes 1917 r. CmosnyxoBcku
[85] m3unciaBa MaMeHermeTo Ha 6PoA Ha YACTUIMTE C BPEMETO HE3aBUCHMO
OT rosieMuHata uM. [Ipeanonaraitku, e koaaUCLEHIMATA MeXAY OBe DIYUL-
HM YaCTULM HacThOBa BeJHAra IOM Pa3CTOAHMETO MEXIAY THX CTaHe MHOTLO
MO-MaJKO OT pajMyca Ha Io-TojiAMaTa OT TAX, XockuHr u IDxonc [86] mpe-
CMATAT CKOPOCTTa Ha obpasyBaHe Ha arperaTt HpM Npolieca HAa CeIAMEHTA-
IMA Ha JacTuimTe. CKOPOCTTa Ha KoaryJaiMa Ha CYCNeH3MH, M3B'bpPIIBAIIM
NpoCTO rpPaIMeHTHO ABWKeHMe, e npecMerHaTa oT Kapruc u Xockunr [87] u
Ban ne Ben u Meiichr [88], a npu uncro aedopmaIimoHHO IBWXKEHHME — OT
3uxuep u Mloyoarsp [89]. 3a pasinuka oT Teswm maciaenpanus mpes 1983 r.
®ux u lloyonrsp [90) m3cnensar u BauARMETO Ha c1ab0o 6payHOBO ABWIKEHME
Ha YacTMIMTe BbPXY CKODOCTTa Ha KOAaryjaluA KaKTO IPU HPOCTO Ipaau-
€HTHO TedeHWe, TaKa M IMpM YUCTO AedpopMalpoHHO Teuerme. CKODOCTTA Ha
obpasysane Ha AyGieTH Npy AuWIica Ha KOHBEKTMBHA CKODOCT Ha ABWKEHHUE
Ha YacTHMIMTe e m3cieasaHa ot epsrun u Miwoaep [91]. IIpes 1984 r. Ilo-
yoarsp [92] npaBu 0630p Ha M3CIeABAHMATA MO YCTOMUMBOCT M KOAryJIallia
Ha KOJIOWAM B IPAAMEHTHM TedeHnsa. HoB MeTox 3a M3cieaBaHe CKOpPOCTTA
Ha KoaryjalMs B pa3peleHa CYCIEH3US OT MaJjKi YaCTULM NpeajiaraT YUH u
Batuenop [93]. Tosu Meron BkIIOUBa ONpeAeNAHETO Ha II'bTHOCTTA HA Be-
POATHOCTTa OT IUPEPEHIMATHOTO yDaBHEHME B ,TDAHWYHUA CHoif“, KbIETO
Ca CPaBHUMH I10 IOJIEMMHA CHAMTE, IPDUBEKAAINN CYCIEH3UATA B ABIKEHHE, U
BaHJEpPBaAJCOBUTE CUIM HAa IPUBJINYAKHE HA YaCTULUTE.
Hapexn ¢ apyrure ebnpocu B o63opure Ha Ixeppu n Axpusoc [94] u Ha
"Xepuercku u IInenkoscka [95] ce pasraexza u mpobiaeMbT 3a U3NOI3yBaHe-
TO Ha BapMallMOHHM NPMHIMNM 33 HaMUpaHe Ha JOJHA M FOpHA I'paHMIla Ha
M3MEHEHMETO Ha CKaJlapHUTE NapaMeTpH (edeKTUBEH BUCKOUTET U e(EeKTUBEH
KOe(UIMEHT Ha TONOINPOBONHOCTTA), XaPaKTEPU3UPAILM IIPEHOCHMTe CBoMcC-
TBa Ha CycCleH3umMTe. 3aciyXaBa Ha ce cnoMeHe paborarta Ha Xamms [51] 3a
Bb3MOXKHUTE MATEMATHYECKU I'PAHUIM, MEXKIY KOUTO Ce HAMUPa eDEKTUBHUAT
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BUCKO3MTET Ha M30TPONHA CYCHEH3Ws Ha YACTHUM C IPOM3BOJHA GopMma. Axo
BUCKO3UTETHT HaA cpezza.Ta BDbTDE B TAX € paBeH Hée. ﬂ, a H()B'LPXHOCTHOTO Hall~
pesikenye Ha Mex Ay Qa30BUTE TPaHKIM € PABHO Ha HYJa, 33 NOJHATa ¥ ropHaTa
rpaHuna Xamvm CBHOTBETHO IIcAy4YaBa
{ — ol
-5-(1—+°)+n(ﬂ—u) '5“P+-fi(#"ﬂ)

B [96] Yoamoa uska3Ba cbhobpaxenud, [03BOJIABALIM A3 Ce MPEeNMOoJIOKH, Ue
chepuunaTa GOpMa HA YACTAIMTE B M30TPOIIHA CYCIHEH3UA € eKCTPeMEH Cay-
yaii, TaKa 4e aKo e[Ha OT IparuuMTe Ha XanlMH Ce peaM3Upa, TOBA € CBC
CUI'y PHOCT CYCIHEH3MA CbC ChepuyHM YacTUlM. I'paHuIMATEe, B KOUTO MOXKe A3
ce M3MeHA €PEKTUBHMA BUCKO3MTET Ha M30TPONHA, He obe3aTesHo pa3peneHa
cycmensua cbc cheprdHM GIIyMAHM YACTULM C BBTPeElLIeH BUCKO3UTET ,u, ca
mpecmersatyu ot Kenep, PyGendenn u Moausbo [97].

Wnurepecso e ga ce orbenexu, ye J0AHATA FPAHMIA Ha eQEKTUBHUA BUCKO-
3UTET MDY MaJK4 CTORHOCTH Ha oDeMHATa KOHIEHTPAlyMA Ha CYyClieH3MUTe C'bC
chepuuHy YacTMIM cbBOala ¢ gopmyinara (9.1.1) ma Almmaitu. Komenrap
Ha pe3yJTaTUTe, OTHACALM ce LO AOJHATA ¥ IOPHATa IPaHMLA HA €(EeKTHB-
HUS BHCKO3WUTET Ha CyCIIeH3MuTe, MOXKe Aa ce HaMepH B 0630pa Ha Xammn [51]
u Mororpa¢uaTa Ha Bepan [98)]. .

KaTo ce ¥3NoJ3yBa M3BeCTHATa aHAJOrMA MEXIAY MEXaHWKATa Ha TBBP-
[I0TO NepOPMHPYeMO TSANO M MEXaHAKATa Ha QAYUAWTe, TPAHULM Ha Xammun
n Crpurmbh [99] 32 eracTHYHU MOIY/IM Ha KOMIO3ATHUTE MAaTEpUAJM MOraT
Ia ce MOJYyYaT OT TDaHUIMTe 33 ePeKTUBHMA BUCKO3UTET Ha HIOTOHOBM CyC-
neusmu. Kenep, Pybendenn u Monuubo [97] HaMUpaT ropHaTa ¥ LOJHATA
I'paHMIla Ha M3MEHEHMATa Ha e(pEKTUBHUA BUCKO3UTET 32 CYCMEH3UH, B KOUTO
yactTHimMTe ca noapederr. OBmmar caydait 3a HaMupaHe IpaHULIMTe Ha U3Me-
HEHUE Ha CYCINEH3WH, B KOWTO YAaCTHIMTE Ca Da3llON0oKEeHH XaoTW4HO, Jocera
He e pellleH B Hay4HaTa AUTEPaTypa.

B ob3oprara cratia Ha Donacmut u Meitcsh [100] ce amanusupat us-
clleIBAHUATA Ha MHOTO aBTODH, KOWTO Pa3rjexIaT KpbBTa KaTo CYCIEH3MH,
CBCTOAIIIA Ce OT KP'bBHA IJa3Ma M €PUIDOLMTH. B Te3d M MHOro APYrd us-
clienBaHUA €PUTPOLMTHIE Ce MOAEIMpAT KaTo TBbpAM uacTmmm — [101],
[102], [103); xamxu — [104], {105], [106]; emactwarm wacTmmm — [107], [108],
[109], mau xancyan — [110], {111], {112].

IIbpBuUTEe ONMMTH 3a MOXejMpaHe Ha HEXOMOTEHHM IMCIECPCHM CPeau ca
HAaIpaBeHM B'b3 OCHOBA Ha XMIIOTE3aTa 33 B3aMMHOIIPOHKKBAIM MHOTOCKOPOC-
THM KoHTMHYyMHM [113]. Bnocaenctaue KbM IUCIIEPCHUTE CUCTEMHM 3AI0UBAT
na ce MpMIAraT MeTOIWTE Ha KAHETMYHaTa TeopuA Ha rasosere [114]. IHu-
POKO pa3lpocTpaHeHye HOJIy4YaBaT M3CJIeIBaHMATA, B KOUTO PE3yJITaTHTE OT
KVHETUYHATa TEOPHA Ha Ta30BeTe ce NpUaaraT HEMmOCPEACTBEHO 3a ONMUCaHHue
caMo Ha OT/eJHM NapaMeTpyu Ha mucnepcauTe cperu [115]. B mukba ot us-
cnegpaana CTPYMMHCKM UM CLTPYAHMIMTe My [116] mpumarat chmo KMHETHY-
HaTa TeopWUs Ha ra3OBHUTE CMECH 3a MOLejMpaHe Ha pa3peleHM HEXOMOIeHHH
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mucnepcHn cpemu. Ilpes 1972 r. Caawp u JIu {117] maBatr cTaTmcTAuecko
onMCaHMe Ha Cay4YalHO ABWKEHME Ha CHEPUYHM YACTUNM B KOHIEHTPUpAHA
CYCHEH3UA U MoJjiy4aBaT HAKOM DE3YATATH 3a HeUHUA eQeKTUBEH BUCKOINTET.
Te nokassar, ye; .

1. ®ynkumara, xapaKTepUsupallla pa3NpeeieHUETO Ha YaCTUIMTE B CyC-
[€H3UATA, He 3aBUCK OT TEXHUTE JIMHEHHM U BILIOBM CKOPOCTH, & €JUHCTBEHO
OT IOJICKEHUETO MM.

2. Edextupnmar xoedUnAEHT Ha CYCHEH3MATA HEe 3aBUCU OT KOHCTAHTIATA
S, XapakKTepusupama MHTEH3UBHOCTTA Ha T'PaideHTHOTO Te€UeHHe.

3. EdextuBHMAT KoePWIMEHT MOXKe A3 Ce 3amMile B'HB BIA Ea Dei M0
CTEIIeHUTE Ha 0feMHaTa KOHLUEHTDALMA ¢ Ha YaCTHIMTe, KATO N-TaTa CTEeileH
Ha ¢ B pella oTroBaps Ha XUAPOIAVHAMMYHOTO B3AMMONEHCTBME, BKIICUBAILO
N 9aCTUIHM.

4. 3a #a ce usuymcaAT KoeGULIMEHTUTE B PA3BUTHETO Ha edeKTUBHMUS BUC-
KO3UTET B PeX 0 cTemeHuTe Ha ¢, TPAGBA Na ce mo3HaBa CKOPOCTITa Ha GJy-
W[a OKGJ0 NOBBPXHOCTT2 Ha CHEPUUHATA YaCTUIA, ABIWKEIa Ce 32eH0 ChC
CBOWTE C'bCEIHN YaCTULM B I'PAAMEHTHO TeUeHHE. ,

T®# xato TourOTO onpeleiaHe Ha Ta3u CKOPOCT, KOraTO CH B3anMoAeic-.
TBYBaT TOBEYE OT jgBe UacCTUUM, € NPAKTUYeCKd HeBbaMmoxkuo, Caxbp u Ju
H3IM0J3yBaT METOAA Ha , TerJIOBHWUTE OCTATHUK “ 3a [TONydYaBaHe Ha [pUbam-
KEHO DellleHWe 3a CKOPOCTHOTO II0Jie Np¥ KySUUYHO pasnpeleleHde Ha vac-
Tummre. Pasnpegenenwero Ha pa3CTOAHMETO MEKIY YacTHIMTE T€ HaMMUpaT,

- KaTo MBLOJI3YBAT NPUSIWKEH CTATUCTAYECKHA MOKEJ.

B no-xoHnenTpupann cycrmensuy cTaBaT BaKHM He caMO B3auMoeficTBU-
ATa MEXAY ABe JaCTUIM, HO ¥ B3auMoIelCTBUATA MEXAY TPH, YETUPU MU T. H.
vacTvliM. IIpM MHOro roseMu KOHUEHTPAlLMM Ce CTUTa N0 YIIBLTHEHHM CIIoe-
BE OT YRCTHIM, KBJAETO B3aMMOAeHCTBMETO Ha MHOTO YaCTULM AOMUHMDA HAL
ABIKEHMeTO Ha wactmmmTe. OnpeaeiAHEeTO Ha e(eKTMBHUA BUCKOZUTET Ha
CHMJIHO KOHUEHTPUPAHM CyCIEH3UM CIeJOBATENHO € CIOMHA 3a/aua, 3am0To
M3MCKBa: 1) mpecMATaHe cKopocTTa Ha (IyMna Ha HaleHa KoHQUTYpaluuA C
OTUMTaHe B3aUMOAEHCTBMETO Ha MHOIrO YacTMI ¥ 2) CTaTKCTUYECKN aHAJIV3
Ha BEPOATHOCTHUTE Ha INOJIOKEHWETO HA YACTUIMTE M TEXHUTE CKOPOCTH.

Xpuctos u Mapkos [119] 863 ocHoBa Ha uscnempanuata Ha Orypa {118]
[IpUJIaraT APYT CTATHCTUYECKU TIOAXO.

IIbpBrTe TEOPETHUHM M3C/IEABAHWA HA BUCKOSUTETAa HA KOHIICHTDUDAHM
cycnensuu (Cumxa [23], Xamen [25] u Kunu [11]) ca omacamm moxpoBuo s
MoHorpaduara Ha Xanen u Bperep [120]. AcumnroruunoTo moBeleHHe Ha
3aBUCUMOCTTA MEXAY €PEKTUBHMA BIUCKO3UTET M KOHIEHTDALMATA Ha A3JCHA
CYCIeH3UA ChC COEPUUHM YacTULM e usydeHo oT Ppankba u Axpusoc [121].
3a neaTa Te M3cAEABAT MOAPOGHO BUCKOZHOTO TeueHWe Ha HOCEMMA (GIIYMA
Ha CYyCTIeH3UATa B MAJ'bK NPOLEN MeXAy ABe GJIU3KO PA3MOJOKEHH chepUUHU
vacTvim. IIpeanosnara ce, Ye YacTuumre o6pasysar KyOSuuna pelleTKa, YMUTO
pebpa ca HacoueHM YCHOPEIHO Ha [JIABHUTE OCH Ha TeH30DPa Ha HallPeXKeHMeTo.
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2. YCPEIHABAHE M TEH30P HA CBLIPOTHBJIEHUETO
U MOBUJHOCTTA HA IBUXKEHIM CE YACTHUIIA
B CYCIIEH3MHU

B MexanmkKaTa Ha XeTepPOTeHHHMTE CPeIy ce M3CJeIBaT MaKPOCKONMYHUATE
CBOMCTBa Ha CyCIEH3MUTe, ABYPa3sHUTe TeYEHNA U KOMIIO3UTHMTE MAaTepUaIU
10 3a4aldcHHU CBoOMCTBa Ha TeXHMTE KOMIIOHEHTH. prI[HOCTHTe, KOHUTO B'b3-
HUKBaT IIpHA MaTeMaTK‘IeCKO;IO MoOI€JipaHe Ha CYCHEH3MMTE, IpOU3TU4YaT OT
TOBa, We TEeXHUTE MAaKpOCKOINUYHHA CBOMCTBA 3aBMCAT He CaMO OT MaKPOCKO-
NWYHATa CTPYKTYPa Ha KOMIIOHEHTHUTE MM, HO M OT TAXHOTO XMIAPOIMHaAMWY-
HO B3aMMOJeEHCTBUE U IMpPOLECHTE, IPOTUYANIA B OKOJHOCTTAa Ha OTIEJHUTE
BKJJIOYBaHWUA (‘I&CTHHM). Tbii KaTO OTHOCHUTEJIHOTO IIOJIOMKEHHE M OpHeHTa~
[MATA Ha OTAEJHUTE YaCTUIM B Da3JWUHMTE YacTH Ha JUCIEPCHUTE CUCTEMM
ce M3MeHﬂT CJIy‘Ia.ﬁHO, HaA-IIoAXO4AIIO € MAaKPpOCKOIIMYHUTE MM cBoiicTBa Aa
ce ommcBar craTucTudeckn. [Iupokoro HaBiM3aHe Ha MeToauTe Ha TEOPUATA
Ha BEPOATHOCTHUTE IIPM U3yuyaBaHe HA DA3IWYHUTe BUAOBE CYCHEH3MM e TpaiiHa
C'bBPEMEHHA TeHIEHLMA.

B MexaHukaTa Ha GAyHAMTE Ce M3MOA3YBAT HAKOJKO PAa3JAYHA HAUMHA 33
yCcpeIOHABaHe ¢ Hed Jla ce NOoJydaT ypaBHEHMdA, KONTO He CbIbDIKAT HeTaitan
OT Pas3rieKAAHUTE TEUEHWsA, & OMMCBAT CAMO OCHOBHM TEXHW 3aKOHOMEePHOCTH.
Y cpenHABaHe Ha XUAPOAMHAMMYHNTE ¥ Ta30AWHAMUAYHY BeJIWUMHMA M CHOTBET-
HHATe ypaBHEHUSA Ce U3BBLPUIBA B TEOPUATA Ha TypOYIEeHTHOCTTa, KWNHETUYHATA
TeopHs Ha ra3oBeTe, AMHAMMKATA Ha MHorodasnure cpeau u Ap. W3BecTHH ca
clleIHUTEe BUAOBE yCPENHABAHUA — YCPeAHABaHE OTHOCHO BPEMETO, OTHOCHO
obeM OT pasriesxaaHara cpelda, OTHOCHO , aHCaMbbi OT peasm3alpm“, acuM-
NTOTHMYHO yCpeAHSABaHE U AP.

Ion ,,ancamMbbi“ ce pa3bupa MHOMKECTBO OT I'OJIAM Bpolf cUCTEeMH, KOUTO
ca pa3jNYHY OTHOCHO HAKOM TEXHM MUKPOCKONMWYHM JeTalliy, HO ca MAEHTHY-
HU B MaKPOCKOIIMYeH CMMCBHJI. B MexaHwWKaTa Ha XeTepOTreHHWTE CPeiM NOX
»,Deanu3ama“ Ha JaZeHa CYCleHsHA, cChAbpkama N chepuuHM YACTHIM, Ce
pa3bupa MOMeHTHaTa KOHGUIypauma Ha CHCTeMaTa oT N-Te 4aCTHLl, ompe-
ZAejleHa OT Pa3loJIOKEHWeTO Ha PaUyCc-BEKTODHUTE Ha UEHTPOBETE MM. , AH-
camMb'bJ Ha peajM3alMUTe“ Ce HapUYa CHBKYIHOCTTA OT BCHUKMA (H3UUYECKU
AOMYyCTUMM KOHQUIYpalyiyl, KOMUTO Ce IPUEMAT. 33 paBHOUpPAaBHM. lIpH ycpen-
HABaHeTO Mo ,aHcaMGba 0T peadMsalMu” paMyc-BEKTOPDHUTE Ha IE€HTpPOBETe
Ha YaCTHUIMTE Ce DasriexIaT KaTo He3aBUCHMH.

Honarusara ,, ancamMbbax“ M ycpeHABaHe OTHOCHO ,, aHCaMOBil“ ca BbBexe-
HM B TepMoAMHaMuKaTa ot ['mbc [122].

Ileneco6pas3HocTTa OT M3NOJ3yBaHETO HAa yCpeXHABaHE HO , aHCAMOBI
OT peajM3alMy“ IPY MAaTEMATHMYECKOTO MOJE/MpPaHe Ha XeTeporeHHUTEe Cpenu
e IoAYePTaBaHa IIpe3 MOCJIEAHATE FOOMHN OT MHOro ydenm [123, 124].

3a na 6bae mone3Ho u yaoGHO 3a MpuiaraHe, ycpeIHsaBaHeTO TpAGBa Xa
YAOBJIETBOPABA CIEAHUTE yCIOBUA:

1) (F+G)=(F)+(G);

2) {(F).G) = (F).{G);
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3) (C)=C (C = const);

9 (%) =5

5) <‘;—f> = %(F}.

Tyk cpennure croitocTyt Ha dysxumute F 1 G ca 0O3HAUEHM € BLAOBU CKOOHM.
IIspBUTE TpM YCHOBMA ce HapuuaT npasuia Ha PeltHonac, uersbproTo —
npaBusio Ha Jla#dumi 1 neroto — npasuno Ha [ayc.

H3BecTHO €, Ye B CTATUCTUYECKATa MEXAHUKA UANaTa UHGOPMAIMA 32 Be-
POATHOCTTA 33 AMHAMWUYHOTO C'bCTOAHME Ha YaCTUUMTE, T. €. 33 TAXHOTO pa3-
MOJIOKEHME M CKOPOCT, Ce€ ChAbPKa BHB (QYHKIMATA Ha ILNI'PTHOCTTA HA Be-
POATHOCTUTE. BCHUYKM MaKPOCKONWYHM CBOMCTBA Ha CUCTEMaTa OT YaCTHIMA
Cce M3pa3fgBaT KaTO MHTETPAJHA MOMEHTH OT Ta3u QyHKIMA. AHAJNOCUYHO €
MOJIOKEHNETO U NPU CYCIIEH3UUTE.

a pasrnemame TeuHa cycrneHsusa ¢ o6em V, xkoATo cbabpxa N TBHpOM
chepHUYHN YACTHIM C paguyc a. IIpy IABWKEHMETO Ha CYCIIEH3UATa YACTUILIATE
Ce DBWXAT e[HA CIOPAMO APYra CIY4YailHO IO CJIOMHM TPaeKTODHWM, KOMTO MO-
raT Aa Ce OIMIIAT CaMO CTATUCTUYECKH. [la 03HAUMM C T N PaduyC-BEeKTOpHTE
Ha IeHTPOBeTe Ha YacTUIMTE, MMamy obImo Hayao B TouKaTa T o, U ¢ Cn —
MHOXECTBOTO OT PaiMyC-BEeKIODUTe T N Ha LeHTpoBeTe Ha N-Te cdepu npu
KOf Ja € TAXHa peaJjusauua. MHoxkecTBoTO Cn Ile Hapuyame KOHOUI'Y paLa
Ha N-te chepu. Axo f(Cn) e GyHKIMATA HA IIBTHOCTTA HA BEPOATHOCTUTE,
ToraBa BEPOATHOCTTa 33 €IHOBPEMEHHO pasllojlaraHe Ha HEeHTpoBeTe Ha cde-

— —
PUYEMTE YaCTMIM B audepeHimaanuTe o6eMu §v; oKosto 7o+ 71, vz OKoIO
To+ T2, ... 8, OKOIO T o+ T'n € paBHA Ha
F(CN)SCn = f(r1,7r2,...,Tn) 8v16v2.. . SuN.

[nar;1aTa WAesA € 3aKOHMTE 3a 3ala3BaHe U PEOJIOTUYHUTE 3aBUCHMOCTH,
KOMTO Ca B CMJIAa IIPM HAKaKBO NPOM3BOJHO IOJOXKeHUe (peaimsaima) Ha N-
Te yacTHMIM (T. €. IPH NPOU3BOJHA KoHOurypaima Cy Ha JacTHIMTE), Ha Ce
yCPemHSBAT 10 aHcaMbbiia Ha BCEB'b3MOXHUTE KOHQUTY Pallii Ha, pPaInyC-BeK-
TOpUTE Ha YACTHIJATE B CYCNeH3MATa. T03M aHCAM6BbJ Ce OMACBA HAITBJIHO OT
mIbTHOCTTa Ha BepoatHoctra f(Cn) Ha KoHQUrypauwure Ha N-Te JacTHIX
B 3N-MepHOTO $a30B0 MPOCTPAHCTBO HA KOMIIOHEHTHUTE Ha PAJAUYC-BEKTODUTE
MM T3, T2, ..., 7N. [lopam XOMOTEHHOCTTa Ha Pa3HOJOXKEHMETO Ha HUac-

TYIMTE B CycreHsuarta ¢pyuxkumaTa f(Cny) He 3aBUCH OT pamMyc-BeKTOpa T o,
KOWTO e HauyaJHa TOYKAa 33 MHOXKECTBOTO Ha KoHpurypamure Cy. 3aBuUcH-
MocTTa Ha KoHpurypammara Cy oT T TpAbBa da ce 3anaBa camo kKoraro Cy
Ce OIMCBA EKCIMIMTHO.

Axo T e paaMyc-BeKTOpPHT Ha HEHTHPA Ha HON'bJIHATETHATA (npoGHa)
YacTHIIA, MOXKE [a CE€ PasrieXAa INIbTHOCTTAa Ha YCHOBHATA BEPOATHOCT HA
KOHOQMIy pallMUTe, IPU KOUTO LEHTHP'BT Ha JOI'bIHMTEINHO 3a4aleHaTa YacCTU-

N —_—
[a He ce IPOMeHA, T.e. T o = const. Ta3u yclAoBHa BEPOATHOCT ce Hesexu ¢

f(Cn 7o)
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Tit kato N-Te wacTuuM B oBema ca Hepazanunmu, byukumure f(Cn) u
F(Cn|7ro) Morar na ce HopMHUPAT NOCPEACTBOM PaBEHCTBATA

//.../f(CN)dC,,://.../f(CNIro)an=N!.
o o

Tyx Bcexu oT 3N-MepHUTe MHTETPAJIM Ce IPECMATA [0 BCEBb3MOXKHUATE MOJIO-
KEeHUHA Ha Pauyc-BEeKTOpUTe Ha IeHTpoBeTe Ha N-Te YacTuimi, HAMUPAM¥U Ce
B obeMa V, T. e. ipneTo € O3HAYEHUETO

dCn = 6v16vy...6un = d3r d3rq .. . d3rN = dzidyidzideadyadzs . . . deydyndzn.

[IapTHOCTTA Ha BEPOATHOCTTA Ha ,, KOHQUrypaluuuTe “ Ha PaiUyC-BEKTODa
Ha enHa cdepa ce AaBa C PABEHCTBATA

JC) = (Fot F)= T =,

KblIeTo n € cpenHuMAT Gpoik chepm B eauuuna obem. OcseH ToBa BpPb3KaTa
MeXAY ycioBHaTa ¥ Oe3ycigoBHATa BEPOATHOCT- UMa CHETHUA BUI:

FCNIT) =f(Tot 7). . fICN1 | (r+ )]l = nf [Cner | (r+ 1)),

KBAETO T o+ T} € Pamuyc-BEKTODBT Ha HEHT'bPa Ha MPOM3BOJHA chepudHa
yacTUla oT KoHpurypaumara Cy. Bepum ca u paBeHcTBaTa

FON [ 7o) = ((F + T4 | To)f [Cnet | (Fo, Fo+ 7))

AKo LieHTpOBeTe Ha YacTULMATE Ca OTAaJIeueH! Ha Pa3CTOAHMA, MHOTO II0-
rojleMH OT G, MOXe Jia IpYeMeM, Ye BePOATHOCTHTE Ha Pa3loJIOKEHNe Ha IIeH-
TPOBETE Ha ABE YACTUIM, PA3CTOAHMETO MeXAY KOMTO € MHOT'O IIO-TOJIAMO OT
a, ca HezapucuMK. Torasa, ako BCAKa OT COEPUYHUTE YACTHALM HA KOHPUrY-
pammaTra CnN ce HaMUpa Ha Pa3CTOAHME OT YACTHMHATA C LEHTHP B TOUKATA

70, KOETO € MHOTO IIO-TOJIAMO OT @, TO
* f(Cnlro) = f(Cn).
Axo e u3sBecTHa BepoaTHOCTHaTa MmirbTHOCT f(Cy) Ha peanusaimmTe Ha

koH¢urypaimure Cn Ha paiuyc-BeKTOpUTE T 1, T2, ..., T N B CyCIEH3MATA,
TO IIOJ ,, yCPeAHEHN CTORHOCTH 10 aHcaM6bi1 Ha KoHuTrypammute Cn “ Ha Mak-
POCKONMYHNATE BEJIMUIMHM {CKOPOCT, HaIpEXKeHHe M CKOPOCT Ha AedOopMaliusn)
pa3bupame

(T =57 [ TeICmiCrydon,
(T() = 37 [ TC1Cw)F(Cr) dOx

(B = 37 [ BC1om)S(C) dn.
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B noauurerpamuute uspasu v (r|Cn), T(r,Cn) n E(r|CN) ca cToiiHOCTHTE Ha
pasraeXJaHUTe BeIUWUMHA (CKOPOCT, HAaIPEXKEHUE M CKOPOCT Ha Jedopma ms-
Ta) B TOUKaTa C PaAUyC-BEKTOp T, KOTaTO KOHQWIYDPallAATa Ha LEeHTPOBETe
vma Buaa Cy. Tesn ¢pynrimu rtpabsa Ka ca AedMHUPAHU 3a PaJMyC-BEKTODA
7, OTHACHAII C€ 3a TOYKH, JICHKAIIM KaKTO B'bH, TaKa M BHTPe B YaCTHIATA.

Y cpennenuero Ha pyakumara H(rg|Cn) mo ancamM6bi Ha KOHOUTY pallMUTe
Ha paJiiyc-BEKTOPUTE Ha LEHTPOBETE Ha YaCTUIMTE B eJHA CYCHEH3NUA, KOETO

e cBBp3aHo Cc nMpobHa (PUKCMpaHa) YacCTUIA C LHEHTHD B TOUYKaTa T, C€ Je-
¢MHVpa, KaTo Ce M3HON3yBa MABTHOCTTA Ha ycioBHaTa BeposatrocT f(Cn|rg)
Yype3 paBEHCTBOTO

(HF) = 7 [ HeslomfCrlrydoy.

CrofiHocTra Ha OM3NUHWTE BENWYMHY BDHIPE MM BbH OT YaCTHUIMTE Ha CyC-
NEH3UATA MOMKe Ja Ce CHEUMaJu3Kpa NOCPEeACTBOM T. HApP. XaDaKTePUCTH4YHA
CTPYKTyDHa QyHKIMA

9(_7"ICN) : 0(—7‘))?1;?277‘)2’)?1\7) = 1_277(?— ‘?* ?II))
i=1
KbAeTO 7(z) e cTbHaoBuaHaTa QYHKIMA Ha XeBHcailn
(z) = 1 mpuz290
N =30 npu z <0

u 7 ;(t) ca pammyc-BeKTOpUTE Ha HEHTPOBETE HA YACTHUIMTE. XapaKTepUCTUy-
HaTa QYHKIMA € PaBHA Ha HYJa 33 TOUYKM BbTpe B yactummre (|7 —~ 7 ;| £ a)

U eIMHUNA — 3a TOYKA BBH oT wactumure (|7 — 7;| > a).

ITopanu HezaBHCHMMOCTTA Ha QYHKIMMTE Ha IUI'BTHOCTTA Ha BEPOATHOCTH-
Te fn(Cn) oT npocTpaHCcTBeHATA IPOMEHINBA I OIEPATOP’HT 3a ,, aHCAMBI0BO
ycpensHsaBaHe “ e KOMyTaTHBeH OTHOCRO AWQepeHIPaHeTo o 7, T. €.

(5)-7@

OcBeH ToBa, KaTO B3eMeM HpeJBUI, Y€ MaKPOCKOMAUHUAT BpeMeHeH Mamab
T NpeBUmIaBa MHOT'O MUKPOCKOIMUYHMA BpemeHeH Maiab 7', nonyyaBaMe, 4e C
toudocT O(7/T) onepaTopsT Ha , aHCaMBIOBOTO yCpeAHABaHE“ € KOMYyTaTH-
BEH M ¢ JudepeHUMPaHETO OTHOCHO BPEMETO:

(5)-50

IloHsiKOTa Ce M3MEI3YBa , aHCAMOA0BO ycpeaHABaHe “ OTAEMHO 338 BCAKA OT
nsete $a3m cpraacHo GopMmynanre

(6G) = / 6G fx (1, Cw) dCy,
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(1= 6)G) = / (1= 6)Gfw (¢, Cx)dC.

B cuna e KoMyTaTUBHOTO CBOMCTBO Ha olleparopa Ha , $pa30BoTO aHCaMBI0BO
ycpedHABaHe “ OTHOCHO AA(EePEHHMPAHETO KAKTO HO OTHOIIIEHMEe Ha NMPOCTpaH-
CTBeHaTa IIPOMEHJMBA r, TaKa U 0 OTHOIUIEHHE HA BpeMeTo t.

3a ompenesAHe Ha XUAPOJMHAMMYHOTO B3aUMOAEHCTBHE MEXKAY YaCTHULHM-
Te e HeobxommMo Ja ce AedMHUDPAT T. HAP. TEH30D Ha CHOPOTHUBJIEHUETO U
TeH30p Ha MoGMiIHOCTTa (NMOoABMXKHOCTTa). KoraTto ca JaleHM cuIUTe F u
MOMEHTHUTE UM EI—), KOMTO JelcTBAT BBPXY YaCTIMIMTE OT CYCHEH3MATa, U ce
T'bPCH PEJATMBHOTO ABIPKEHME Ha IOC/IeJHUTE BBLB PayHla, Ka3Ba ce, e ce
pasriexza mpoSieMbT 33 MOGMIHOCTTA Ha yacTummTe. OBpaTHO, KOraTo €
M3BECTHO DENaTMBHOTO ABIDKEHUE Ha YaCTHIMIE M Ce THPCAT CBHPOTHBIIEHH-

— —_
ero F ¥ MOMeHTBT M, KOUTO M3NMUTBAT YACTHIUTE NIPU IABIDKEHNETO MM B'bB
dayusa, Ka3Ba ce, Ye ce pasriexJa nNpobiaemMbT 3a CHIPOTUBIEHUETO.

— .
Ia ossaumM ¢ U m W TpaHCHAIMOHHATAZ M DOTALMOHHATA CKOPOCT Ha
AajleHa JacTHIa B HenoaBkeH ¢oayus u ¢ U u Q® — TpaHCHamMoHHaTa M

POTalLMOHHATa CKOPOCT Ha iyunaa B 6esxpaitnoct. Torasa ckopocrra v °(7)
Ha CMYTEHOTO ABW)KEHMe Ha (GIIyHaa BHPXY MOBBPXHOCTITA S, Ha YaCTULATA €

(2.1) TUFT) =T -U®+ (a’—m’) x T - E°.7,

KbAero £ e TeH30PBT Ha CKOPOCTTA Ha Ae(opMalMATa Ha HeCMYTeHUA B Gea-
KpalHOCT MOTOK. AKO 4acTHiiaTa ce ABMMKEIle CaMO C TPaHCHAIMOHHA CKOPOCT

U — U®, nopaaM IuMHeMHOCTTa Ha ypaBHeHMATa Ha CTOKC BPB3KaTa MEXKIY

—
cprpoTuBieHueTo F u ckopoctra U — U™ e

(2.2) F = pA. (Tr’w - ‘U’) ,

KbIeTO A e TeH30p OT BTOPH paHr, 3aBUcem OoT ¢opMaTta Ha ABIKEMATA Ce
YacTUIR, 3 4 — BUCKO3UTETHT Ha Giayuna.

KoraTo ckopocTTa Ha CMyTeHUA HOTOK ¥ °( 7 ) Ha MOBBPXHOCTTA Ha Yac-
THNaTa MMa BuAa (2.1), paBerctBoro (2.2) ce 0606masa Upe3 cielHATa JH-
HelfHa 3aBMCHMMOCT MeXIy MOMEHTHTE K IapaMeTPUIe Ha TeYEHUETO:

1]

F A B GY(Ux-U
(2.3) 7|=#|B C H||®-w

S G H T E®

B ToBa paBencTBo A, B u C ca TeH3opu ot BTopm paHr, G u H — r1en-
30pu OT TpeTH paHr, 1 e TeH30p OT YETBBLPTH paHr, a BelwmuuHata S ce
HapuJa CTOKCJET Ha TedyeHMeTo. KBalpaTHaTa MaTpuua B paBeHcTBOTO (2.3)
ce HapM4ya MaTpWIa Ha ChIpoTUBIeHWeTo. OT NpaBUaaTa 33 YMHOXEHUE Ha
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eJIEMEeHTHTe Ha MaTpunara B (2.3) ciexBat mpaBmiaTa 3a MOJdyYaBaHe Ha BHT-
PEeLIHATEe TEH30DHU NPOU3BEJEHNA, T. €. '

F; = pdij (U° = Uj) + pBi; (OF - w;) + uGin B,
Sij = pGujr (Ug® = Ur) + pHiji (QF — wi) + aTin EG .-

IIpy npobaema 3a MOGMAHOCTTA Ha YAaCTULMTE MOMXKE [la Ce 3alMIIe pa-
BEHCTBOTO -

(2.4)

[_foo - ﬁ a b g ﬂ_lF
(2.3) Q0 -w | =|b ¢ B||H'M
uts g b m E=

‘B ToBa paBeHCTBO a, b, ¢ ca TeH30pM OT BTODM paHr, ¢, R — TeH30DM OT
TPeTH DaHT, a /M € TEeH30p OT YeTBbPTH paHr. KpanpartHara Matpuua B (2.5)
Cce HapWYa MaTpPHULa Ha MOOHIHOCITA.

Ille oresnerxamM, ye aKo ce U3KJIIOYMA OT pasriekAaHe CTOKCIETHT S, Mex-
Oy OBeTe CIIOMEHATH MaTpUIM ChllecTBYBa 3aBucuMocT. HamcTuna ot

(2)-+(3 2) (% 2) ()

_ A B 3 y‘I? g oo- G ™
_.#[B C] c] [,ﬂﬁ]+ [E](E )--Hl-[ﬁ]E

cjaeaBaT paBeHCTBATaA

EED-ED (DE-E-0

ToBa o3HauaBa, 4e

~ ~y —1 ~ ~y =1 ~
b oc B c) ’ h B C H
Cuen ¥3BecTHM npeobpasyBaHKa NoJy4dyaBaMe
a=(A-B'C™'B)™",
(2.6) b=-C™'B(A-B'C~'B)",
¢=(C-BA™'B)™.
lIa pa3riaedaMe cera ase C(bepW{HM YacTHLM, KOUTO 1104 ,ueﬁcnme Ha B'bH-
IDHY CHJIX ¥ TEXHUTE MOMEHTH Ce IABMIKAT TPaHCAaALMOHHO U pora.xmom-lo BbHB
BUCKO3€eH Gaynl. AKo Ha YaCTULUMTE He AeHCTBYBAT MOMEHTH, TO MOpaau JIK-

HelflHOCTTa Ha YPaBHCHMATa Ha CtoKc 3a CKOPDOCTTa Ha ABETEC YaCTUIIA MOXXKEM
la 3alMineM

‘(2.7) (_f,' = w.'171 +w.'2—]?2 (i =1, 2).

CroifHocTuTe Ha KOMIOHEHTHTe Ha TEH30Pa wij, XapaKTepU3Mpall BJuA-
HMETO Ha j-TaTa YaCTHIA BBPXY i-TaTa, 3aBUCAT OT Pa3CTOAHMETO MEXKIAY TAX
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(¢mr. 1). Kato n3emem mpensus, de
OTHOCHUTEJIHOTO NBYDKEHAE Ha XBETE
CePUUHN YACTMM U ABWKEHHETO HA
TEXHUA LEHTHD HAa MacuTe ce Aedu-
HHDAT Upe3 PaBEHCTBATa

ds _

= Us~ Uy,
(2.8) -
dv Ui+ U,
Qur‘.l —('E_: 9 ’

MOXeM /2 3anumeM ¢opMyJIuTe
—
. id% = (w21 — w11)71 + (w2 — le)?m
(2.9)
d7.  wa+wn ¥l \—f— war + w2

) ! 2 z
Ot ¢umsuuny cHoBparkeHns e ACHO, Ue KOTaTO Pa3CTOAHMETO MEHKIY Hac-
THULMTE pacTe HEOTPAHMYEHO, XUAPOAMHAMUYHOTO B3AMMO JeCTBHE MEXIY TAX

tTpabBa Ka M3uesBa, T. €. OPA I # J
(2.10) lim w,-j = 0,
r—00

a Impu j =1

. ]

(211) Iim Wi = .
r—oco 6rpa;

Ot noayuyenuTe pe3ynTaTH 3a AMHAMMKaTa Ha ABe COEPUYHM YaCTUIM

ciiegBa, 4e 3a TE€H30pa Ha MOOHMIHOCTTA Wi; MOXK€ a C€ 3allMille QopMyJjaTa
’ J

(2.12) wij = m u(P) +Bu( ) (5 - 7);27)] ’

KaTo mpu it # j ceraacuo (2.10) n (2.11)

(2.13) Jim Aij(p) = lim Bij(p) =0,
anpu j=1
(2.14) Jim Aii(p) = lim Bu(p) = 1.

Ot Pusuuam cbhobpakeHus ciielBa, Ye aKo paldyCcuTe Ha JABETe YaACTHLUYA Ca

. — -— —_
paBHM (a1 = 63 = @), TO Wy Twyy U wWig =way. Ako F1 = F u Fa=0, 10
TIpY [OJIEMM PA3CTOAHMA MEX/Y YaCTHLMTE I'bPBATA Lie Ce IBIDKA ChC CKOPOCT

- -
71 = braa 1 e I'eHepupa oKoJo cebe cu QAyUAHO TeUeHHEe CbC CKOPOCT
1
da a? da a? 7?1?
(2.15) ?1=—<l+ )U1+—<1———)———_.
p\ . 3p? 4p p? P
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ChriacHo bBUA 3aKoH Ha Pakcen CKOpPOCTTa ¥ Ha CMYTEHOTO TEU¢HHE
OKOJIC I'bpBaTa YaCTHUIa MHAYLUAPa BBHDXY BTOP:aTa YacTAIA ABMMKEHHE C'bC
CKOpPOCT

(2.16) Uy =71(7) +

e or6enexnm cbilo, Ye CKopocTTa v 1(p) AeCTBYBa Ha BTOpPATA Yac-
THLa KaTO CHUJIOB JMIIOJ C UHTEH3UTET

20 . 1
(2.17) Sy = T Tuas | (7)) + I avi(T)|,

kbaero I(T') e TeH30pBT Ha CKOPOCTTa Ha NedOPMAIMATA Ha TEUEHUETO, Te-
HepupaHo oT v 1(p ). OT Apyra cTpaHa, CHIOBMAT IUIOJ, MMAII UHTEH3UTET
Sy, reHepupa TeueHME OKOJIO BTODATZ YaCTHULa CHC CKODPOCT

(218) ?2 = Sz : VI

—
ToBa Teuenme nmpomeHa ckopocTTa U | Ha WbpBaTa YACTUIA U 3a HeA ce Iio-
iy4daBa

(2.19) S Ui =

Onenxure 3a A;; 1 Bi; (4, j =1, 2) upy rosemu CTORHOCTH Ha p Ce HaAMHUPAT,
KaTo ce cpaBHAT paseHcTBara (2.16), (2.19) u (2.12). Oxonuatennute pe-

3yiTaTH 3a KoepmmenTute A;; ¥ B;; npu rogemu crofiHocTH Ha £ = 2 i{)a
MMaT BUIA o
. ) 2
o 6073 6 Ap=S _247) L heny

A11—1—W+0(5 ) 26 (1+1n)%8 ()
3 1+ 797 -7
B11:1+O(£-6)! Bzz:a—é+“——"—(l+n)2€3+0(€")y

as . ’ .

kpaero 1 = —. Koraro 17 — 0, BaMAHMETO Ha BTOpAaTa YaCTULA BHPXY I'bp-
ay

BaTa M34e3Ba.

3. BIUAHME HA IIAB BbPXY XUIOPOIUHAMUYHOTO
B3AUMOOEVWCTBHUE P OBTUYAHE HA IIBA MEXYPA
OT 'PAIMEHTEH BUCKO3EH IIOTOK

N3menenneTo Ha NMOBBPXHOCTHOTO HAIIpeXKeHMeE 0 Ce ONPeled OT Pa3iu-
KaTa Ha TeMllepaTypaTa B Da3JMUHUTE TOYKM Ha MeXIy(asoBaTa I'PaHULA K
HaJM4YKeTO Ha IOBBPXHOCTHO-aKTMBHM BemecTBa (IIAB) Bbpxy Hea. Yecto
Tes3u ABa dakTopa AeficTByBaT exHoBpemenHo. Ille pasraename caMo ciaydad,
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KOTaTO IOBbPXHOCTHOTO HAIDEXKEHME Ce MiMeHA Ilopajyu Hajauuuero Ha I[[AB
Ha Mexnyda30oBUTE T'paHUIN.

WsmenenneTo Ha nNOBBPXHOCTHOTO HaNpeXKeHWe BOAM X0 AepopMUpaHe Ha
chepuunara GopMa Ha ABWKENIUTE CE BbB BUCKO3HO Tederne GIyNAHM YaCTH-
m. IIpu mocTaTbusHo Manky kKoHueHTpaimm Ha ITAB u ronemm crofiHocTH Ha
IMOB'bPXHOCTHOTO HallpekeHue obade MoXe a ce IPEMIoJIoKH, Ue ABIKEHINTe
ce daynanu dacTuum uMmar cpepudra popma. Ille npeamonarame, ue:

1. Orknonenuero Ha KoHUeHTpaimaATa [’ Ha axcopbupamoro IIAB Ha
rpaHMIlaTa 0T paBHOBecHaTa M cToMHocT 'y e manko B cpaBHenue c I'y, T. e.
I'=Te+T', I" <« Iy.

2. IToBBLPXHOCTHOTO HalpekeHne € QYHKIMA CAMO Ha KOHIIEHTDAlMATa Ha
IIAB Bbpxy nosbpxsocrTa. TOBa NpPENoioxKeHHE € BaJUIHO CaMO 33 MHOT'O
MaJIKa KOHIIEHTpauua B obema. .

llBmwxerueTo Ha NOBBPXHOCTUTE Ha (GAYUIAHUTE YACTUMIIM Ce CTpPeMM Ha
yBeJM4M NOBbPXHOCTHaTa KoHHmeHTpamud I' B 3aanata uMm vact. Tosm edext
ce Hey'rﬁammnpa 4ypes NOBBbPXHOCTHA AUPY3ua U upe3 obMmeH Ha [IAB mex-
Oy rpaHunarta ¥ o6emaua pa3rBop. O6MeHBT MoXKe Aa 6'bae M3BLpIIEH Ype3
6asHa mudys3ua kpM obeMa Ha pa3TBopa MaM upes 6aBHa aacopbuua — aecop-
buma. Tesm Tpu ¢akTopa — NMOBLPXHOCTHA AMdYy3udA, 6aBHa AMPy3ua B cGema
¥ 6aBHa ancopbmmsa — ca pasraefanu oTaenHo oT Jlesuu [125]. Hioman [126]
HaMUpa, 4ye TpuTe edekTa MoraT Ja 6bAaT pasrielaHy eTHOBPEMEHHO Be3 1o-
I'bJIHATENHY Dpefnonoxerusa. OTHOCUTeNHATa BaXKHOCT Ha Te3U TpHU edeKTa
ce 0Tpa3fiBa Ha NOJYy4YeHWA KoepuUMEHT Ha 3abaBAHe. ‘

Ila pasriemaMe aBa Mexypa, KOMTO ce OBTMYAT OT HECBMBAEM BMCKO3EH
Gayna npu Majku uucha Ha PeliHoJAC, KaTo IBIMKEHHUETO Ce OIMCBA OT 0CO-
CHMeTpUYEeH HeOTPaHNY€eH IpaiMeHTeH MIOTOK ¢ napabonauyen IpoduI Ha CKoO-
poctra. OcBeH ToBa B HellpeKbCcHaTaTa da3a uma IIAB, kouTo ce npuBAMYIAT
oT da3opaTa IPaHMIla U CIENOBATENHO Ce U3MEHA II0BLPXHOCTHOTO HAaNpesKe-
Hue. ITAB ca pasnpenesenn HepaBHOMEDHO [0 MOBLPXHOCTTA. 3a pelIaBaHe-
TO Ha Tasy 3aZaya Ca M3N0J3yBaHu paboraTa Ha Crumcbu u Ikedpn [127],
. KOUTO Dasrjexiar ABe TB'bPIU YaCTUIM, ABWKEUM Ce PaBHOMEPHO IO MOCO-
Ka Ha 0CTa, CBbp3Ballla NEHTPOBETEe MM, B HeOIDaHWYEH BUCKO3eH QIywMA, u
paborara Ha Kasosa — 3anpsanos [128] 3a aBe TBLpaM chepwuHM YacTHIM,
o6TH9aHM oT rpaiMeHTeH NoTok. llle mM3amoasyBaMe XMIPOIMHAMUMHMA MO-
Zen, npednoxeH B paborata Ha Hioman [126] 3a ¢payumsa wactuma, magaima
¢be ckopocT U BBB BUCKO3eH Q).nypm [pyM MaJxd uuciaa Ha PelfHoaac u mpu
Hajuumeto Ha [TAB.

lla npeanonoxumM, ye ABa MeXypa ce oBTHYAT OT OCOCHMETPUYEH Ipa-
IMeHTeH TIOTOK ¢ mapaboiudeH NpodM Ha CKOPOCTTA NP MaJKM UMCJIa Ha
Peitnonnc npu Haamumero Ha ITIAB. Y pasuennero na HaBue — CTokc 3a cTa-
MMOHADHM IBWKEHUA Ha HECBMBAEMM BUCKO3HU dinymm e

(?.v) v = —% Vp+vAT,
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KBAETO V € KNHEMATUYHUAT KOeOHUIIMEHT Ha BUCKOZHOCT, a p — HI'bTHOCTTA Ha
¢ayuna. Ilpu 6aBHM ABWKEHMA, KAKBUTO Ce€ PaslieXIaT TYK, ce IpeHebper-
BaT KOHBEKTUBHUTE UJIEHOBE, KOUTO Ca MAJIK#, ¥ YDaBHEHWeTo B Npubimwkenue
Ha CTOKC MMa BHAA

(3.1) VAT = %Vp.

Y paBHEHHETO Ha HEIIPEKbCHATOCTTA €
V% =0.

Kunematuynure YCJIOBUA Ha I'paHMNATa MEXAY OBE€ TE€YHM 4)8,314 ca:

1 2

) oV = of?

T. €. HAMAa XJI'b3raHe MeXay 4YacTULMTe Ha ABETE (1)3,3]/[ (TyK V¢ € TaHreHOaJa-
HaTa KOMIIOHE€HTa Ha CKOPOCTTB.);

)

(32) 6) v5) = viP) =0,

KbAETO U, € HOpMaJHaTa KOMIIOHEHTa Ha CKOPOCTTa. 10Ba € ycjoBue 3a He-
npoTHuaHe, T. e. JBeTe a3y HE ce CMEecBaT.

Hopanmu neticteuero Ha [IAB BBpxy MexaydazoBaTa rpaHUIa Ce NOABABA
TaHMeHUMAaJHa CHila, KOATO ¢ paBHa Ha

o
P, =gradgo = —— gradg '
or
M € HaCOY€eHa 10 AOTMpaTe/IHaTa K'bM NoBbPXHOCTTa. TyK gradg e moBbpxHOC-
THUAT rpaavent. Ilpeanonarame, ue o e dyHxuma camo Ha I, 1. e. o0 = o(I).
CiuenoBaTenso JMHAMUYHUTE YCAOBMWA, KOUTO Ce IIOCTABAT Ha T'PAHUNATA
Mexay e Teunn dasu npu Hamuuve Ha [TAB, ca:
! —
a‘) Pﬂn—Pnn = Do,
1- 1
KbIETO Dy = O B + B € KanuasapHoTo HaisgraHe (Tyk R; u R; ca pammy-
1 2
CHTe Ha KDMBMHATa Ha NOBBPXHOCTTA), a P, — HopMmaiHaTa KOMIIOHEHTa Ha
TeH30Pa Ha HanpEeKEHUsTA,

(3.3) 6) Pu— P/, =ps,

KbAeTo Pj; e TaHreHIMaIHaTa KOMIIOHEHTa Ha TeH30pa Ha HalpeXKEHUATA, a Py
€ TaHTeHIMAaJHATa CHJIa Ha IMOBBDPXHOCTTA.

3a za ce HaMEpAT MOB'LPXHOCTHUTE CUIM P, U p;, € HeoDXoquMoO Xa ce
HaMepu pa3npeneinennero Ha IIAB mo mosbpxHocrra. ToBa pasnperneinenue
ce ofyciaBa oT HAKOJKO ¢akropa. I[IAB Ha MOBBHPXHOCTTA ce YBJMYa OT
IBWKEHNETO Ha TEYHOCTTA M Bb3HNKBa KOHBEKTMBeH NMOToK Ha IIAB mo mo-
BBHPXHOCTTA:

Joos = T'vy,
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KbIETO Uy € TAaHTEHIMAJHATAa CKOPOCT Ha TEYHOCTTAa Ha rpaHMIlaTa B De3yl-
TaT OT Ppa3NuKUTE B KoHileHTparuaTa Ha IIAB. Ha noBtpxHOCTTa BB3HMKBA
mdy3uroHeH nmoTok Ha ITAB:

j;m¢> = —Dg gradg I',
kbaero Dg e xoeQUIMEHTHT Ha MOBBPXHOCTHA Judy3ud.

Axko ITAB e pa3TBOopMMO B TE€YHOCTTa, TO B'BB BCAKA TOYKa OT NOBBP-
XHOCTTa MOXe Ja Ce M3BBbPIIM IPeXoJ Ha BemecTBOTO OT HOBbPXHOCTHATA
da3a B o6emHusa pa3tBop mam obparHo. Heka osHauumM ¢ j, moToka ot ITAB
OT eIMHMIIa [OBbPXHOCT KbM obeMmHaTa da3a uau obpaTHo. ToraBa 3aKOHBT
3a 3ana3pafe Ha [IAB wuma Buza

Jn = divg (jnoa + jm,[q;) s
A :
(3.4) Jn = divg (T'vy) — divg (Dg gradg T') .
Tyxk divs e NoBbPXHOCTHATA AUBEPreHIMA.

3a pemenrmerd Ha 3amadaTa € HeOBXoAMMO CBBMECTHOTO pellaBaHe Ha
YPaBHEHMETO Ha ABWKEHMe, 3aKOHa 3a 3ama3BaHe Ha IIAB u rpamuunute yc-
JAOBUA.

AKo BbBEAEM IMIAMHAPUYHA KOODAMHATHa cucTteMa (7, p,z) C LEHTHD, Je-
JKaIl Ha 0TCeyKaTa, CB'bP3Ballla HEHTpoBeTe Ha ABeTe cpepH, U oc Oz, CbIBP-
JKalla [eHTpoBeTe UM, TO pasriexialKki rpaIueHTeH 0COCHMETPHAUYEH Heorpa-
HUYEH HOTOK C napaGommeH Ipodua Ha CKOPOCTTa, FPAaHUYHOTO YCJIOBHE B
6e3xkpaitHocT e

v, = 0, v,,:UoozKr,
kbAeTo K e KoHcranTa. T KaTo pasraexaaMe ococHMeTpUYHA 3akada, TO
v, =0, T. e. 3a1a49arTa He 3aBUCU OT .
Ila BbBeNeM Bucdepuuna xoopyuHaTHa cucteMa (€,7, @), YHATO BPB3KA C
IMIMHEAPUYHATA KOODAMHATHA CUCTEMa Ce JaBa OT paBeHCTBaTa
_ sin £ _ shn
r—cchn—cosf/’ Z_cchn—cosf’
kbgeto ¢ > 0,0 £ £ £ 7, —c0 < < 00.
- Hexka cdepata ¢ paauyc @ XU B OTPULATENHOTO NOAYIPOCTPAHCTBO 2 <
0, a cdepara ¢ pamuyc b NexM B MOJIOKUTENHOTO MOAYHPOCTPaHCTBO z > 0.
Torasa B 6ucdepuuny KOOPAUHATH 3a ChepaTa C PaiUyC @ UMaMe

n=m<0 (a = cleschnyy | = _c_> ,
' |shm]
a 3a cdepaTa Cc paamyc b —
n=n2>0 [b=c|eschr|= _c_)
| sh |

Tt kKaTo 3amauara e OCOCUMETDPHYHA, MOXeM Ja BbBEAEM ¢)yH.KIIPU-'( Ha

Toka W
1 0oV 1 0¥

)  XTTERE Gy T il
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¢ csiné

chnp—cos¢’ Hs = chn—cosé

Kbaero Hy = Hy = ca MeTpHUYHKUTE KoeDUIMEeHTH

Ha JlaMme. ow
1
Ot 3aBucumocTTa v, = T clenBa, Ye yCIoBUeTO B De3kpaMHOCT MMa
BUAA
. 4
(3.6) W= ket S8 2 +72 0.

Ot ycanosuero 3a HenporuvaHe (3.2) noayyaBame
(3.7 ¥=0 nmpu n=m, n="1a
Ocsen T0Ba u3snuckBame ¥ =0 nmpu £ =0, € = 7.

B kpuBoiMHeliHA KOODIMHATHA CHCTeMa TaHIreHIMajHaTa KOMIIOHEHTa Ha
TEH30pa Ha HAIIpeKeHUATa € .

100, 1 0v, v OH v O0H)

H; g ' H; 9 HiH; 6q;  Hill; ogy }

Crnenosaresnso, usnonsysaiiku (3.5) B Sucdhepuunm KooOpaMHATH, HONyYa-
BaMe

Py = Py 2#*{

« (chn—cos)® 0°W  (chn—cos§)® O°¥

Pep=p Semé  0€ sinf  Onp?
(chn—cos§)® 2sin’f+1-cosfchn O¥ _(chn—cos§)® o OV
SBsiné sin§ o€ c3siné ® 17517 ’

KbAETO §#* € OUHAMMYHUAT KoeQUIMEHT Ha BUCKO3HOCT Ha Qayuna.

Hexa I = I+ 1', xnaero I'° e paBHOBecHaTa CTOMHOCT Ha MOBLPXHOCTHA-
Ta KoHUeHTpalma Ha [IAB, a [V — orkaonennero ot nes. Ille npemonarame,
ye I e mMuoro mo-manxo ot I'°. Mmame npexncraBanero '

- o
a:ao+5%(r—r°),

o do _,
KbAETO —= € KOHCTAHTa WIK 0 = 0g + — I".

or or
Y caoBnero (3.3) e
Pep = gtadgo mpu =m, =12

U ro 3anucseaMe BbB BHIa

0@ 2
: Ssné o€ A3sin  On’
(chy— cosg)® 2sin?€ +1—cosgchy OF (chy—cos)® . 5‘_’_‘2}
Ssiné sing 0€ c?sin§ " n
— g hn—cosd) 0o T =
=4 S ar—a—z-, n=m, n="n.

Tyk ,+“e3an=m, a,—“e3an=n,.
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Ot BexTOpHOTO ypaBHenue (3.1) eauMuHMpane HaAS AHETO p ¥ U3IOI3Y-
Baiiku Bpb3kuTe (3.5), monyyaBaMe ypaBHEHUETO

(3.9) D*(¥) =0,
xbpaero D* = D¥(D?) u

_ﬁ{i(_f’z_5_>+_‘9_<_fﬁ_ﬁ_>}
HiHy | 8q1 \ H3H; 0q1 dq2 \ H2Hj3 0Oq2
uiu B ObucepUYHEM KOOpAMHATH

chp— d 0 0 a
D=k {'a‘?;' [gchn— u)%] +(1 —p")a(chn—u);ﬂ} :
KbAECTO § = cos.

Ila pasriegaMe ypaBHeHMeTo 3a cbxpaHenue Ha ITAB (3.4). FosemunaTa
Ha noToka oT IIAB oT mosbLpxHOCTTAa KbM obemHaTa asa j, ce onpernend
0T mo-6aBHKUA OT JABaTa Hpoleca ajcopbuwa — necopOuuA NIM peHacAHe Ha
monekyaute Ha IIAB ot o6emMa ¥bM NOBBLPXHOCTTA.

Cregpaitkn JleBud, me u3pasuM j, 4dpes AebenunaTta Ha audy3MOHHMA
caoit Ha Hepucr. Mmame Bpn3kata

jn'=D(Cs ~ C)/5,

Kbaero Cy e KoHUeHTpanmATa Ha [IAB B o6emuusa pasrsop, Cs e XOHIEHTpa-
IIMATa B pa3TBopa 61M30 N0 rpaHunara, a 6 — nebeamnata Ha U y3UMOHHMA
ciaoit na Heprer. [locneaHoTo ypaBHeHrMe MOXKeM Ha 3alMHIeM BbB BMAA

(3.10) dn = (D/8)(T° = T5)/(OT/5C)eq,

kbaero (0T /0C)eq € KOHCTAHTA.
Cera, pasriaexnaiiku MeXaHA3Ma Ha ancomem, MOKEM Ja 3alMIeM Cilel-
HaTa JMHeHHa Bpb3Ka:

(3.11) jn = —a(T = Ts).
Ennmuaupame I's or (3.10) n (3.11) u noxyuasame
(3.12) jn = —aDI'/[D + ab(8T /8C)eq].

PasrzieskiaMe mMbpBUA WieH B AACHATa CTpaHa Ha (3.4):
divs(Foe) = divs [(T° + [M)ve] = (I° + I') divs v; + v, grad, (I'° + )
=Tdivgs v + divg(T'v) + v, gradg % ~ I divs v,

zamoTro [ e MajKo ¥ v; € MaJKo Hopalyu GaBHOTO ABIDKEHUE, ClieOBATENHO
I"v; e Majka BeJMuMHa OT BTODM HODALBK M f IIpeHeGpersaMe, a OCBEH TOBa
I e xoHCTaHTA.

Bropuar unen B AAcHaTa cTpaHa Ha (3.4) e

divs(Ds gradg I') = Dg divg gradg I'
Torasa (1.4) nobusa BuAa
(3.13) jn =T°%divs v; — Ds divg gradg I'".
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¥

Fﬁoxvx6mmpame ypasuemmuara (3.12) u (3.13) ¥ moayyaBame ypaBHeHMe
b —aDI’/[D + a6(8T/8C)eq] = I divs v; — D, divs gradg I
WM, aKO NOJIOXKMM
K; = —aD/[D + a6(8T:/0C)eq}, i=1,2,
TO MOXeM JAa 3aluOieM ypPaBHEHHE 3a M3MEHEeHMEeTO Ha MOBbLPXHOCTHATA KOH-
uenTpaund I} BBpXy BCAKa OT YaCTHLMTE 7) = 7!
(3.14) KT =T%divsvi — Dsdivs gradg I}, i=1, 2.

3a na obGe3pa3sMepUM ypaBHEHMATa, JAa B3eMeM 3a XapaKTepeH JIMHeeH
*

pasmep C, a 3a xa.paxrepna ckopoct U = Ll Pro PasmepHocTTa Ha QyHKUMATA
p
Ha Toxa ¥ e UC?. Pa.snenﬂme nBere cTpanu Ha (3.6) Ha UC? u nonyqa.Bame

1 sin® ¢

(3.15) ‘I’:—-Zm, E2+92 =0

(Tyk npeammosarame, ue EJC_ = 1). Heawm msere crpanu Ha (3.7) cbmo Ha
UC? u nonyuaname

(3.16) ¥ =0 nmpu =1, n=1.

3a na obespasmepum (3.8), yMHO)KaBaMe JBeTe CTPaHM MO — M IOJydaBame
G0

(3.17) (chq—cos£)3 O*¥  (chn—cos)® 5°¥
' sin £ o¢2 sin £ on?
(chp—cos€)? 2sin?€ 4+ 1~cos€chn 8F  (chn~ cosE)? 34k ov
sing siné %€ . siné =
o® oI
:i(chn cos §) 661‘ %2 n="m, ="
Tyx Cs = w Ce HapyUa KAIWIAPHO UMCIIO0, KbAETO 0 € PABHOBECHATA CTOM-
HOCT Ha TOBbPXHOCTHOTO HAIPEXEHue U
do'’
) - =1 gl I\I
7 0'0 + BF
CZ
YmMuOx)aBaMe ypaBHenueTo (3.9) mo 7 ¥ monyHapame
(3.18) - DY¥) =0,

KbAETO

= -0 { g [(@n -] + 0 - an- L

QJlQJ
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Y MHoxKaBaMe ypaBHeHueTo {3.14) mo # noaydaraMe bes3pasMepHOTO

o
UT,

yuabHerue (
(3.19) KT =T0divsv! — Dgdivsgradg I}, i=1, 2,
K5LeT0
divs vf = (ch - cos€)? 0 (v; sin & ) ’
sin & o€ chn; — cosé
divs gradg I'} = (ch 77:'5;12055)2 ‘g:g <Sin£ %—];:) )

Tyx cme upueau, yve K =1, C = 1.

Hexa cera na BbBexeMm QyHrkuuaTa ¥, KosATo e cBbp3aHa ¢ ¥ ypes cien-
HOTO yDaBHEHUE:
1 sin®¢
4 {chn—cosé)*’
¥ Knouu keM 0 B Gezxpalinoct (Bx. 3.15). ToraBa TbpcuM TOuHO pelleHue Ha
3ajavata BbB BUIA

(3.20) U=+

— 3 N\ s,
(3.21) T = (chn—p)72 Y Un(mValn),
KbhJjeTo ‘
(3.22) ¢ Va(p) = Pa-1(p) — Paia(p),
(3.23) ‘

1
Un(n) = Anch (”‘“ 5) 7+ Bnch <n+ %) +Crch (n—— %) n+ Dy, ch <n+ %) 7.

Tyx P,(p) e nonuaoMbT Ha JIpoxanasp or crened n. Karo B3emeM npeasun
(3.20), or (3.16) uonyuaBame

- 1 sin*
3.24 == —— p= _
(3.24) Iy —cosg)i’ "M 1=
nin
1 sin¢
3.25 E U, Vo - —_— = = 19.
( ) (77) (/’L 1 (chn- 6055)5/2 ) n m, n 72

Cien mbATHM, HO CTAHAAPTHU NPECMATAHMA, BKIIOYBAINN U3NOJI3yBAHETO
Ha 06m0T0 penleHne U rpadnynnre, yciaopud, Ce loJiy4dyaBa 683Kpa-ﬁ]{a. CHUCTEMa
OT JMHeHHM ypaBHEHMA 3a KoepuumeHnTute A, By, C,, D,, E1 u E. Taau
CUCTeMa ce pemaBa YMUCAEHO. KaTO IIpeCMETHEM l’IpMSJIMx-(e}lo HEN3BECTHUTE
KoeQUIMEHTH, U3YMCIABAME CHIPOTHBICHAETO, KOETO U3MMTBAT ABETE YaCTH-
M, or dopMynnTe

- _
Fy=-2V21) (20 + 1)(An = Bo + Cn— Dy) 33 n=m <0,
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oo
Fo=-2V21) (2n+1)(Au+Ba+ Ca+ Dn) 32 n=1m > 0.

n=1

Honyqemn‘e YMCJCHM PEe3yaTaTHy IIoKa3BaT, Y€ Bb3NPECHATCTBAHETO HA MO~

fMIHOCTTa Ha MeXAy(ha30BUTe IpaHUIM Ha YaCTUIIMTE HapacTBa (Upes Mexa-
HM3M3 Ha NoBbDXHOCTHaTa audysusa Ha [IAB), korato paamycure Ha YaCTH-
IMTe PacTaT M Pa3CTOAHUETO MEXAY TAX HAMAaJABA.

Ne

21.

22,
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.

HacroAaumTe wu3ciIeIBaHUA Ca M3BBLPIIEHM B U3NLJIHEHME Ha JOTOBOD
72/91, cxmodern ¢ MunucTepcTBOTO Ha 06pa3zoBaHMeTO U HAyKaTa.

.
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JUCIEPCUOHHO YPABHEHUE [IPY B'bJHOB PEXKUM
HA U3TBHHABAHE HA T'bHKUY TEYHU ¢UJIMU
C OTUYUTAHE HA EJACTUYHUTE CBOWCTBA
HA MERIAYP®A3ZOBUTE I'PAHUIIHN

3AIIPAAH 3ANIPSAHOB

3anpan 3anpinos. JUCINEPCHUOHHOE YPABHEHMUE [P BOJTHOB@M PEXVME
IOIBUKXEHHUA NIEHHBIX YU SMYJIbCHOHHBIX [TJIEHOK

A ncopbupoBanue noBepXHOCTHO-aKTUMBHEX Bemects (IIAB) mozmpuumpyer nosepx-

HOCTHYIO BA3KOCTb M BJIACTUMHOCTE, M HOBTOMY HTPAET BaXKHYIO POJIb B cTabuau3anuuy ned

. u eMynbcuit. Hacroamasn pabora uccnelyeT BONHOBHE IBVKEHMUSA XKUIKOCTHA IPX yTOHYe-

HUM KNIKUX DieHoK. VsyuaeTca BAMAHME BIACTHUHEIX CBOMCTB Mewda30BHX (ra3o—kua-

KMX WK XKHUIKO—KUAKNX ) NOBEDXHOCTE! Ha BOJHOBOM PEeXXUME ABUKEHMS ©MYNbCUOHHBIX

u neHBHIX niueHok. [lonydeno nucnepcuonnce ypaBHeHME BOJIHOBOTO LBMMKEHMSA KUIKOCTHM
B NAeHKaXx.

Zapryan Zapryanov. DISPERSION EQUATION OF WAVE REGIME FOR FILM DRAINAGE
WITH ELASTIC PROPERTIES OF INTERFACE BOUNDARIES

Adsorbed species play an important role in foam stabilization, emulsion stability, and sus-
pension polymerization by modifying interfacial viscosity and elasticity. The present paper deals
with the wave motion in tinning fitms. The influence of elastic properties on the gas-liquid (and
(liquid-liquid) film interfaces is investigated. The dispersion equation for wave motion of the film
interfaces is derived.

Bakna poiAa B NIOBEACHUECTO HA HAKOU JMCHIEDCHHU CPICTeMPI‘ (HCHH, EMYJICHHA
nu I[p) UI'DaAT TBHKUTE TEYHM CJIOEBE MEXAY YacCTHULIMTE, U3rpaxKaalll CUCTe-
MaTa. B MHoro ciaydan cBoMcTBaTa Ha JMCIIEPpCHAaTa cpela ce OnpedendAT oT
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BPEMETO Ha U3ThHABaHE Ha THHKUTE TeYHM QUMM MEXKI/ YaCTHIATE.

Makap, nponmopumoHaiHO B3eTo, 08eMHaTa 4YacT Ha XWAPOIMHAMULHMUA
$uIM n1a cbABPKA MHOTO NOBede GIYUA B cpaBHEHUE C IyHAa, HAMUPAIL Ce
BBLpXY TPaHMIMTE MY, NPOLECHT Ha HETOBOTO M3TBHABAHE Ce BIUAC CHILECT-
BEHO OT PEOJIOTHYHNTE CBOMCTBa Ha MeXxIy(a3oBMTe MY d0BLPXHOCTH.

Koraro ¢paynmasrt BB puaMa CbAbpKa MOBBPXHOCTHO aKTUBHM BEIMECT-
Ba (ITAB), kouTo nopaiu xapakTepa CH Ce CTPEMAT , Ja OTCENHAT“ Ha Io-
BBPXHOCTTA MY, MEXAY()a30BHAT CJIOM 10 I'PAHUILMTE U3MEHA CBOMTE KOMIIO-
3MIMOHHK CBOMCTBa 3HAUMTENHO B CPaBHEHHME ChC CBOMCTBaTa Ha obeMHaTa
dasza. ToBa noBexxAa B HAKOM CIAy4Yau JO CUJIHM OTKJIOHEHUA OT CBOHCTBATA
Ha HIOTOHOBUTE MeXIy($a30BM IOBBLPXHMHU. I[lo TakbB HauMH NpoiechT Ha
U3ThHABaHe M pa3pyllaBaHe Ha TaKWBa QUMM 3al04YBa [a Ce BJIMAE CHIHO
OT aAcopbupaHNUTe Ha NOBBPXHOCTTA €JaCTUUHM XAPAKTEPMCTUKM M TAXHOTO
HEHIOTOHOBO IOBEAEHME.

Kakro e m3BectHo, npe3 1913 r. Bycuneck [1] npeamomxu nBymeper aHa-
JIOT Ha TpuMepHMTe ypaBHeHMA Ha HaBue—CToKC U ¢ TOBa jdane onMcaHKe Ha
NIOBEJEHMETO Ha HIOTOHOBUTE MeXAy(a30BU MOBbPXHOCTH.

KoHCTUTYyTHMBHMTE ypaBHEHMA 32 HM3OTPOUMYHUTE BUCKO3HO-eJaCTHYHWU
Mex Ay $a30Bi NOBBPXHMHM Ce U3B&XKAAT aHAJIOrMYHO Ha ypaBHEHUATA 32 HIO-
TOHOBHTE MeXAY(Pa30BH NOBLDXHUHH.

Jlam6 (2] u Toxpuu [3] noka3BaT Kak U3yUaBAHETO Ha KAIMJIAPHWUTE BbJl-
HU MOXe ha NOCIYXM KaTo yAo6HO CPeACTBO 3a M3y4yaBaHe Ha PEoJOTHUHHTE
CBOMCTBa Ha M&XIy(Pa30BUTe FPAaHMIM, HAIpUMep 3a olpelelifiHe Ha MOBBP-
XHOCTHOTO HAIIpeXE€HME, IOBLbPXHOCTHUSA BUCKO3UTET, €IACTUYHUTE XapaKTe-
pucTvku ¥ ap. Kanmiapuw BBJIHM B HEM3T'hHABAINM €MYJICUOHHM OUJIMHM ca
u3cieapanu ome oT Jlokacen u ap. — [4] B ciyyas Ha HepasTBopumu IIAB,
I'ymepman u Xomcu — [5] 3a cayyas Ha cOepHYHM GUIMM OT YMCTH GAYHIH,
u IDxeiin u Pykenmeiin — [6] 3a eaHocTpannu ¢uimu ¢ pastBopumy [IAB.

B nokropckaTa cm aucepramma Ha Tema , Mi3Boa Ha MexaydazoBuTe CBOIM-
CTBa OT €KCIEPUMEHTH C KallMJIADPHU B'bIHK“ Mayep (7] uscaemsa enacruunu-
T€ CBOMCTBA Ha MeXAyda3oBUTe NOBbPXHOCTU. BB3 ocHoBa Ha Mozena Ha
Ha BolfT B TeopeTMuHaTa YacT OT CBoWMTe M3CIeIBAHMA TOM pasTiexIa He-
HIOTOHOBM IOBBLPXHOCTH Ha HEM3THHABAIM TeuHu ¢uimu. CpaBHABaHETO Ha
' TEOPETHYHUTE K €KCIIEPUMEHTAIHUTE DE3YITATH MY AaBa BbH3MOMKHOCT A OI-
penein eNacTUYHUTE XapaKTEPUCTHKM Ha Mexay(a3oBUTe NoBBLPXHOCTUA. B
cioMeHaTHA Moded Boitr [8] naBa Haii-lIpoCcTHTE KOHCTUTYTHMBHM ypaBHEHMA
3a BHCKO3HO-€JIaCTUYIHM MeXKAy$a30BM HOBbPXHUHMA KATO MOAXOIAME KoMOH-
HaIA Ha KOHCTUTYTUBHUTE ypaBHEHMA 33 YMCTO BUCKO3HM M UMCTO €JacCTd-
HY Mexnyda3osn nosppxuvay. Onzpoua [9] cbmo npeanara KOHCTHTY TMBHMA
YPaBHEHNA Ha BUCKO3HO-eJIaCTUYHY [TOB'SPXHMHM, HO T€ Ca Mo-caokun. Hamoc-
nenwk Fapauep u ap. [10] npeanoxuxa KORCTUTYTUBHM YPaBHEHUA 33 CIOXKHYU
BUCKO3HO-€JIaCTHYHY TNIOBBPXHOCTH Ha , 3allaMeTsBaHe “.

B Tasu craTus me U3cienBaMe BbIHOBUA PEXMM 33 U3THHABAHE Ha THHKU
TeYH! QUAMM C OTYMTaHe Ha eJaCTHYHUTE CBOMCTBa Ha MexaydasoBure rpa-
‘oM. I'panuunure ycioBus Ha MeKIy(a3oBUTe I'DaHMOM Ha M3ThHABAMMA
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$uAM Ce B3eMaT CBMIIACHO KOHCTUTYTMBHMTe ypasHeHus nHa BoHT 3a Buckos-
HO-eJIaCTMYHM MeXAYypa30By noBbpxHMHM. OCHOBHMTE NPEAIOJIOKEHUA Ca!

1) PeonoruusoTo moselienme Ha ofeMHUTe a3y CUMTaAMe HIOTOHOBO, 10-
KaTO PEeOJOTMUHOTO NOBeAcHMEe Ha I'PAHMUUTE Ha (HIMa IMe mpexnojarame
HEHIOTOHOBO. 3a Jha KOMOMHHpaMe BHCKO3HUTE M €JaCTMUHUTE HAIPeXeHUd,
e U3XOKAaMe 0T KOHCTHTYTMBHHTe ypaBHeHws Ha Boitr [8].

2) UaTnHABaHETO Ha GUIMA U B'HJIHOBOTO [BIWKEHKE BHB QUIMa CUMTAME
3a Hesasucumu [11, 12].

3) Ille cunrame, de IIAB ca pasTBOpEHM CaMo B JWICIIEpCHaTa cpeaa (dpui-
Ma) u 4e obmensT Ha HHAB Mexay ¢uima u HeroBara NOBBHPXHOCT € audy3HO
KOHTPOJIUPYEM.

KaTo m3bepeM 3a XapaKIEPHM BEJIMUMHM OOIIONpHUETUTE B Ta3u 0biacr,
e NOJYyUYUM CieIHMTE oe3pa3MepHn BeNWYMEM, KOMTO XapaKTepHU3UPAT pa3-
TAEKIAHAA npobaeM:

_ v « DR _Vv

we Roy Dy = v ' Se_D’
[‘ AUJ * A * G
a=-, s ™ T A =5 G'=—
TR I Pl
pR pR

HoBu napameTp¥ TyK ca A 1 G — IOB'BPXHOCTHUTE KOePULIMEHTH Ha €JIac-
TuyHOCTTa (A € PasTAramuMAT KoeQUIMEHT Ha eTaCTHIHOCTTa, & G — TaHTeH-
LMAAJTHUAT) .

BbB Bpb3Ka C M3y4YaBaHETO Ha BLIHOBUA DEXUM Ha ABWKeHMe Ha Qayu-
mure pe3 1890 r. mopa Keasun [13], kaTo nsnonsysa ypaBHEHMATA 3a ABUIKe-
HMe Ha BUCKO3HM (GJLyMIM ¥ TDAHMYHM yCJOBUA, BKIIOYBALIMA T0BPXHOCTHOTO
HanpeKeHWe, [10JIyYaBa W3BECTHOTO JUCIIEPCHO ypaBHEHHeE

) 3
=gk+6—a
p

KBJAETO W € UeCTOTaTa, k — BBbIHOBOTO WICJO, § — 3€MHOTO yCKOpeHUe, p —
OABTHOCTTA ¥ 0 — MOBBPXHOCTHOTO HanmpexeHne. Tolf u3BLpUIBa U3CIelBa-
HUATA CH 33 KamWAADHU BLJAHM Bb3 OCHOBa Ha HECTAlMOHAPHWTE yDaBHEHUA
ra CTOKC, KOMTO omucBaT Gapaute Apwxemma. IIpes 1932 r. Jlam6 [2] 0606-
maBa pe3yiaTature Ha KejBHH, KaTo M3H0JI3yBa HOB OAX0[, CTaHAJ Cjlel TOBa
KJIaCHUECKU B KM3CJIEABAHUATA Ha BHIHOBHATE ABMAKEHMA B XMAPOAUHAMUKATA,
HO C'bINO BKJIIOYBA B IPAHMYHUTE YCIOBMA CaMO OBBPXHOCTHOTO HANpPEXEHNE
KaTO XapaKTEPHUCTHKa Ha MexAyda3oBuTe rpanvim. MHOTO aBTOpH, KOMUTO
ca M3CJjeABaJi B'BJIHOBM JBWKEHMA Ha BUCKO3HM GIYyUIM, Ca Ce NPUAbPXKAIM
KbM IIOCT2HOBKATa M aHaiaM3a, ganenn oT Jamb. Ilpes 1943 r. Yeirxapa [14]
BKJIIOYBA B TPAHWYHOTO YCJOBHME Ha MexIy(a3oBaTa IPaHNUIla Ha BBJIHUTE 0C-
BeH NOBBPXHOCTHOTO HAIIpEXKEHHe OINEe ¥ IOB'hPXHOCTHNA BUCKO3UTET, KAKTO
Tol e 61 BBBeZeH oT Bycuneck. WU3BecTeH omaT 3a BKIOUYBaHE B 'PaHMYHUTE
yciaoBuA Ha MexIy(a3oBaTa FpaHWIa Ha BBJIHATE U HA €JACTHYHMTE Xapak-
TePUCTHMKM Ha (JIyMIHATE TIOB'bPXHUHM HapeX C HOBbPXHOCTHUA BUCKO3UTET U
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OB'bPXHOCTHOTO Hamnpexenue npapy npe3 1951 r. Jopemein [15]. IIpes 1941
r. Jlesnu [16] npemaxBa oT cBOUTe M3CiI€ABAHUSA JOBBPXIOCTHUS BHUCKO3UTET
¥ NOCTaBsA OTPaHMUMTENHOTO YCJIOBME 3a HEMNOIBWKHOCT HAa MEXAYda3zoBaTa
IFpaHMIa B XOPU30HTAJHO HallpaBJeHWe He CaMo OpM Hepa3TBOPUMMTE MOHOC-
noeBe (Guimu), Ho U 32 pasTBopummre. Ilpes 1964 r. Hancen u Man [17]
IpenjaraT TeOPUs Ha BHJIHOBMTE ABWKEHUA IIDU HaianuMe Ha Geskpaiina Mexk-
AydaszoBa rpaHMIa, KaTo0 HaMMpAT BPb3Ka MeXAy obeMEaTa BUCKO3KOCT, MO-
B’bPXHOCTHUA BUCKO3UTET U €JACTUUHUTE MOAY 1M HA TPAHULATA. AHAJOrUYHU
u3ciaensanua npaBAT ¥ Ban gen Temmu u Ban zen Pur [18]. Uurepecen, HO
MO-CJIOKEH MOJEJ 33 M3CJeABaHE Ha BHJIHOBUTE IBWKEHHA € NpEIJIOXKEH OT
Punrap, Uspaen n Bacau [19].

IIpes 1979 r. BanoB u ap. [12] pasrnesxaaT B'bAHOB PEKKM HA, ABIKEHME
Ha QUMM C OrJe] M3CHeIBAaHETO HAa YCTOWUMBOCITA HA THHKA TeYHM OUIMU
C HIOTOHOBM MeXAy$ha30oBU I'DaHULMA.

B macTosmaTta cTaTHA BB3 OCHOBa Ha NPGCTMA Monel Ha Bo#T e ua-
cjleJBaH B'BJIHOBUAT PEXUM Ha IBMPKEHME HA DPAjMAJHO OTPaHUYEHWUTE TEIHU
GuIMH, KaTO B TPaHWMHHTE YCJOBMA Ha MEXIAY(Da3oBUTe TPAHALM Ca OTUe-
TeHM OCBEH NOBBPXHOCTHOTO HAIIPEXKEHUE UM MOBLPXHOCTHUA BUCKO3UTET OMIE
Y e1acTUYHUTE XapPaKTEePUCTHUKM Ha MEXAy(Pa30BUTE HOBBPXHOCTY Ha GuIMa,
T. €. M3CJeJBaH € BbJIHOBUAT PEKUM Ha [BWKEHWe Ha THHKMA TeuH¥ GUIMH C
HEHIOTOHOBM Mexay $a3oBu rparumi. MaBeneHo e o6olimeno auciepcHo ypas-
HEHWE 3a B'LbJAHOBOTO ABWXEHHE Ha NMEHHUTe U eMYJICUOHHMTE QUIMM.

Bcenencreue Ha TepMuunM QIYKTYaUMM M APYTHM NPUAYMUHM NIOBBPXHOCTH-
Te Ha BOIHMTE CHCTEMHM Haif-vuecTo ca ¢ BpAHOOGpa3en xapakrtep. Hpoduast
H3a TaKaBa MOBBLPXHOCT BbB BCEKM MOMEHT MOMKE Ja Ce NPEACTaBM KaTo Cy-
Hepro3niMaA Ha Ge3kpaeH Gpoil BbJAHM C Pa3JNMUYHU ObLIDKMHU M aMILUIATY.IA.
IlonoxerueTo Ha BCAKA BbAHA B THHBK TeUeH C0O# ce ompeneid A0 FOIAMa
CTelleH OT CbOTHOMIEHMETO Ka ABa QaKTOPa — JIOKAJIHOTO KAlMJIADHO HaJAra-
He, KOETO Ce CTDEMH Ja aHyJIupa aMIJIUTyZaTa Ha BbJIHATa, ¥ OTPUUATENHO-
TO Pa3KJIMHALIO HAJATaHe, KOETO Ce CTPEeMHM [ yBeJWuYM HellHaTa aMILIWTYAA.
Mpu Manku neGenusm Ha Teunua ¢uaM npeobiagaBa XeWCTBUETO HA Pa3Kid-
HAWOTO HAJIATAaHE, a IIPY CoJIeMH — KanWiapHOTO HaJlATaHe. 11pu onpenesieHn
AebenuHy Ha QUIMa IBaTa epeKTa ce ypaBHOBecABaT.

Axo mBeTe Mexay$a3oBu rpasHuuM Ha GUIMa Ca HarbHATH CUMETPWYHO,
TOM Ile Cce CK'bCa, KOraTo aMIINTyJaTa Ha BbJIHATA CTaHe PaBHa Ha I10JOBUHA-
Ta oT mebenunara My, T. e. Ha h. Tasu gebenuna, Npy KOATO CTaBa CKLCBAHEe
Ha ¢uiMa, ce Hapu4a KPUTHYHa AebesMHa Ha CKbCBaHE — hr.

IIpn aBwxenmero Ha ¢ayuia aacopbupanuaTr MoHocjok Ha HAB BLpxy
rpaHMnaTa Ha OUJIMa ce CBUBA UM paslylna, I. €. MPOABABA CBOETO €JACTHIHO
[IOBeJAeHWe, KOETO OT CBOA CTPaHa Ce OTPa3ABa HA XapaKTepa Ha BbJIHOBOTO
ABMKEHME.

3a BcAKa B'BIHA C B'BJIHOBO YMCJIO k chmecTByBa Aebenuna hy Ha Puiama,
Ip¥ KOATO Ce M3B'bPIIBA NPEXOX OT KoJdebaHWUS OKOJIO paBHOBECHOTO NOJIO-
KEHUE K'bM [IPeMUHABAHE KbM HENPEeKbCHATO yBeJAWYaBallla Ce AMINIUTY A3 Ha
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sbiaHara. [Ipes 1962 r. Hlenyaxo [20] npeasioxknu caemnara dopmylia 3a Be-
anumHarTa hg:

.. 1/4
(1) A 372K\
ho=| —=—=
160k? ’
Kbleto K e KOHCTaHTaTa Ha Banzepsaaic, 0 — NOBBLPXHOCTHOTO HAIPeXeHUE

HrT= ~ 13 € Da3KJIMHALIIOTO HaJAraHe.

h

WsaHoB u ap. [12] nokazaxa, ye KoraTo OTKIOHEHMETO Ha BBJHaTAa ( OT
DaBHOBECHOTO MOJOXKeHHe Ha $uiMa h e MaiKo, OBIIMTe yPaBHEHNA 33 ABVKE-
HUe Ha QAyMAa BbB QU/IMa MOTaT Ja ce Pa3fedAT Ha IBe CUCTEMH — I'bDBaTa,
ONUCBANIa M3THHABAHETO Ha UMINHAPDUYHMAA IIIOCKonapaiened GuiM, ¥ BTopa-
Ta —— BBJIHOBUA peXuM Ha aBwkeHMeto my. CrriaacHo Bpeif [21] n ViBanoB n
Ip. [22] cuMeTpuUYHUTE CMYHIEHMA Ca Hail-C'bIIECTBEHH, KOTaTo Ce Pasrilemda
| BBHPOCHT 3a ycToMuuBOoCcTTa Ha ¢uiMa. I[Ipu pasrierkgaHeTo Ha BbJIHOBUSA
peXuUM Ha ABYPKEHUE BBB QMJMa HHe L€ MMaMe Npedsud ¢uiMu ¢ AebennHu,
61U3KM A0 hep, TAKa Ye YeCTOTATA W HA B'bJAHATA Ja He 3aBMCHU ABHO OT BpeMe-
To. ToBa N03BOAABA Ja pa3riexJaMe HE3aBUCKMO BbIHOO0PA3HOTO OBIDKEHUE
0T M3T'bHABAHETO Ha ¢UIMa.

3a BEPTUMKAIHOTG { ¥ XOPH3OHTAJHOTO £ OTKIOHEHHe Ha IIOBBbPXHKHATA
Ha ¢uiIMa 0T PABHOBECHOTO MY IIOJIOXKEHUE Ile MMaMe

¢ .
(2) Ur == 55 TIpK z=h, .
3
(3) v,_U__gt- npu z = h.
Torapa aebemuuara H #a duaMa iie 6bxe

BbB Bpb3Ka ¢ HanpaBeHUTE MO-TOpe NPEANOTOKEHNA 1€ U3NOJI3yBaMe Cael-
HOTO TPaHUYHO YCIOBHE 33 (!

(4) (=0 npu r=1.
Y paBHeHUATA Ha ABYWKEHUE B AMcCliepcHaTa $a3a MMAT BUAA

. v, 18p 8%, 1 8v,  G%v, v,
5 Dr_ 2P o 20 O
) ot p3r+u(6r2+r or = 822 r2>'

e 2 52
(6) 31,:_1@ ) 8v, _1__8& 8*v, ’
. ot p 0z or? " r Or @ 822

o 5]
7 —{rv —(rv,) = 0.
( ) ar( "‘)+ az( Z)
PelenneTc 3a B'BAHOBYA PeMM Ha ABIDKEHME L€ T'bPCHUM BDHB BUAA

v = v 4oV,

(8)

vz u§°> + vgl).
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0 0
Tyx o2 u v{% me cunmrame KoMIOHEHTH Ha ABIKEHMETO Ha IOTEHIMAJHO MIe-
aJHO PAYMIHO TeueHWEe M CIEAOBLTIENHO C'hIIECTBYBA MOTEHIMAJHA YHKUMA
¢, TakaBa 4e

4]
(9)
NON. Qf
r oz
Karto samectum (8) B (7), mosyvaBaMme, 4e o u o) yAOBAETBOPABAT

ypasuenuero (7). Ilomarame

‘ 10y 16y
1 _ _*9v M =22,
(10) vr = r 8z’ v r Or

T kaTo Mo ZePUHUINAS v( ) n v,(,o) yIOBIETBODPABAT yPaBHEHUETO Ha MealleH
$aywmna, To GyHkumMATa Y TpAGBa Aa YAOBIETBODABA ypABHEHUATA

o (o .\ . 0 (O
5;(5{‘”‘”)*0’ 5:<at A’”)

OT Te3m gBe ypabHeHuA oBaue cienBa, Yye GYHKIMATA Y TpAbGBa na yAOBJIET-
BOpSiBa YpaBHEHUETO

| o (8 10y Oy
(1) i (aw*?‘a? az2>'

IIpeanonarame, ue d)yHKunMTe pHY MMaT BHAA
o= [Ae—k"(z—h) + A;eko(z_h)} Jo(ko?‘)ewt,
Y= [Be‘k(z_h) + Blek(‘"h)} rJi(kor)e“?,

kbaero Jo(kor) un Ji(kor) ca dysnxumm Ha Becen cboTBETHO OT HyJIEB ¥ I'bpPBU
peda, a A, Ay, B n By ca xoucrautu. T KaTo npu z — 00, v =00 A4; =0
u B; = 0. Caenosareasno

p= Ae‘k"(’—h).fo(lcor)e“’t,

(12)
% = Be~FG=Mr ], (kor)e,
K'BIETO
w
13 k=ko /1 1
(13) o +Vk0 < +2uk2)
KoMnoHeHTHTE Ha CKOPOCTTa 0, M U, MOraT Oa 6bAaT 3alMCaHM TaKa:

. dp 1 6¢ . dp 18¢Y
1 , = ——— = e — — —
(14 i R e
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CunenoBaTeHo

8, = [Ae™8() 4 BB ko Jo(kor)e
(15)
8, = [Akoe™ G 4 Ble M) (kor)e.
Torasa 3a XOPH30HTAJNHOTO M BEPTUKAJIHOTO OTKJIOHEHME LI nMaMme
Ako + Bk

&= —w—— Jl(kor)e“'t,
Ak Bk

¢ =200 T 5 koryet.

[y
IIo To3u Hauuu 3a aMIIJIATY OUTEC Ha OTKIAOHEHUATA 5 “u C e uMaMe C’bOTBETHO
_ Ako + Bk Akg + Bkg
go= At EE o o Akt By

W W

W Taka, 3acera HalIeTO pelleHHe CbAbDXKAa TPM HeM3BecTHU KoHcTaHTH A, B
. ¥ w. KrneMaTuuHMTe I'DAHMYHM YCJOBMS BBDPXY IPaHMIATa Ha (UIMa HMaT
BHIA .

(16) U; =V;y Up =0 TpuA 2=h+(.

Ipu ( € h 3a paskauEamoTo HajgArane Il umame
dll
{2k + 3¢) ~ I(2h) + ¢ A

a KaIMJISAPHOTO HaJIATAHE, ABJDKAIIO Ce Ha KPMBMHATA Ha Mpoduila Ha BbiHA-
Ta, e paBHO Ha 0/ Aq(, KbAeTO

[o,]

/ I dh

h

€ NOBbPXHOCTHOTO HampeKeHue Ha ¢uiama [12].
ToraBa 3a Bpb3KaTa MeXAy HODMAaJHUTE HalpeXeHWA Ha IPaHULATa Ha
dunma me uMame

ol =%+

8o~

\ p dil

(17) Pzz“‘ zzszArC+CE

nin

(18) l . Pzz - }Szz = —quJo(kor)em,

KBbIAETO

dv, . . 8%,
Ppo=—-p+2p 9z P,=-p+ 2#_3—2—’ 9= k(z)a'f —2Ir.
Tk KatTo

. 650 w
(p(O))z=h = _p-a—t z=h: TPAWJO(kOr)e t,
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TO

. X 8%, ) .
P| =-p| _+2 a” = [wpA = 24(ARS + Bhok)] Jo(kor)et.
Ot apyra crpaHa,
Ov,
le z=h— P z=h+2'u Oz z=h.
3a KpaTKOCT Ha M3JIOKEHAETO e MOJOKUM
(19) p = BJo(kor)e”*,
KbReTo [ e HemsBecreH Koeduuuent. O1 ypaBHEHHATA
&%, Op dp
(20) K = "t
cleasa 5 5
v _Op |
13 _é—; = 67‘ e Cl(T,t).
v,
Ot 3 =0 caegsa, ve Cy(r,t) =0
KaTo MHTerpupame 1o z olle BeJHDBX, HaMUpaMe
1 8p ,
vy = 5 r + Ca(r).
Ot roBa paBeHCTBO IpH z = h HmonydaBaMe
1 dp
T{r.t) = h? .
Ulr,t) % Or + Ca(r, 1)
CnenoBaTento
1 op ‘
(21) v = 5 or (22 =) + U(r,1).
Ho
g w
5§ = —BkoJy (kor)e .
Torapa

vy = —i(z2 — k%)BkoJ 1 (kor)e® + U(r, 1),

Or YPaBHEHMETO Ha HENPEKBCHATOCTTA, 3alIMCaHO BBbB BUIa

1 ) Ov,
ot g =0
¥ MHTerpupaso no z or 0 xo z, Hamupame
: 1 (28 2 o wt zd ,
(22) V= —’2—” (? —zh ) ﬂkoe Jo(kor) + ; 2—;(1’(])
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Ot ycaoBueto

(23) (ve)s=h = (B:),21
cirensa, ye U (r t) yAOBAeTBOpsABa AM(ePeHIMAIHOTO YpaBHeHNe
—1— h3ﬂk§e“‘Jo(kor) +h [%—U + U] = (A + B)koJo(kor)e*.

Karo nosxoxum
U(r,t) = E.J1(kor)e™?,

KbaeTo I e Hem3BecTHa KOHCTaHTa, JIECHO NOJy4YaBaMe, 4Ue
V U= koEJo(koT)ewt

Or ypaBHeHuero 3a U(r,1) HaMupame

i _4aTo 1.,
(24) E= A e h*koB.
Cnendaa.'remio
23
(25) v, = ——21: (? - hz) BkZ Jo(kor)e®® + zkoEJo(kor)e“”

OT BTOPOTO KMHEMATUYHO YCJIOBMe

(vr)z=n = (Br),=p
HaMupame
(26) Akg+ Bk = E.

Karo m3nonsysame (24) m rpanuunoTo ycaosme (18) 3a HopmaiauTe Ha-
OpeXKeHns, NojydyaBame

@7) (1 + %k{‘,’h’) 8= 2"’°°

Ot ypapHeHuHeTO

(4+ B) —wpd + 2#(Ako + Bkok) + ¢ él‘%ﬁ"_o .

8C _(BC 18C &C
(28) o D(arz+;'a7+5zz‘)
M 1IoJjrtara”HeTo
C = ash(lz)Jo(kor)e“*
HaMHpaMe C'bOTHOIIECHUETO

2 _p24 2,
(29) P=k+3

Ot 3akoHa 3a 3ama3BaHe Ha BemecTBoTo Ha IIAB BBbpxy rpamumnara z = h
moJyyaBaMe

or

0
?a‘c‘) k2 ch(lh) + Dish(lh)| .

(30) TokoE = o [D, (
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OT rpanmmo'ro yCJIOBHe 3a TaAHTeHIIMAJHATE Ha.npememm
o, 8 1 (de\°8C
@) FcmTw (%) B

HaMHpame

NN
+ 1 5=(Veor) + (A" + 6" 5(7+8)

N h h k

ji [Ak3 + BE?] — [; kof + hEZE — == ﬂ]
%) 80\° . kA4 BE

2

== (56) ako ch(lh) — plk2E — (A* + G‘)ko—w"' .
Axo mspasum koncranture E, § u a or ypasnemuara (24), (26), (30) upes
KOHCTauTuTe A W B, me noayuy¥M ABe nMHEHHM XOMOTeHHWM yYDaBHEHWA 3a
Amn B.

ToraBa AMCIIEPCUOHHOTO ypPaBHEHWE HAa T'bPCEHUA BHJIHOB DEXKUM Ha IABHU-
’KeHMe IIe Ce MOJYYM OT aHyJMPaHETO Ha CHOTBETHATa NETEPMMHAHTA B CHC-
Temara 3a A v B. Ilo To3m Hauun HaMupame, Ye T'bDCEHOTO ypaBHEHME 3a
NeHHM (UMM MMa BHIa

212
gh? (1+ h 3" ) To (gg) sh(lh) A s
(33) 3 + ar =pu + Y + ph.
- — k2 el 2
w-g3 B D, ( ac) k2 sh(lh) + DI ch(lh)

B cayuas 3a eMyacmoHHM ¢MIMM ANCIEDCHOHRHOTO ypaBHEHWE MMa aHaJOrK-
YeH BUI.

B amanumsa, koliTo M3p'bpMMXMe ROTYK, Ipednonaraxme, ye aebenmuara
Ha ¢uaMa h e mocrosHHa, T. €. He OTUMTAXME€ BJIMAHMETO Ha M3T'bHABAHETO
BBPXY BBJIHOBOTO ABWkKeHMe M ofpatHo. Te obaue MoraT ma ce CBBpXKaAT
' Ype3 MOAXOZAIIA KBa3sUCTAIMOHAPHa Ipoleypa, a UMeHHo, TH¥ KaTo { 6M
3aBHCHIa OT ¢ caMo upe3 h, MoxkeM ja 3amumem [23]

B _ ¢ dh
ot Oh dt’
BN ac
U.C = - 57‘-
Caen ka10 MHTErp¥ipaMe ToBa ypaBHEHMe, IOJydaBaMe
A
Sy _ /
34 In — [ — dh.

Tyx h: e neGeannarta Ha npexoAa KuM HeycroiuusocT. 3a Ja npecMmerHeM hq,
TpabBa Aa M3noJ3yBaMe
dli

=gl k2o —] —
(35) g(h)) = o'k} 7 h‘_O.
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Taka nonyuapame, ue ypasunenue (34), a crenoparento u her HAMA 12 3aBUCAT
OT BCekM $aKTOop, KOMTO npoMeHs V u w B paBHa CTelleH.
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