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TOANINHUK HA COQ““CRHR YHMBEPCHTET «CB. KIIUMEHT OXP"HCKH“

- ®AKYJNTET NO MATEMATHKA ¥ UHSOPMATUKA
Kuura 1 — MatemaTuxa
Tom 83, 1989

~ ANNUAIRE DE L'UNIVERSITE DE SOFIA ,ST. KLIMENT OHRIDSKI*

FACULTE DE MATHEMATIQUES ET INFORMATIQUE

'Livre 1 — Mathématiques
Tome 83,1989

MHTErPAJIHY NPEICTABAHMSA HA XOJIOMOP#HH :
#YHKUMM NOCPEICTBOM #YHKIMUTE HA BEBEP-EPMUT

Hetnp Pym. .

Hmp Pyces. HHTETPAJIBHBIE HPEHCTABJIEHHH POJIOMOPOHHX OVHKIIHn K

C NOMOMUILIO ®YHKIKIt BEBEPA-2PMHUTA
Nyers Dy(s) oBoanmavaer dynxuns Beoepa-apun; c nmncou v. Paccun-p-um
WETCrpAALNME npeofpasosauna .
o0

® . A= [ a(OH(, 1,

rae H(z, t)=2¢/3 cxp(z’/Z)Dg(:\/i). Iluo meoSxommmoe ycaosne TuNs ,pocTs® Anx npen-
crasacnun ynxumit A(z), ronomopésoft » noxoce [Imz| < (0 < n s +00), » suge (). -
Bmacuena casss ‘¢ kAaCCHuecknM mpeoSpasosammem $ypue M KAK CHOACTBNE ZOKAZANS
CANECTBENNOCTS ulmpuluoro npeacTanAcuma suas (*). ‘

i
Peter Rusew. nm;cm REPRESENTATION or-‘ nowmonpmc FUNCTIONS BY
MEANS us

OF WEBER-HERMITE FUNCTI
_ Integral representations of the kind
(-) S A= / “(OH(, )&
4 _ .
are considered where H(s,t )s?”’exp(z’/ﬂb.(zﬁ) Aneeen-'y “ eouiﬁonhgim
tnr.fnncﬁonA(z,holanuphn stripe [Ims]|<nn (0<m +oo).tobeup¢m_

“in the form (s). eunmetiou!\idl ch-iul!-bunctnnm duﬂodud‘q.
mmmmamwm(a)hm : ‘

R ch (ammuno) pemeHue Ha mq)epemmoro ypunexme
(1. 1) ‘ y"+(v+ 1/2- z’/4)y 0, veC,



n

ce Hapmia, ¢ ‘HE napuﬁo:mmm mmmurbp mm ome ¢ymmm HA Be~
6ep—Epum' ( 1] 11, 8.2). B caeiBamoTo H3NOKEHNE NOCAEAHOTO HAMMEHOBA~
Hue ce yno'rpemma. 38 YacTHOTO pemexme Ha ypa.nnexme'ro (1.1), xoeto nma

Cswna (1), I, 8.2, (4) .
D,(z) =2*P? exp(—z’/«i)'r—«lll_’_%),—z)o(-vlz, 1/2:/2)
(1.2) /_
S +,(z/ﬁ)§i(?%¢(<l—u)/z,s/z;z?/z),

kato ¢ ®(a,c;z) e 03HAUEHA mponena.-ra. nmepreoue'rpma ¢ynxuma nva Ky-

" mep (1], 1,6.1).

Axo v e (bmccupauo, D,(z) KxaTo ¢pyHKumMA Ha z e xoJoMoppHaA B HAIATA
KOMIIJIEKCHA PaBHMHA, T. €. e nana ¢pysKuma Ha 2. B vacTHOCT, ako ¥ = n e
,ILAJI0 HEOTPHUIATENIHO HCIIO, TO : . o
s exp(:*/4)Dn(2) = 27" Ha(2/V2 2),

KBAETO H,, € N-THUAT AONMHOM Ha Epun:r ({1}, 11, 8.2, (9)). O'r ropuoro -
'OTHOMIEHME ClIeABa, Ve .

C(14)  He(z)= 2"/’exp(z’/2)u,.(zf 3), . n=0, 1,.2,...

Ipu ¢puxcupann z u c #0, -1, =2, ..., ®(a;c; ; KaTO QYHKIMSA Ha G € XO-
AoMopdHA B ANATA KOMIIJIEKCHA panmma Or (1.2) cnensa 'rora.na, ue D (z)
npu $puKcupaHo 2 € nwana GpyHKImMA Ha v. :

2. KaTo umame mpeBuA (1.4), Aeq)mmpme 33 :e Cn 1tE [0, +o0)
2.1) H(z,t) =2V exp(s/2)Dy(xv2).
O‘r mﬂerpumoro npenc'ramme ([l], II, 8. 3 (4))

(z 2) D (z) ¢27?exp(z’/4) / ap(-u'/z)u con(a — ve/2)

-~

Koero e aanmmo npu R.ev > ~1, uo.nywmnaue, ue

(2 3) \/_ 2-'/’exp(-z’)11(z )= fm(-u’/z)u co.(m/' rt/?)du

i

 Jlexa 3.1. Karoomosd¢e0$r<+oo ucmoz—z+sy ¢ |y|<ru

36 scaxo L € [0, +oo) € UINFANCHO NepaseNcmEo om exda

29 es(-hHG, 1)) s eem(rxwe)‘"m(rf )

.Homaame.ccmao Or (2 3) cnenpa,; ue mom |y| £

(-33)111(: OF com(r)r/? / exp(-u2/2 + m/‘z' Yt du.



Kato- muue npemmn merpmoro upencmnae ([l], II 8 3, (3))

(2.5) Dy(z)= 7%)!1 / exp( —? /2 - zu)u"v—l du,
KoeTo e Baxmaro nps Rev < 0, Hasatpame, ue \ ‘

(26)  exp(-z)|H(z,t)| § const(r)2*/3T(t + 1)Dreey(-7V2).
3a pynxumara D,(z) e B cuna caemnoro npeactasane ([1], I, 8.4, (5)): '

@1 Dua)= Texp{(v/a)los(-v) -V 6,

veC\[O +00),

xpaeTo 6,(2) ¢ wans dymama ma z, §,(z) = O(M"/’) npu |u|-v+oo u
Iugé’ v)| S %/2 PABHOMEDHO B'BPXY BCAKO OTPAHMYEHO NOIMHOKECTBO Ha C.
) caeapa Torasa, qenput-v-l-oo eBcuna _ - -

(28) -c-x(—f\/- ) |
= }ap{--——log(t +1)+4 -—— L ﬁ?’n/‘} {1+ O(t“”)}

Qopuyman Ba Crupawar ma, e - :
(29) IMt+1)=V2x exp{(t +1/2)log(t + 1) -t - 1}{1 +0(t™Y)}, t— +oo.

Tot xato VA + ﬁ<lulog(t+l) logt <t=13at >0, or (28) -
u (2.9) cnempa, ye c'bmemyu TaxoBa A = A(r) > 0, ue 3a t € [A +oo) e ‘
nammneno HEpABEHCTBO OT nm oo

l‘(t+ l)D.t-l(—f\/- ) s comt(r)exp{(tﬂ)lo;t t/2+f\/— },
m BCe emlo .
(2.10) I‘(t+l)D.:-1(-'r\/- 2) eom(r)(t/e)'/’ exp(rV/3F).

Symaneara (t/e)~!/? exp(~7v/2 )L(t+1)D--3(~7v2) e nenpexncraTa (xa- .
7o $ymama na t) B maTepBana [0,400). Caexosarenno » unrepsana [0,
CBHIIO € H3MBAHEHO HEPABEHCTBO OT BHAA (2.10), T. e. MoXeM Aa cuMTaMme,
4e TAKOBS HEPABEHCTBO € BANMINO 33 BCAKO ¢ e [0 +00). Torana or (2.6) ®
(2.10) cnempy (2.4).

Ja oszauum ¢ E(m; O<n s+ oo) mioatemoro Ha KOMILTEKCHHT® (byu-' S

wapm aft) (0 S ¢ < +0o0), xouro.ca aoxumo mnerpnpyeun u 3 xou'ro e n-
ITbAHEHO . :

) hmmp(%)“l’log‘l(?t/e)"’a(t)' $ -m.

‘Emta ¢ymxuma a € E(m) TOFaBA ¥ CaMmo TOTaB4, xora-m KAKBOTO K'AB € .
-0 <7< M, cunemyu Takosa r = r(7) > 0 yesat>re WITLARERO

uepanenc’mo'ro -

@12y Ja(i)l s (m/e)-'/’exp(-rf ).



Teopema 2.1. Axo 0 < 79 £ + 00 u pynxyusma a € E(70), unmezpassm

(2.13) A2) = [ a@t)H(z,t) dt

€ G6COAOMHO PABHOMEDPHO CTOOTU, BIPTY BCAKO KOMRAKTINO NOOMNONCECMABO KG
usuyama S(mo) : [Imz| < 70 u caecdosamesno defunupa zosomoppra gynxyus e
nes. Oceen moea, xaxeomo u 0a ¢ 0 £ 7 < Ty, U3NEAKENO € HepasencmEo om

euda
(2.14) |A(2)] £ const(r)exp(z?)

3a scaxo z € S(r) : |Imz| <

Jloxasameacmeo. Hexa K € KOMITAKTHO MOAMHOMXECTBO Ha, S(ro) Torasa
cpmecrByBaT TakmBa 0 S 1 < o M 0 < R < 400, ue |z] S Ru |y| £ 7 32
BCAiKO 2 =z + iy € K.

Ia momycheM, ue 79 < -+00 M Heka 6 = (n—17)/2. 3at2r(r+46)
= r((7 + 70)/2) € M3MbJIHEHO HEPABEHCTBOTO

(2.15) la())l < (2t/e)™*? exp{~(r + 8)}V21}.

Torasa chbriacuo nema 2.1 3a 2 € K ut 2 r(r+4§) e M3n'biIHEHO HEPaBEHCTBO

oT BUAA
la(t)H(z,t)| £ const(r, R)exp(—6v2t)
M CJIeA0BATEJHO MHTErpaanT

la(t)H(z,t)] dt
r(7+8)
ce Maxopupa BbpXy K OT MHTerpaja
A -
exp(—6v/2t) dt.
r(r+6)
Toba o3anauaBa, ue unTerpansT B (2.13) e 26COMOTHO PABHOMEPHO CXOAAN
BBbPXY KOMIaKTHOTO MHOXecTBo K C S(75).
lopuure M3BOoIM 6AXa HanpaBeHM NpPU NpPEANOJNOKEHHETO, Ye Tp < +00.

Axo 19 = 400, u3bupame § = 1.
" Ot nema 2.1 caeasa, ye moM Jy| £ 7, ToO

lA(z)l < /la(t)H(z,t)ldt < const(‘r)exp(:r:’)/la(t)l(Zt/o:)‘/2 exp(ﬁ/2—t)dt.‘
: 0 0

Ho mHTerpansT oT AACHAaTa CTPaHa HAa TOPHOTO HEPABEHCTBO € CXOZAII, KOETo
cnenpa oT (2.15) M JokaiHaTa MHTErpUpyeMocT Ha a(t).

3aGenexxa. OT Teopema 2.1 MaM no-TouHO oT HepaBeHcTBoTO (2.14)
ciefBa, Ye He BCAKAa QyHKUMA, XosoMopdHa B MBMURA OT BuAa S(7p), ce npea-
cTaBA B Hes BbB BuAa (2.13) ¢ dpynxkuma ot knaca E(7).

8



3. Ilpeacrabsnero (2.3), no-TouHo AsAcHaTa My CTpaHa, Hanoao6aBa npe-
ob6pasopaune Ha Pypue. EcrecTBeno e na ce ouaksa, e 3a QyHKIMA, KOATO €
xomomopdHa B mBnuaTa S(7p) (0 < 79 € + 00) ¥ MMa B Hes MHTErpasiHoO Npej-
cTassiie oT Buda (2.13), e HanMIle ¥ MOAXOAAINO MHTETPAJIHO NPeACTABAHE Ha
dypue.

- 3a na ce y6emuMm B TOBa, nedpunupame knaca F(7p) or dymaamm f, xouto
ca npeobpasoBanusa Ha Jlannac Ha pyHKkummuTe ot Knaca E(1p), T. €.

©0

(3.1) £(0) = / a(t)exp(Ct)dt, a € E(mo).
0

Jlema 3.1. Hexa 0 < 70 £ + 00 ua € E(r). Humezpaasm 6 (3.1) defu-
NUPa yFaa PYHKYUS U oceeX moaa, xaxeomo u da € 0 < T < Ty, uUIMEAKENO €
nepasencmao om suda ({ = € +in) ‘

(3.2) © 1f(Q)] S const(r)exp(exp(2£)/4 — Texpé).

Iloka3aTencTBOTO Ha Ta3W JieMa € HAaI'bJIHO aHAJIOTMYHO HA TOBa Ha JIeMa
3.2 o1 [2, c. 110].

Teopema 3.1. Axo a(t) € E(rp) (0 < 19 £ + 00), 3a pynxyusma A(z),
degunupana upes (2.13) 6 usuyama S(7), € & cuaa npedcmasinemo
(3.3) 2vmexp(-2z%)A(z) '

o N
= /exp(-u2/4){f(lnu + in/2) exp(—izu) + f(Inu — in/2) exp(izu)} du,
0 .
xsdemo f e Pynxyus om F(r). .

Joxasameacmeo. Ila 06bpHeM BHMMaHMe, Ye uHTerpansT B (3.3) e ab-
COJIOTHO paBHOMEPHO CXOJANI BLpXy BcAka (3aTBopena) wBuua S(r) ¢ 0 £ 7
< 1p. Hauctuna, ako 7+ 6 < 79, ot (3.2) cnempa, ye 3a Bcako u € (0,+00) e
M3II'LJIHEHO HEPABEHCTBO OT BUAA \

[f(Inu + ir/2)| € const(r + 6)yexp(u?/4 — (T + 6)u)
M caefoBatenHo 3a z =z +1iy ¢ |y| £ 7 u u € (0,400) e M3MBAHEHO
exp(—u?/4)|f(In u = ir/2) exp(dizu)| £ const(r + ) exp(—bu).

Ila 3aMecTHM B RacHaTa cTpaHa Ha (3.3) dynxumara f c (3.1). Honyua-
BaMe ABYKPaTHUS MHTerpal ¥

(3.4) 2 /exp(-ﬁ2/4) du /a(t)u' cos(zu — nt/2) dt.
0 0 '

Heka 0 £ 7 < 79 e ¢ukcupano u é e Taka msbpano, ue 7+ 6 < 79 (ako
To < 400, MOXKeM Zia cuMTame, 4Ye § = (19 — 7)/2, a ako 7y = 400, M3bupame
6=1). ToraBa3at 2 r = r(r +§) e usanbiHeno HepasencTsoTo (2.15). Cune-
NOBaTeNHO, 33 Na ce y6eanM, ue ABYKpaTHUAT unrerpa B (3.4) e aGcomoTno
cxoaau npu {Imz| £ 7, RoCTaTBUHO € Ja NOKaxeM, Ye e CXOLAL] ABYKDATHUAT
MHTerpai

0 00 e —
’:{;’ S A

/exp(-u2/4 + 7u)du / a(t)u' dt, “\

() r(r48) ‘ !



S e B L A S S
o a(t) = (2/e)~*1 exp(~(T + 6)V),

.M, KOETC € efHO M C'HII0, Ye € CXOAAN MHTErPANBT

. (3"5)\' [ exp(~u?/4 + Tu)du [ d(t)utdt.,
IHedunmpame pymmapsTa f(() upes
for= [atyemena
o

. Honexe & € E(r+5), TO f € F(r+6) He usmmeﬁo uepaseumo or nm‘
- K=Etin)
| lf(()l S const(r) exp{exp(zem (r +6/2)exps}
Ot nero cneapa, we 3a u € (0 +00) e mn'haneno B
/ a(t)u du= flnu) $ ’const(§) exp(u?/4— (7 + 6/2)u).
e , : | S
Ho Torasa nonyqaaaue, ue )
v

/ exp(-w’/d + ru) du / a(t)u’ dt S oonst(&) fup(-(&ﬂ)u)du < +0°. , |

' r e. NBYKPATHUAT umerpu (3 5) e mucruna. c;omnn. ‘ SR
. Kwro PA3MEHMM DeRa Ha merpupmu B (3 4), noaymsue mexpu-
. 'HMA merpul ) ,

%""'t}

2 ] a(-t)dt / ex;)(—u’/-t)u‘eoe(zu rt/2)du ‘, y : s :

s 2’/' / 2"’a(t)dt / exp(-n’ﬁ)u ws(zuf 3i n/z)au

A 5&“:

N m c-..fvmno (2 3) " (2 13) 2088 ¢ Fowmo mm c'!pwa Ha (3. 3)
i llw Aé(fvmbme ¢ymm P u t nocmmou pl.aeucnm

AO=3 (f(c + sw/z) -’H‘(C < .,,2))

c(() = " (!(C + sr/ 2) - f(( - ﬂf/l))



‘Torasa or (3. 3) cnenna, ue 3a z € S(ro) e B.cuaa npencmmero R

@6 s) fexp(—z')A(z) / exp(-u’/4){p(1n u) cos 7u + o(in u) sin zu) a,,

C'uno TaKa, KaTo MMaMe npexsua (3. l) (3 6) u (3 7), na.uupaue, e -

59) 0= [ eotrtenicne

' . . o 0 -
H 1‘ . ' ‘ A . | | . .
610) 0= [demmdencna.

Ot npeacrananero (3.8) moxe na Gnme HANDaBEH. BAKEH M3BOA, KolirTo
HM3Pa3fB3 CBONCTBOTO €AMHCTIBEHOCT HA umerpumo'ro npencmm-xe (2. 13)
Ie-TouHO B CHAIA € CACAHOTO THHPACHHE: o

Teopema 3.2. Axo a(t) € E(rp) (0< < +oo) Mchuma A, be uupa- ,
xa wpes (2.13), ¢ msacdecmaeno uysa o S(1), mo a ~ 0 o wxmepsasa [0,+00),

m. e. a(t) = 0. nowmu xaecaxsde 6 mo3n. uNmepgas. ‘

Joxasameacmao. 3a Beaxo z € S(‘ro) na.pen C paBeHcTBOTO

/ xp - ) oo ru el w)sin s =0
: € M3I'LIHEHO ‘ L |

/ exp(--qz /4){p(ln u) co8 zu ~ q(ln u)sin zu} du = 0

Ot ropumre )me panenc'ma c.nema B ‘mc'moc't, qe 3a ncmco z e (-oo, +00) e .
B ma pa.senc'rno'm e ‘ |

'(3.11) i . . ! exp(_u=/4)p(1nu)mmu 0.

Axo (bymmmrm a(t) € E(ro), d>ym<mmre a(t) cos(tt/2) " a(t) sm(ﬂ/2)
Ca CBIO OT E('ru), M cneaoBaTeNHO QYHKImMMTE p M ¢ ca OT kaaca F(mp).
, 'Ho TOraBa OT JAeMa. 3.1 caempsa, we pcaxa oT, dymapmre exp(—u’/&)p(lnu)
n exp(—u?/4)g(lnu) e or Rpoctpaicthoro. L(o +Fo0). CurhacHo Teopemats
33 EIMHCTBEHOCT Ha cos-mpeoGpasopanmero Ha Pypue B TOBA npoc'rpqncc-
Bo ot (3.11) cnexpa, ue p(lnu) = 0 3a Bearo u € (0,+00), 7. 'e. p(§) = -
. € e (~00,400). Teopemara 3a MAECHTHUHOCT HA X0JoMOPOHUTE GYHKIMM nm, R
¢) = 0. Ho chraacuo cBoficTBOTO €AMHCTBEHOCT Ha npeoﬁpaaonam«eto

Ha JIa.n.nac ot (3.9) caensa, ue a ~ 0 B vuTepnana (0, +00).
_Jdpyr um'epecen H380Z OT npe,nc'mnm:e'ro (3 8) € cheHoTO 'm'bpaeuue ey




1 ¢

’ 'l‘eopeua 3.3. 'Iemu ac'cemua) fymcqu A xosmo ¢ zo.coxoﬁna s ow
yama S(n) (0 <10 $ +00) & ce upcbcmnu 6 nex asa euda (2.13) ¢ ﬁnm;u
a(t) € E(r,), ¢ msmcdecmeeno nyaa.

. Hoxasameacmao. Axo _pyHKxumATa A e yeTHa, OT (3 8)-cnensa, de

/ exp(—u?/4)q(In ﬁ).sin zu gi}: =0

3a z € S(1). Ho Torama xaxTo B ZOKa3zaTeACTBOTO Ha Teopema 3.2 3akmo-

vapame, ye ¢(In u) = 0 3a peaxo u € (0,+00) u or (3.10) caenpa, ve a ~0 B

nurepsana (0,400). Axko A e HeyeTHa, MABaMe Nax A0 paBeHcTBOTO (3.11).
Ila osmauum ¢ F*(1p) (0 < 70 § + 00) kiraca na tremure ¢pynxwm f({) cbe

cnemioro csoltctso! 3a Beaxo 0 < 7 < Ty chrmecTRyBa Takosa § = §(1) > 0, we

saBcaKo ( =€ +ine M3IThIHEHO HEpaBeHCTBO QT BMAA

’;_(3 12) Q| S const(r)(1 + KD-*-% explexp(26)/4 - expt).

"Jlema 3.2, Axo yriama gynxyss f(C) npunsdseace -Ne xaaca F‘( 2 SO
E(ro

< T § + o), ma ce npedcmaes age eude (3.1) ¢ gynxyus a(t) om xaaca

,Eo:aaamc.acmao 3; 0gt< +oo neci)mpa.ue

c+ioo

ey =2 [ 10w

o—ico

O (3. 12) cnema, Ye MHTErpaNLT B (3. 13) e a5como‘mo cxoaAm BBPRY

’ ’n(chxa. npasa aviua Re{ = o (—oo < 0 < +00) M CTOHHOCTTA My He 3aBHCH OT

T

-

.. . Ocsen ToBa BBB BeAKa noaypammua Rae( Soe HIBIAHEHO HEPABEHCTBO . -
© OT BMAR -

RV (3] const(r, )(1 + Kp-i-4.”

Caraacio Q)opmynna 3a o6pBane Ha npeospuonumm na Jh.mm: B

" xommaexcha o6nact 3a Bcako { € C e mamme (3.1).

“Ocrasa 18 ce ySexim, ve nepummpanara ¢ (3.13) éynxman a(t) e or KB

© ca E(m)., 3& TieATA 3aMECTBAME 6 C (lnm)ﬂ 0<t< ‘+eo) ¥ K&TO BaeMeM

npemm)l( 12), nmupme, qe e

1a<t)| s qom(-r)(m/e)-"’ ?""""’_ ) / W

o n caemwre:mo a€ E(m)

aa&mm Or nema 3. 1 cmma, ye xm-n F‘(r?) ce c-smpm B mu

; F(m’); K310 noqumueno-mpoxo'r F‘(*m) Hucm; nexu0<m <+oo
ry"jumnet&mpme L L e

s A 0= ] aomexp«t)dc

c ao(t) = (u/e)"f’ axp(—mf ) Qymnma ag € E(m) " caenons‘reuo



fo € F(n). Honexe q{,(t) € L(O; +oo), ot pdnéncmo’gb

1O = { -1- o/ 10 exp(a)d,}

| M aeMaTa ua Puman caeznpa, qe ‘ o

| o fim infGn) =1,

KoeTo: nomna, L (pymmn fo He npuBAZNENM Ha KiIaca F‘(‘ro)

Cera za popmyanpame TBBHpACHHE, KOETO MOXKE Ra C€ c'nrm 3a o6parHO
Ha TeopeMa 3.1, a vmenno:

' Teopema 3.4. Axo ysaama fynxyus f G F‘(ru) (0 < m g + 0), xomn- -
Aexcuame gynxyus A, defunupane ¢ (3.3), e zosomopgua o sesyame S(re) wce
npcacmau & Nes ase axla (2.13) c gynxyura € E(r). v :

4 lle(bmmpa.ue dynrammre G*(z, t) 3azeE C nte [0 ‘+oo) qpea
“y) G*(z,8) = 2/°P(t + 1)D..-,(=Fm/' 2)..

Jlema 4.1. Kaxeomno s da e 0 S 7' < +c0, 8se scaxa om nuypaaumame
:I:Imz ; T ¢ usnsaneno ucpueucmao om uaa _ :

“) |Gl s eon-t(r)(zt/e)"%xp(z’/z 3t). %).

~ Ts'spneaum Ba Aema 4.1, T. e. BANWAHOCTITA Ha ropno'ro nepaneumo, b B

C€ ZOKAIBA KAKTO M TA3H Ha HepaBeHCTROTO (2.4),

Teopeua 4.1. Axo 0 S < +oo s Synsyuama b(t) € E(-n), snmezpum ’_ o

»(43) R B“(z):/b(t)&'*(:t)dt

¢ aﬂcoanmuo PasNOMEPNO ctob:u; npty scaxa no.cypcanuua :hlmz Zr> ro .
cle&oumuno defunupa zosomopPua Pynxyus xa z nps £Imz > ry. Oceen mo- .
- .. on ac.mc noaypaensue tImz 2 r>m e muueno nepueucmao om uaa

“wy IB*(z)I s eomt(r)up(z’/z)

* TopHoTo TepaekHe ¢ caeacrame ot ‘nema 4.1 u ot qm&a., we it) € E(—ru)
'omma, e 3a npomo:mo TE (ﬂ). +00) € nam».meﬁo aepaaescno orT nm

| t4 5 . Ib(t)l s (u/er‘"ap(fﬁ). tgr= r(r)>o

Jleua 4.2. 3¢ hm:gume G’*(z,t) e auuéno anmezpuaomo unbmu@c i

e

“y f exp(—s’mc*(z,t) j exp(—u’/ll)u exp(:i:czu)du -
" Foprure pasencrsa ca nenocpexcneﬂo crexcTsMe OT neqmmmmn'n n; :
: j(bymau‘lme (' t) upes (4. n m“‘!wmoto npencmnne (@2 5) o

4



Teo 4.2, Axo hmnnmm be E(-‘ru) (0 sn< +oo), 28 fpurynume
B*(z), egunupany vpes (4.3) e RoAypesnsnume +Imz > 7, ¢ 6 cuaa upcbcmm
saxemo - .

un VE Texp(-£*/2)B4(2) = / exp(—u’/«i)y(m u)ap(iuu) du,

m&zmo ge fymcqu om F(-ro)
.Ilouuaamucmoo Hepunupame (bymma'ra. g(() upes

BT R 0= / Be) exp(t) .

: v- 3& 'tmnt qmnmm e n cwxa m'hpnenue, AHAJIOIMYHO HA JeMa 3 1 a uuea-
HO: § emmq»ymmuocnexmnmomumeq,<r<+oo acmzae
HEPaBEHCTBO 0T BUAS (=¢+ineC) . \

@9 . la«)lswm(r)exp<exptze)/4+rexps) R

Or uuxmme'ro H2 TAKOBA HEPABEHCTBO 38 BCAKO Ty < T < +00 cnemaa, e
MHTErpRaBT OTARCHO Ha (4. Ne a&comomo pasHOMEPHO cxOAAM B'bpxy BCAKB
-nony apumHa £fmz 2 7> 1.
. -Kakro B Aomueud'moro Ha Teopema 3.1 ce y6exulasa.me, ue a5como'mo
CXOAAm PBHPXY TAKaBA NOAYPABHMHA € ¥ BCEKH OT IABYKPATHMTE MHTErpaJH,
xomo ce noay\mu, xa.'ro uuectm g B (4. 7) c (4 8), a MMeHHO:

[

- Cnen paammna. Ha pena. Ha umerpupa.nml‘ra B (4. 10), zmmua, c'rpaua
 Ha (4 7 crapa v

N TR d":i /b(t)di /exp(-u’ﬂ)u axp(:!:uu)du S
:' ’ Hoi('é'b’r)m:&io mrretpamoro npemame (4 6) rona & Toune' mau crpana
ua (4.7

Lo Caemetwae, Axn b(t) e E(-—fb) (0 f @ < +oo) . 3*(:) =D 6 usxog om
“:Wﬂ““ﬂﬂm& +imz > m, mob~0e

© ., Teopema 4.3. Axo g.ucmc YU g(() e F‘(-—mf (D § n < +oo), mo -
:xo.«uexcxume Synwyun B(z), Jefrinupays.c (4.7), te soromopPun ags eca-

; X4 OM RoAypEENEKEME :klmz > m e unbcmacm ] m.vz ose am)a g 3).c
i M) € En). ki
. ﬂomlTeJlCTBOTO ll& POPﬂOTO 'm'bpne!me e &HMOI‘H‘IHO Ha TOB& H& xeo-,

e pema 3.4 u ce onnpa n q»mu, }te mom g € F'(—ro) (bymaman b(t), nedu-

o Hupans qpes _ . ” ok

S . o+ieo - ;‘ ) g

BN b(‘)"’ "’ / '(()“P(“t()dg T S

: v—.‘ed"'




npvmnmam Ha KJiaca E(-n,) S B e R
5. Ilpu qwuccnpa.no 0< 1 <400 Ae(bmmpaue tbymamme '

(5.1 CO(ri2.0) = 5 {GHa +im, )+ G~ (2 = imi )
n L
62 G(’)(ro, 5t) = 5 {G’"’(z + i1y, t) -G~ (z ~ iry, t)}

Ot nema 4. 1 u no-touno or nepaneucnau (4.2) caema, 4e KAKBOTO M

‘nae0 g r <7, BuBMUaTA .S'(r) fImz| § 7 ca M3ITBHERN uepnenma or
BUIA :
(5:3) " 1G™N(r;, t)l -1 const(f)(ﬂle)" 2¢=xl>{4=’/2 - (n- 1')*/- 2}, k=132

"C noMoniTa Ha FOPHHTE HEDABEHCTBA Ce AOKA3Ba, ye axo $ymxammre
bi(t) € E(0) (k = 1,2), unrerpanst

69 Bw= / {6 3,0+ bGP s .87}
. 0 ' ‘ . . ‘

¢ a6COMOTHO PABHOMEPHO CXOAANX B'LB BCsxa (3aTBOpena) mBMua S(7) C

0 S T < 7o ¥ OCBEH TOBA BB BCAKA TAKABA MBMIA 34 XOJOMOPPRATA qmmnm, ' ";

_xon'ro Toit neduEMpa, © KINLAHEHO nepasencno OT BRZKA

@65 . |B@Ns coﬂ!t(f)exp(t’lz)

3a $ymanmnre (5. 1) u (5. 2) Ca BaAMIHM CHOTBETHO mqrpwme npen-
CTABAHMA

(5.6) - ,ﬁexp(fz’/z)a(l)(fb: z, t). = fexp(—u"ﬂ ~ mpu)u’ cos zu du ‘  .

| (5.7:):) ﬁ@(f§’72)¢‘25<%o:z,t) =[ exv(—u’n - m?)u'-inéudu, L

xomo ca nenocpencrseun CREACTBHA OF netbmnmma W ¥ OT merpumoro S

npexncrapase (4.6).

Teopema 5.1. Axo fymcqumc h(t{ € E(O) (k=1 2), 26 $ynxyusma B(z),
(Jeﬁtutpana 1pe3 (5.4) & veuyame S(my), ¢ o cuse npeacmcmemo A

(5.8) o Ve exp(—z’/z)s(z)

/exp(-u’/4-mu){y;(lnu)couu+gg(lnu)unzu} du o -

 c\ﬂ“ﬂ“ﬂ«)&i’(ﬂ)(k:lﬂ T

anu)mo € H.TBbPACHHE, manormmo ua 'reopeua 4 3 a uMenHo:



5.2 Am) qe.ume e g.(() € F*(0) (k = 1,2), mo xomnaexc-
nema hmm.v B(z), degunspana c (5.8), ¢ zoaom @ 8 ueNyama S(-ro) % ce
npedcmasa 6 uex ese ouda (5.4) c ynwyun bg(t) €E0)(k=1,2).
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- RAMSEY MULTIPLICITY M(3,6) IS 2

Nikolay G. Khadshiivanov, Ivan Zh. Pashov

Huxoank l' Xdaucuocuoa, Hean Homu PAMCEEBCKAA KFATHOCT!: M(3,6)
ECTh 2
Oﬁosnsuuu yepes c,(Cv') uKcno p-xauk rpada G, a uepes G — ero Aono:menue Kepn

cm-c-rpyuponn 17-sepuwnnnmit rpag G, ana xoToporo c;(G) + cg(G) on ,uomsul, uTo
. mepanenctso c3(G) + cs(G) 2 1 MMeeT MecTO ana mioGoro 18-pepmunuoro rpaqn. G. He.
MNamos yxasan 18-sepmunnnilt rpa¢ G, ans xoroporo c3(G) + q(G) =2. B HacTosmedt
craTae RoKasaNo, uTo c3(G) + ¢s(G). 2 2 ans moboro 18-sepmmunoro rpaga G.

Al LT .
Nikolay G. Khadshiivanoy, Ivan Zh. Paskov. RAMSEY MULTIPLICITY M(3,6) IS 2 _
‘ ..Letc,(G’)hthennmberoﬂhep—diqxeodnpﬂphﬂmdabethecompkmda Kéry.-
- showed a 17-vertex graph G with &3(G) + cs(G) = 0 and proved for every 18-vertex graph G the
inequality ea(G)+c¢(a) 2 1. L Pashov constructed an 18-vertex graph G with ¢3(G)+¢5(G) = 2. .
lnthhpnpahpmedthn (G) +cs(G) 2 3 forevety 16-vertex graph G.

§

1. mrnonuc'non ’

S

A set of p vertices of a graph will be called p-clique (p-antlcllque) if every pau'_ E
" of vemces in the set are (are not) adjacent. :
F. Ramsey [1] proved that for every two natural numbers p, q there exists a
natural number n such that each n-vertex graph has a p-clique or a ¢g-anticlique.
The minimuin n with this property is denoted by R(p,q) and is called Ramsey.
number. Obviously we have R(p,q) = R(q,p), R(1,¢9) = 1, R(2,¢) = §. Thus,
R(p,q) is of interest when 3 S p S ¢. There are known only seven such R,amsey :
numbers: R(3, 3) 6 R(3 4) = 9 R(3 5) = 14, R(4 4) =18 (R. Greenwood and
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A. Gleason {2]); R(3,6) = 18 (G. Kéry [3]); R(3, 7}: 23 (J. Graver and J. Yackel -
[4]); R(3,9) = 36 (C. Grinstead and'S. Roberts [5]). ~ o
We will denote with ¢,(G) tln:,/ number of p-cliques of a graph G and with €,(G)
— the number of its g-anticliques; it is clear that €,(G) = ¢,(G). :
4 The number ¢,(G) + &,(G) we will call (p, g)-multiplicity of the graph G. The
.minimum) (p, ¢)-multiplicity in the set of the n-vertex graphs we will denote by
M(n;pq). - . - g
' It is i;lear that M(n;p,q) 2 1 when n 2 R(p,q) and M(n;p,q) = 0 when
. n< R(p,q). , )
. Tl(:a number M(n;3,3) has been determined for every n by A. Goodman [6].
The number M(R(p,q); p,¢) is called Ramsey multiplicity and is denoted by
‘M(p, q). Of course, this number is of interest only when 3 § p S ¢ because M(p,q)
= M(q,p) and M(1,9) = M(2,9) = 1. S
_There are known only three Ramsey multiplicities: M(3,3) =2 (A. Goodman
[6]); M(3,4) =*1 (N. Khadzhiivanov and N. Nenov [7]); M(3,5) = 4 (I. Pashov [8]).
. It is known that every 18-vertex graph has a 3-clique or a 6-anticlique (G. Kéry
{31). In this paper we will prove that there is not a graph without 3-cliques with
Jjust one 6-anticlique (see Theorem 1) and, similarly — there is not a graph without
6-anticliques with just one 3-clique (see Theorem 2). Hence M(3,6) 2 2.
On the other hand, the second author showed in [9] a 18-vertex graph without
6-anticliques and with exactly two 3-cliques. Thus M(3,6) = 2.

2. NOTATIONS AND PRELIMINARY RESULTS
 We will write G € (n;a X p,8 x §) for an n-vertex graph G with ¢,(G) = a
and ¢,(G) = p. _ c o
..~ The set of all neighbours of the vertex v in the considered graph will be denoted
- by A(v); then |A(v)] = d(v) is the degree of v. The same notation A(v) will be used:
for the subgraph of G.generated by the set A(v). With N(v) we will denote the -
set of the not adjacent to v*(except v) vertices of the graph (and the correspondent
generated subgraph). For the set of vertices not adjacent to either u and v (except -
} Emd ;))_: and for-the correspondent generated subgraph we will used the notation
u,v). e R '
- : . "In the proofs of the theorems we will also use
' " except a part of the above mentioned résults the
.. following propositions.
, Proposition 1 (N. Nenov, 1. Pashov and -
' N. Khadshiivanov [10]). - There is no graph G
€(13;0x3,1x5). SR
. Proposition 2 (G.Kéry (3]). There is a
snique graph G € (13;0 x 3,0 x B); il is presented .
in Fig. 1. coo T e
. Propositionr 3 (N. Khadzhiivanov, N. Nenov
- and L. Pashov [11]). There is a unigue graph G
x co . €(13;1 x 3,0 x B); this graph is shown in Fig. 2.
Fig. 1. The unique graph . - ' Proposition 4 (N. Nenov and N. Khadghiiva-
. from (13;0x3,0x5). nov [12]). There is a wnigue graph G'€ (12,0 x 3,

1‘31 7' : \



Fig. 2. The unique graph . Fig. 3 The unique 20-edge
from (13;1x 3,0 x §). graph from (12;0 x 3,0 x 5).

0 xs) with 20 edges; it is préaentcd in’ Fig. 3.

3. EVERY 18-VERTEX GRAPH WITHOUT $-CLIQUES
HAS AT LEAST TWO 6-ANTICLIQUES '

. Lemma 1. Zel G € (18;0 x 3,1 x 6) and let A be the unique G-anticligue
in G. If u and v are not adjaceni verlu:es of G and {u,v} ¢ A, then [A(v) N
A(v)] § d(u) +d(v) - 8.

Proof. Clearly, N(u,v) does not contain 3—clnques and 4-a.nt1chques because
if M is a 4-anticlique in' N(u,v), then' M U {u,v} is a 6-anticlique in G and is .
different from A. From R(3,4) = 9, we have [N(u,v)| < 8. But {N(y,v)] =16 -
- JA(uUA®W)] = l6-d(u)-—d(v)+|A(u)nA(v)| Hence |A(u)NA(v)| € d(u)+d(v)—8
- Lemma 2. IfG € (18;0 x.3,1 x 8), then d(v) S 6 for every vertez v and the
equality is achieved for at most one veriez.

-Proof. For every vertex v the set A(v) is an a,ntlchque because G has no
3-cliques. Since G has only one 6-antnchque — A we have d(v) = |A(v)| S 6 and
-A(v) = A when d(v) = 6. -

If d(u) = d(v) = 6, then A(u) = A(v) = A. Hence u and v are not adjacent (G’
lias no 3-cliques) and IA(u) N A(v)| = 6. This contradicts Lemma 1). RE

Lemma 3. If G € (18;0 x 3,1 x 6), then d(v) 2 4 for every verteztv S

»Proof.  Assume d(v) £ 3, i.e. IN(v)] 2 14. Remember M(3,5) > 1, but -
cs(N(v)) = 0, so N(v) has at least two 5-ant:clxques Ky and K;. Then Ky U {v}
and Ko U {v} are two different- G-mtxdxques in G. This contradiction completes the'
proof of the lemma.

Lemma 4. If G € (18;0x 3,1 x §) and visa vertez ofG wuh d(v) 4, then

N(v)E(l30x30x§) :
- Proof. Obviously |[N(v)| = 13, ca(N(v)) =0 and any 5-antxchque in N(v)
.forms with v a 6-anticlique in G. Hence es(N(v)) €

The assumption &5(N(v)) = 1 implies N(v) € (13 0x 3, lx 5) which contradxcts
Proposition 1. Hence Z5(N(v)) = 0, i.e! N(v) € (13;0 x 3,0 x 5).

Lemma 5. If G € (18;0 x 3,1 x 6) and A is the unigue. 6-aniccl:quc inG,
~ then d(v) 25 foreveryveA. ,
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Proof. Assnm‘ev"eA‘andd(v)' 4(seeLemma3)'AccordlngtoLemma4

N(v) € (13;0x3,0x 5), which is impoasible because N(v) contains the 5-anticlique
A\{v}.

Lemma 6. If G € (18;0 x 3 1 x 6) and A is the unique 6-aut:cltque in G, '.
then d(v) 2 5 for each v & A.
Proof. Let us assume vy ¢ A and d(vo)—4(see lemma 3). By Lemma 4,

N(vo) € (13;0 x 3,0 x 5). Hence (see Proposition 2) N(vo) is isomorphic to the .

- 4-regular graph in Flg 1.

Denote by m the number of edges [u, v] with u € A(v), v € N(vo). Obviously,

'm= % (d(v) - 4). This equality and Lemma 2 yields m § 12.1+1.2= 14.

UGN(UQ) )
* On the other hand, it is clear thatm= Y (d(v) —1). Hence '
- o el
) -_ S ) d(v)§18.

. w€A(ve)
The set A(vo) contams at least two vertices from A because otherwise N (vo)

| will have a 5-anticlique and vy will be in a G-anticlique, different from A. Let

-

{uy, 2} C A(vo) N A and us, ug be the other two vertices in A(vp). By Lemma 5,

d(u) 2 10+ d(us) + d(uq). This mequahty and (1) yleld d(ua) + d(us) S 8.
uEA(uo) )

" Then Lemna 3 gives d(us) = d(tu) 4,

Apply Lemma 1 for vertices us ‘and ug (us & A, by Lemma 5). Thus we
conclude |A(u3) N A(uq)] -0, which is absurdity becauae % € A(us)nA(ug) The
recewed contradiction completes the proof of the Lemma. -

" Lemma 7. IfG € (18;0 % 3,1 x 8), then G is 5-regular. .
- Proof. By Lemmas 5 and 6 we know that d(v) 2 5 for every vertex v of G

" and by Lemma 2 that d(v) § 6 with equality at most for one vertex v. Hence' G |
has at least 17 vertices of degree 5. If the rest vertex has degree 6, then the number -

of the vertices of an odd degree wxll be odd, which is unpoenble Conaequently, all
vertices of G have degree 5. . ‘

Lemma 8. Let G € (18;0 x 3 1x 3) and A be the snigue G-utschque in G.

Ifu & A, then |A(u)N A| 2 2. Ifu €A vg Aand A(u)UA(v) D A, then u and

v are uot adjacent.

* Proof. AnybvemcesfromAwhlcharenotadgacenttoa¢/lformw1thu :
a (¢l: A}- 1)-anticlique different from A Tlence, k'S4 ie |Au)n A[ 2 2 for every
w

Nowletu¢A v¢AandA(u UA(v;DA Assumcthatuandvare-

‘adaaccnt We may regard that |A Nt A(v)] § |AN A(u)]. Because of c3(G) = 0,

~A(u)N A(v) = @. Hence JAN A(v)] § 3, iie. v has at least two neighbours out

of A (see Lemma 7). Consequently, there is a neighbour w of v, w # u, w ¢ A.

The adjacent vertices w, v .cannot have common neighbours. ‘From the relations
|A{w)NA| 2 2 and A(u)UA(v) S A follows [A(w)N ANA(u)| 2 2. The vertices w -

. and  have also the vertex v ¢ A as a common neighbour. Thus IA(u)nA(w)l 2 3.

On the other hand, applying Lemma 1 for the vertices u and w we tecewe |

1AV AGw)] S d(u) + d{w) - 8= 5+5~8=2.

The obtained contradiction completes the proof of the Lemma. ) N
‘Lemma 9. IfG € (18;0 x 3,1 x 6) and A is. the unigue G-mtzchquc in G

| then |A(v) n Al g 3 for every vertez v ¢ A
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‘Proof. Assume |JA(v)NA|Z4 ) ,
It is easy to see that |A(v) N A] = 4. Really, otherwue all five neighbours of v _
are in A and if w is the rest vertex of A, then A(w) Uv is a 6-anticlique, different

from A, which is impossible. .

. Thns, |A(v) N A] = 4 and there is a vertex u ¢ A which is.adjacent to v. By
- Lemma 8, |A(¥)NA] 2 2 and-because of A(u)NA(v) = @& we have A(u)UA(v) D A _
Again Lemma 8 yields that u and v are not adjacent. This contradxctlon completes
the proof of the Lemma.

. Theorem 1. Every 18-vertez graph without 3schquea contains al Ieasﬁtwo
6-anticliques. :

Proof. Let G be an 18-vertex graph and cs(G) = 0. Assume cg(G) 5 1
By R(3,6) = 18 we have &(G) # 0. HeneeE;(G)-l i GG(IB 0.x 3,1 x 8).
Denote by A the unique 6-anticlique in G.

" Let B be the set of vertices v for which |A(v) nAl 3and |[B|=1n. Let V
be the set of the vertices of G and C = V\(AU B). Obviously BNA = @ and_
|C] = 12 - n. By Lemmas 8 and 9 follows IAgv) NAl=2foreachveC. °

, Let ! be the number of the edges [u,v] withu € Aand v ¢ A. Evety vertex in
A is an end point for five such edges; hence ! = 6.5 =.30. '

On the other' handj) clearly, I = 2 lA(v) N A] + E |A(v) N 4] = n. 3+ (12

-—n)2 24+n Hence 24+ n = 30andn 6. '
We will prove that B is an anticlique. Assume the opposite and let u, v be
adjacent vertices from B. Since A(u)NA(v) = 9, IA(u)nAl 3 and |[A(v)NA| =
we have A(u).U A(v) D A. From Lemma 8 follows that u and v ate not ad]acent
The received contradiction shows that B is an 6-anticlique. But BN A = @,
thus we obtain a contradiction with equality Z(G) = l !
The Theorem is proved

o X% EVERY IO-VERI'EK GRAPH WITHOUT O-ANTICLIQUES \
HAS AT LEAST TWO S-CLIQUN : '

. Lemmalo IfGe(181x30x3) and T is the wnigue 3-cligue in G,

~ then d(v) S 6 for every vertez v. The equal:ty may be attained only fora urlez o

Jrom T.
P roof If v ¢ T, then A(v) is an anticlique; hence d(v) = [A(v)] § 5. -
When v € T, the subgraph' A(v) has only one edge; thus d(v) = IA(v)I 56
.Lemma 11. IfG € (18;1x 3, Oxﬂ then d(v) 2 4 for every vertez v. - ..
-~ Proof. Ifd(v) § 3, then IN(v)I 2. 14. Since Z5(N(v)) =0 and M(3,6) > 1
(see the Introductton), the subgraph N(v) mll bave at least two 3-cliques, wluch is
impossible. '

‘Lemma 12. LetGe(IB 1x3 Oxﬁ)audTuﬂte 3-cbquofG Ifﬂu verter

vo de adjacent to at least one vertez from T' and d(vo) = 4, then every vcrtct from

N (vo)\T is adjacent to af most one vertez from A(vp). . =
~Proof. Obviously |N(v)| = 13 apd (N (uo)) 0. Smce vo is uhu:ent to

a vertex from 7', we have c3(N(vp)) = -

-+ - Proposition 2 implies that the gnph N(vp) is-isomorphic to the gtaph in Fxg

L We will use only the fact that N(vg) must be a 4—regular graph (sce Fig. 1.
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If vgT, by Lemma 10 we will have d(v) S 5. Then every v € N(vo)\T', hiaving -
4 nelghboum in N(vo), is adjacent to at most one vertex out of N(v), i.e. fo at

~ most one vertex from A(vg). .

Lemma 13. If G € (18;1 x 3,0 x 3) and T = {vl,vz,va} is the 3-cligue of.
G, then d(v;) 2 5, 1-123 .
- Proof. Assume d(v;) < 5. Then (see Lemma 11) d(v;) =4. Let A(v,)\T

= {vq,v5).

We will prove that d(vs) = d(vg) = 4. :
~Assume d(v4) # 4. By Lemma 11, d(vs) 2 5. Since A(ve) N A(v1) = Z we
have |A(vs) N N(v1)| 2 4. The. set A(v4) is an a.ntlchque because vy ¢ T Hence
A(vq) N N(vy) is an anticlique too.
Applying Lemma 12 for the vertex v; we have that every vertex v fiom N (v;)\T
=N (v1) is adjacent to at most one vertex from A(vl), in particular, the same is
valid for each vertex v € A(ve) N N(vs). But such a v is adjacent to v4 € A(n);
hence v is not uhacent to the vertices v and v from A(vl) r
. Thus we receive that the set (A(v¢) N N(vy))U {va, vs} is an anticlique, whnch
is & contradiction because this set has at least 6 vertices.
In this way we have that d(vs) = d(vs) = 4. The non-adjacent vertices v and

- vs have a common neighbour (the vertex v; ). Hence |l(v4,vs)| 2 9. Moreover,

¢3(N(vq, v5)) = 0, because v; & N(vq,vs). Note also th# E¢(N (m,vgg) 0. The
" obtained results for the graph N(v4,vs) contradict the equality R(3,4) = 9.

Lemma 14. Let G € (18;1 x 3,0 x 8) and T' = {vy, va, v3} be the 3-cligue of
G. Ifvy ¢ T and vy is adjacent to a derjez from T, then d(vo) = 5.

Proof. Assume d(vg) < 5. Then (see Lemma 11) d(vp) = 4. Let vy be
ad;acent to vy from T and the rest three neighbours of ) be V4, %5, and vc

We will prove that d(vs) = 4 and A(va) NT # 2.

Let ‘A = A(vs) V(N (vo)\T). Since the set A(vy) is an a.nt.lchque, then A is-an
‘anticlique, too. By Lemma 12 we know that every vertex from N(vo)\T is adjacent
‘to at most one vertex from A(vq). The vertices of A are adjacent to vq € A(vo)

" and belong to N(vo)\T. Hence each of these vertices is not ad;acent to the other

vertices vy, vy, vg from A(vy).

Consequiently, Au{vl,v;, ve} is an anticlique, so that |A| < 2. Therefore vq is
adjacent to at most two vertices from N(vp)\T. Besides vy is adjacent to vy and
‘not adjacent to vy, vs, ve. According to Lemma 11, d(v,) 2 4. Hence v, must be
‘adjacent to at least one of the vertiees vg,: va On the other ‘hand, v4 ca.n not be

_adjacent to both v3, vs

Consequently, d(v4) 4 a,nd A(m) NT# 2. _ " :
~ Similarly, d(vs) = 4. The vertices v4 and vs have a common- nenghbont (the

: vertex vp ); hence [N (vg,vs)| 2 9. It is clear that &4(N (v, ¥s)) = 0 because vy and

- vg are not adjacent and G has no 6-anticliques. Then from R(3,4) = 9 follows that .

N(m,va) a 3-clique. But this is impossible because A(v)) NT #3.. =

d( ) amed contrpdxctxon shows that d(vo) 2 5 l"rom Lemma 10 lt follows
"0 = 5 .

Lemma 15, LdGE(Ide30x3) cmlTGcﬂu 3-cltquc mG I?vo T
not adjacent to vertices from T, then d(ve) = 6.
“Proof. By Lemma 10 we know tlmt d(vo) £ 5. Assume d(vo) < 5 Then

‘ Lemma 11 yields d(vo) = '

Obviously, [N(vo)] = 13 es(N(w)) = 1and e5(N(vo)) = 0. Acwrdmg to
Proposxtion 3, tbe~grap N(vo) is isomorphib to the gtaph in Fig. 2 Every vertex



v from' N(v)\T has degree 4 in N(vo) (see Fig. 2) Cbmequently, vis ad)acent
’ to at most one vertex out of N(vp) (because d(v) S 5, see Lemma 10).- We will
essentially use the just proved proposition in the end of the prooi

: Every vertex u from A(vg) has at most one neighbour in T'; hence it has st v
 least two neighbours in N(vp)\T (according to Lemma 11, d(u) ; 4). Moreover, if -
u is not adjacent to the vertices from T or d(u) 2 5, then u will have at least three
neighbours in N{vo)\T.

We will prove that A(v) contains at least three vertices, each thh at least
three neighbours in N(vo)\T.

This is clear, if three vertices from A(vo) have degree. 2 5. Thus we will
assume that there are u;,us € A(vo) both of degree 4 (see Lemma 11). Then
|N(u1,u3)] 2 9 (u; and uz have a common neighbour). The vertices u; and uj are
not a(bacent vo € T), so that SN (u1,u3)) = 0. The equality R(3,4) = 9 implies
that N(uy, uz) has a 3-clique, i.e. N(u3,u3) D T. So uj is not adjacent to the
vertices-from T Then, as we now, u; has three neighbours in N(vp)\T.

Thus A(vo) contains at least three vertices, each with at least three nelghbours
in N(v)\T. The fourth vertex from A(vo) has at least two neighbours in N(vg)\T.
But |N(v)\T| = 10. Consequently, there is a vertex from N(vo)\T' with at least
two neighbours in A(vo), which is impoesible (see the beginning of the proof).

" Lemma 18. Let G be not ngtlar graph and G € (18;1 x 3,0 x 8). Then two
vertices, say vy and v, from the unique 3-clique T = {v;,ug,vg} have degree 6 and
all the rest vertices of G have degree 5. Moreover N(v;) contains a simple 8-cycl¢
B which is an induced subgraph of G and has the properties: -
A 3 Every vertez from A N(vl)\B is adjaccnt ezactly to one verter from

n). . .
2. Every oertez from B is nd;cccnt czcctly to two vertices from A(vl) o

" Proof. By Lemmas 14 and 15 we have d(v) = 5 for every v ¢ T and Lemmas.
10 and 13 give 5 g d(v;) § 6, i =1, 2, 3. Since the number of the vertices of odd -
degree must be even, T contains one br.three vertices of degree 5. But G is not
regular. Hence T contains. only one vertex of degree 5 — assume d(vx) = 5 and:
d(vz) =d(vg) =6.

“Let e be the number of the edges of the 12-vertex graph N(n;) sund m be the-
number of the edges of the type [u,v] withu € N(n), v € A(vy). Cleazly .

(2);« . 12s="Y dws= +m.
: - ueN(wm) : ‘ ‘

Smce every we A(vl) has 4 neighbours.in N(v;), we have m ='5.4 = 20 and e= 20 v
_ Thus N(vy) has 20 edges. Obviously N(v;) € (12;0 x 3,0 x 5). According to
Proposition 4, N(v;) nmmorph:c to the graph in Plg& Let B be the set of the
vertices of N(ul) of degree 3 in N(vy). Clearly B is a simple 8-cycle which is an: -
induced subgraph of G. Every vertex from the set: A = N(vy)\B has degree 4 in"
N(v1). The vertices of N(v;) have dqgme §inG. Therefore the propemel l and
2 are obviously fulfilled and the lemma is proved..

- The next lemma will be proved in assumptions and notatlons from Lemma 16
We know that d(v) = 5 when v & T. The neighbours of the vertéx v; (which also
has degree 5) we will denote by va, vs, va, vs, vs. By Lemma 16, N(n1)) = AU B,
;vher; ;tnB Q |Al =4, B is a simple &cycle and A a.nd B ha.ve the properties

an

%mlldenote by Bg,2§ k§6 theaetofthe vertlceafromB wluchare

adaacent to v;. Clearly B. are anuchques and | B 5 4 : ,

B



' Lemm 17. lee aaumptwua of Lcmma 16 and the last notations :mply the

' propemcs _

. BaNBs = @.

Bl 2 3whcnie{2 3}.

B¢nB, # @ when i-€ {2,3} and16{4 5,6}.

. B# BaUBs. ,

. |Bi| =3 when i € {2,3}.

IB;nB,l =1 when i € {2,3)} andJ € {4,5,6}.

. There i3 jo € {4,5,6) with |Bj,| = 4.

. Let jo (see the previous property) be, for instance, 6. Then B\(BzUBa) C Bs
ami one of the vertices from B\(B; U Bg) is in B,\Bs and the other in By\B,.

"Proof. 1. If v € By N B, then {v,v3,vs3} is a 3-clique different from T,
which is impossible.

2. The set A(v2)NN(vq)isa 4~ant1chque, since d(v2) = 6 and b has no other .
3-clique except T. "

- Assume |B;| S 2. Then lA(vg) NnAlz 2. Let abe A(vg) NA. According
to the property 1 in Lemma 6, a and b are not adjacent to the vertices from
A(vl)\{ }. The set A(v;%‘\{vg} is a 4-anticlique because d(ve =5 and G has not
a 3-clique, different from T'. Since a and b are not adjacent, {a,b} U (A(v1)\{v2})
is a 6-anticlique, which is a contradiction. -

3. .1t is sufficient to prove A(vz)NA(v; NN (vy) # 2 because if v € A(vg)nA(v,)
NN(vy), then property 1 from Lemma 16 implies v € B.

Assume A(vg) n A( JOAN(vy) = ©. The set A(v,)\{vl} is a S-anticlique
because d(vs & has no other 3-clique except 7. We have A(vz)\{v1}
= {vs} U vz) n N(vl)) Our assumption yields that v; is not adjacent to the

" vertices from A(v3) NN ( v;) On the other hand, v; is obviously not adjacent to vs.
Hence {v;} U(A(vs)\{n1})is a 6-anticlique, whlch is a contradiction.

‘4. Assume the opposite, ie. B = By U Ba Then'|B,| = |Bs] = 4, since
"|Bs} € 4. Hence v; and vs have no neighbours in A. Then every vertex from A is
adjacent exactly to one vertex from A(v1)\ {v2, vs} = {v4, vs, ve}. Therefore, there
‘are vertices a and b from A with a common neighbour from {v;, U5, Vg}; We may

- regard that @ and b are adjacent to v,. ‘
' According to property 3, v; and v, § = 2, 3 ‘have a common nelghbour in B; .
we will denote it by b;. Obvxously by # bs becnnse otherwise B; N By # @. The
set {a,b,b3,b3} is a 4-anticlique because A(vy) contains this set and vy € T. From
lmLemmalﬁltfoﬂowsthatamdbmnotuhmnttov;and%lndfromhn
theumelenuna—-bgaudb;uenotadjmnttov;andv; :

We come to the contradiction’ that {a, 5, b3, ba, vs, ve} is.a- G-antlchque
. 'B. Assume the opposite. Then we may regard (see property 2) that |By| =
Let ¢ € B\(ByUBs) (see property 4). Since By is a 4-anticlique in the simple 8-cycle

- Band c € By st hen ¢ is adjacent to two vertices u; and uy from B;. According
- to-property 2 in lemma 16, the vertex ¢ is adjacent exactly to two vertices from
'A(ol)\{vz, vs} = {vq; v5, s }; we may assume thiat c is adjacent to v4 and vs. The

QQQU‘AQNH

‘ - wvertices uy and i, are not adaacenttou and: vs because otherwise will be a:3-clique
- which.contains the vettex ¢c. Thevemcesu;mdugmmBganngnt .

. Hence uy and uj are not adjacent to ys. From: property 2 in Lemma 18 it:follows
that u; has another (different from vg) nelghbour from A(v,) and we have the same
for the vertex uz. But u; and ug are not adjwent t.o va, ¥4 und vg. Henee u1 and .
ug are ad]acent tovs. ; ) _
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. Thus A(ul) n A(ug) D {vg, ve,c}. . Moreover d(ul) d(ug) = 5. Eence
[N(u1,uz)| 2 9. The vertices u; and u; are not’ adjacent (otherwise {c,us,us} -
will be a 3—cquue) Hence €(N(uy,u3)) = 0. Then from R(3,4) = 9 we have
cs(N(ug,uz) > 0, ie. N(ul,uz) D T. But this is impoesible because v;.
€ N(uy,u2).

6. The sets By N-By, Bz N Bs and B; N Bg are disjoint (see property 2 in
Lemma 16) and not empty (see property 3), and | By|.= 3 (see property 5). Hence

|B2nB;jl=1,7=4,5,8.

7. Since |[A(v) N N(v;)lr_ 4 md |A(w) N Bl = 3 (see property 5) we have
|[A(w) N A| =1,i=2,3. Let a; = A(v;) N A. The vertices a; have no neighbours -
in {vq, vs, ve} (see property 1 in Lemma 16). Each of the rest two vertices from A
has one neighbour in A(v;). Hence there is a certain vertex from {vq,vs, v} Which
has no nerghbours in A, so all the four nelghbours from N(v1) of this vertex are in -
B. ,

8. From propertles 1and 5 it follows |B\(B3.U Ba)l =2 Let B\(B; U By)
= {a,b}. Every set By, Bs, B has exactly one element in B, and Bs (see property '
6). According to the condition |Bg| = 4. Hence {a,b} C Bs. .

The vertex a has another (different from vg ) neighbour in A(vy). Since a is
not adjacent to v3 and vg, then a is adjacent to vy or vs; we will assume that a
is adjacent to vs. The vertex b is also adjacent to a certain vertex from {vq,vs}.

- But b can not be adjacent to vy. Indeed, otherwise A(v4) N A(v) D:{a,b,v1} and
since d(vq) = d(ve) = 5, we obtain IN(vg,vo)i 9. This is rmpossrhle because '
R(3, 4) = 9, T(N (04,03)) ='0 and c3(N(va,v6)) = 0 (T ¢ N(v4,vg), because
v ¢ ("4."6)) ]

" Thus, b is not adjacent to vs. Hence b.is’ adjace}xt to vh ie. b e 35\84 N
Similarly, a € B4\Bs : (

The lemma is proved .

. Let’us summarige the results from Lemma 17. chlace B; n B = b when i
i € {2,3}, j € {4,5,6} (see property 6 in Lemma 17). Since IBzf ﬂisl =3
isee property 5 in Lemma 17).and every vertex from B belongs exactly to two B, .
see property 2 in Lemma 16), then .B; = {bz 4,52 5,026} and Bs =. {ba 4, 3.5, b3 o}
where all these b; ; are different. :

Accordmg to properties 7 and 8 in Lemma 17, the 4-element set Be contunsr
(except the vertices b g and by ¢) the two vertices of B\(B3 U Bs). One of these -

: two vertices belongs to By\Bg ~— we will denote it by b4,6. The other belongs to )

Bg\ By — denote it by bg 6. So. Bg = {bs,6,b3,4, 046 b5 6}. '
- Thus B = {524,"25,526,534,535. c,l’u.‘u} and 34 {bu.ba.«bm} -
By = {ba,5, 3,5, bs,6}.

Lemma 18. IfG € (18; 1% 3,0 x -) then G.is S-ngalar

Proof. "Assume the opposite. We will use Lemmas 16 and. 17 and the
introduced notations. So the simple 8-cycle B contains the anticliques By, k=23,
4,5, 6. Hence the two neighbours from B of b; ¢ are by, where m € {2,3,4 5}\{:}
and n € {4,5)\{i}. Thus B'is the simple" 8-cycle (b 4,53 8ba.5, bu s, ba,s, 5: 8 03,4,
bs.6) *Denote by a;, i = 2, 3, the unique neighbour of v in A.  The vertex a; have
no other (different from v.) nerghbour in A(vy) (see property 1'in Lernma 16).

We will prove that a;, i = 2, 3, is adjacent to by . - First of all, the set: M
= {a3,b3,4,b2,6,vs,05} is & 5—antxcquue Indeed, the set {ag, ,4,b“,v; contams -
in the-anticlique A(v;)\{v;} and vg is not ad)acent to all vertices from this set. -
"~ 'The set {bye,bs 4,3",»3,1;;} is a S-anticlique, too.~ Indeed, as we alteady
know, {b3.4,b2 s,va,vs} is an antrcl:que On the other hand, b“ is not- adaacent
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| to bz P (otberwwe {54,5, b“, vq w:ll be a 3—chque), 64 6is not adjacent to bas (by

. virtue of similar reasons) and by ¢-is not adjacent to vs and v,

If we assume that by¢ is not adjacent to dj, then {bg6} UM will be a
6-antlchque, which is 1mposmble
We proved that a3 is adjacent to b4 ¢. In the sime way we can prove that ag is

o adjacent to by .. For this purpose it is sufficient to note that {aa,bu, ba, 3, vg, vg}

and {by;s, bs 4, b3,s, va,vs} are anticliques.
, Thereby we arrive at the conclusion that A(lu 6D {a;, as, by 5,b35, v4, %},
which is a contradiction because d(bq,6) = 5 (see Lemmia 16).
. The obtained contradiction. completes the proof of the lemma.
" Lemma 19. Let G € (18;1 x 3,0 x 8) and T be the unigue 3-clique in G.
. As we know by Lemma 18, G is a 5-nyalar graph. Denote by vo a verter of G,
vo € T and let vy be adjacent 1o a vertez from T. Then N(vp) has a simple 8-cycle
B which is an induced aabgmph in G and has the properties: - '
' ( % Every verter from A = N(vo)\B is ad;acenf ezactly to one vertez from
A(vo
- 2. Every vertez fmm B is ad;ccent ezactly to two vertices from A(vg). -
" The proof’ of this lemma is smnler to the proof of Lemma 16 and we will not
. present it. .
- In relation with Lemma 19 we will xntroduce some notations. ' :
Denote by v, 1.5 i < B, the nexghbours of vp. Let v; € T and A; = A(vg)
:th (vo). Clea.rly, |A¢| = A; contains a unique edge and the other A; aze anti-
‘¢liques.
Lemma 20. Let G € (18; l x8,0 x 3) In the notatwua fmm (and aﬂer)
Lemma 19 we may affirm that:
1. |AiNA;] S 1 wheni < j. \ -
2. Ay C B for a certain k., o T
3 |AmB| 3wlmu¢k s o b
4. k=1 ’ ‘
o Proof 1. Assume the opposxte and 1et {a,b} c A;nA, First - we mll :
 prove that i >'1. ‘Assume i = 1. Then T' ¢ N(vy,v;); hence ca N(v;, ‘V
eve

- ‘The vertices v, and v; are not adjacent and therefore E(N(vy, v;

i{a,b,c} c A(v;), hence {a,b,c} is an anticlique.

’fA(vx_) nA(v,-) D {vo, a,b} 8nd dfv;) = d(v;) = 5 0 tha.t iN(ol,vj)l 2 9. The '
‘obtained result contradicts the equality R(3,4) =
“ Thus, ¥ 1. Hence A; and Aj are 4—ant1cllquee S -
Tt is easy to see thstA.UA ¢ B. Indeed, if AiUA; C B, thenaineeBls
'Y simple 8-cycle and the: 4—entlcl|quee Ay &y have a commion vértex, certainly A; .
Thus, the vertices of A; have no other (dxﬂ'erent from v;-and v;) neighbours
S in Aiﬂo) (see Lemma 19), thereby A;U(A(w)\{v;, v;})isa 7-|ntlchqnem G, which .
S ‘u anabmrdnty ~
‘ omwemwmumethetAi¢B ThenA;nJ*deletceAgnA
We. ‘williprove that M = {a,4,c}u (A(m)\{w, is an anticlique. Indeed,
611 t e other hand, ¢ is not
adjacent to the vertices from A(vo)\{w} (see property 1 in Lemma 19), a.lﬂw and
b ave not adjacent to the vertices from A(vo)\{¥i, v;} (see property 2 i in k.unma
:lﬂ) Since A(vo) is an anticlique, then M is really a- B-antxchque :
<. The obtained contradiction shows that lAi na;lst s
Lk " 2. Remind. that every vertex from A is adjmnt to exectly one vertex’from
i fA(va) Since |A} =4 and |A(n)| = 5 eert.axnly there is & vertex v whu*.h hasno -
S bonremA Hence Ay C.B. , .

~;r;,2e



3. Fnrst we wxll prove that if { ;é k, then A; ¢ B. Assume the opponte ie. that
there is an i # k with A; C B. Since A;,UA; C B, then the vertices from A are not
adjacent to the vertices v; and v;, so that every vertex from A is adjacent to exactly
one vertex from A(vo)\{vi, v;}. We have |A| = 4 and |A(vo)\{vs, %}| = 3. Hence,
there are two vertices a and b in A with a common neighbour v, € A(vo)\{vz,v:}.

The vertices a and b must be adjacent because otherwise {a, b}U(A(vo)\{va})
will be a 6-anticlique (see property 1 in Lemma 19). Thus {a,d,va} is a 3-clique.
But v, is the unique vertex from A{vp) which is a vertex from a 3-chque, son=1."

s Consequently k # 1 and i # 1. Then A; and A; are 4-anticliques. From

|AxNA;| S 1 (see property 1) it follows that A; and A; are different 4-anticliques

in the slmple 8-cycle B, so that Az NA; = D. .
- This shows that B = A U Ai. From property 1 it follows that A, (m ;6 ki)

- has at most two elements in B, so that |A,, N A] 2 2. The subscript m takes thtee

.values and |4] =4 < 6. Consequently, there are such m;, mj that Am, nA,,., nA

i

# . This contradicts to property 1 in Lemmma 19.

- Thus A; ¢ B when i £ £, ie. AiNA#D. Since A.,nA;,nA 0 when
i1 # iz, then the four sets A; nA i# k are l-element sets, i.e. IAiﬂBI 3 when
i#k

" 4. Assume the opposlte We may suppose that k = 2 (see property 2)

'vThen A, is a 4-anticlique in B. Number the vertices of B consecutively: B .
= (e1,¢€3,...,67,¢8). By property 1, |A; NA;] S 1, # ji say i < j. If the

set BNA;NA; is not empty, then we denote by b. j the unique element of this set.
In this way (see property 2 in Lemma 19) every vertex of B has a single notation.

Without loss of generallty we may assume that the 4-anticlique Aj consists of
vertices e = b2,3, €3 = ba 4, 5 = b3 5 and e7 = by 3. Since no one of the vettwes v3,
vg, Vs, Us i8 & vertex from a 3-chque, then ¢; = bl sandeg =bys.

According to property 3 AfNB = {63,64,61} Then cs, 8. ¢ A;, hence . -
- ce = by 4 and cg = bys.

From property 3 it follows |A; nA| =1 when i # 2. Let a; = A.ﬂA It is
clear,that the vertices a; are different (see property 1 in Lemma 19).. -

. Obviously, the sets {b2,4,b3,4, b33, v1,v5} and M. = {as, bs,4, b33, vx,vs} are 5—
anticliques (vo and ‘vs do not belong to 3-cliques). ‘The vertex as is ad)acent to
ba,4 because otherwise M U {3 4} will be a 6-anticlique. The vertex ay is adjacent
m bz 4) tOO Indeéed, the sets {bﬂ 4)b28: bQ,l) ”l»”S} and {051 53,5,54 Si ”h"a} are .

ues; so if as is not adjacent to ™ .4, we have a 6-anticlique in. =
Thus A(c,) D {ez,¢4,v2,v4, 03, a5}, which contradlcts the equallty d(cg) = 5
The proof of the lemma is completed. - -
Theorem 2.’ Evcry 18-vertez yrcph without 6-antwhques contama at least

two  3-cligues.

Proof.. iot G be an 18-vertex graph and cs(G') =0 Assume cs(G) 5 1.

From the equality R(3,6) = 18 it follows ¢3(G) = 1; lience G € (18; 1x3, 0 x8).
~ We will use the notations introduced in Lemmas 19 and 20.
' We know that A; C B (see properties 2 and 4 in Lemma 20) and A, contains

~ a unique edge. We may sippose’ that this edge is [c1, ¢5] (the set B'induces a simple

-8-cycle in-G). Then T = {v;,cl,cz} is the unique 3-clique of G and cs, cs £ Ay

> We will prove that c1 E Ax Assume the opposlte ie. cs e Au

At least one of the vertices ¢, ¢7 is in A; (because |A;| = 4 and T is the unique
3-clique of G).. By the symmetry we may suppose that ¢4 € A; Then cs € A1 or ..

cr €Ay
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Without loes of generality we assume ¢; = b; 2 3= bis, €4 = 51,4, cs = 61 5

: Itmeasytoseethatca b5 and c5 = By3. Then AN B = {ey,c3, 05} (see
property 3 in Lemma 20) and cr ¢ Aa. Moreover ¢y ¢ Ay, 4 ¢ As (since cg € Ag).
This shows that c7 = b3 4. It i is easy to see that cg € A, i = 1; 2, 3, 4 and hence, -
cs ¢an not have two neighbours in A(vg). :

The obtained contradiction shows that ey € A;. Therefore Ay = {¢, €3, ¢4, €7}.
We may suppose that ¢; = by 2, c2 = b 3, c4-b14,c7—b” Then cs = b3 s and
¢s = b3 4. Consequently, the 3-anticlique A; N B = {cs, €7, L'g} On the other hand
cs ¢ AU Ay); hence cs = by 5 or c5 = b3 5. But we have already c3 = b3 5; hence
¢s = bss. Finally, wé have cg ¢ (AU As U As) and hence cg = b3 4.

Let as=AiNA, i=23,4,5 (see property 3 in Lemma 20) The vertices a;
are different (see property l in Lemma 19). -

It is clear that M = {cq,¢3,¢5,v3,v5} and {03,02,63,')3, are antu:hques If
we assume that a3 and c4 are not adjacent, then {as} UM will be a 6-anticlique:

X Consequently, ag is adjacent to Cs. In order to prove in this way that a; is
udJaeent to ¢4 , it is sufficient to keep in mind that {c;,c.;,cl,v;,v;;l and {a2,¢¢,¢1,
vs, vs} are anticliques. Fmalb', ‘Aed) D {Ch,Cs,llz,as, v1,v4}, which coatradlcts,

- the equality d(cq) = 5.

- The theorem is proved.-
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Amu B. llueo OB BQOEKTHBHBIX HYMEPAHHHX ‘-IACTH'-IHBIX AJIFEBPAH-
YECKHUX CHUCTEM .
: Ilpoﬁuenu cynxec'nonlul oddexTuBRON MyMepaUMN Aulol umulllol anrebpau-
wecxoft cucTeMu, y mopoﬂ[ MOCHTENb CUETCH, ABAACTCK o.noi us -melmux npoﬁ:lnu )

TEOPMM KONCTPYKTHMBREX Mozenell.
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. Aucl V. Ditchev. ON THE EFFEC’I’IVE ENUMERATIONS OF PAR’I‘IAL STRUCTURES
‘The question
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is obtained. In the rest cases the question is open. It is shown also that there exist two soris .
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functions and predicates in the structure. . :
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. ‘The question of the exutence of effectwe enumerations (recumvely enumeuble '
presentatxona) of a given panul structure with denumetable domnn is one: of the
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; mporttnt problems in the theory of recurmvely enumerable (m the sequel r.e. for
the sake of brevity) models.

- In section.2 of this paper, a characterization of the unary structures which

admit effective enumerations is obtained. In the rest cases the question is open.
- Besides it is well known that every structure without predicates and with total -

functions admits an effective enumeration; every structure without functions ard
with finitely many unary predicates admits an effective enumerations, as well. It
is natural to ask whether these are all partial structures which admit effective
enumerations independently of the concrete sort of the functions and predicates
in the structures. It turns.out that there is only one sort structures more which
admit effective enumerations. These are the structures without predicates and with
only one partial function. In all another cases the structures admitting effective
‘ enumeratxons depend on the concrete sort of the functions and predicates.

"In [4] Soskova and Soskov have defined a notion of effective enumeration and
shown that a partial structure admits an effective enumeration in their sense iff
every-subset of N definable in this structure by means of REDS with finitely many
constants is r.e. Soskov has proved also that if a partial structure admits an effective
enumeration then every definable in this structure subset -of N by means of SC
(search computability, ¢f. [3]) with finitely many constants is r.e. In connection
. with this, I. Soskov stated the conjecture that ifin a partial structure every subset of

N definable by means of SC with finitely many constants is r.e., then the structure
" admits an effective enumieration. Soskév’s conjectute is an attempt to characterize

‘via search computabxﬁty the structures which admit an effective enumeration. Let-

us remark that there is an example in [1] of a structure which has r.e. . 3-theory,
- but does not admit eﬂ'ecgwe enumeration. In it, however, not all deﬁnable subsets
‘of Nl are r.e.

In séction 3 we give an example ofa mmple atructure, in which every subut of
N deﬁnable by means of SC with ﬁmtely ‘many eonstants isre., but the structure
- does not adxmt an eﬂ’ectwe enumeratlon ,

b4

1 PRELIMINARJES

ln thxs paper N denotes the’ set of all natuxal nnmbers {0 1 }, and N,
» dcnoteatheset {k:kEN&k<n) .

K fis e partial fimction Dom(f) denotes the domain, and Ran(ﬁ &enotes
_the range of values of the function f. We use W, to denote the e-th recursively -
‘ ;’enumemble (re) set. ‘We denote by (.,.) an effective codinig of all ordered-
. pairs of natural numbe:s with recursive fum:hons Az, (z)q and Az. (z); snch that '
((zoa 21))o = 2o and ((zo, 2:))1 = 21

< Let U € N? and. § bé a family ofsuhntsofN. ':;heaet U msad“tobe
3 ‘umverul for the family ¥ iff for any n the set.{z : (n,z) € ¥} is in the family §,
* and, conversely, for any set A in § there exists such.an n thutA {z:(n,2)eV}.

Let us recall some definitions from [4] and [5].

“Let A = (B; 0y,...,00; 21, »Z:) be a paxtml stmcture, whm Bis an.
. arbltrary denumerable set 6,.. ;0 are partial. funct,ons ‘of many argumenta on
B, Xy, .. ,‘2. are artwlpred:cateaofmanyargumention Bandn 2 0and k 2 0.

“The relational type of 2 is the ordered pair ((a;, ,a,‘) (b1,... bk)) where each
&ma.—arymdeuhﬂ;mbrary o e g
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If every 0; (1 g is n) and every E; (1 $ j S k) arte totally defined, then
we say that the structure 2 is a total one. . : : B

Effective enumeration (or r.e. presentation) of the structure 2 is every ordered.
pair (a, B) where B = (N; Plrec-1Pn; 01, - ,c,,) isa partlal structure of the same
relational type as Aand o is a partml surjective mappmg of N onto B such that
- the following conditions hold:

(i) Dom(a) is recursnvely enumerable and PlyeeyPry O1y...,0k are partxalv
recursive; e ‘ o
(n) a(pi(z1, .. z.,)) 2 fi(a(zy),-. ,a(z,,.)) for every natural z,, ..., z,,:,
1£i1Em . ‘
' (m) :,(zl, ,:n,)- = E,-(a(z;), ,a(z;,)) for every natural 2, ..., z.,,
1558

We say that the struature 2 edmits an effective enumeratnon iff there exists an
effective enumeration of the structure 2. :

"Remark 1. If the structure 2 admits an eﬁectwe enumetatxon (o, B) then it
admits an effective enumeration {a, B*) which satisfies the addntnonal condltxon

(iv) Dom(a) is closed with respect to the partial operations 7,

, Indeed, let the structure A admit an effective enumeration (a ﬁ) and cp, be the .

:esfﬁét'lon of the function @; to the set'tp:'l(Dom(a)),' i=1/...,n, and o} = aj,
j=1, ...,k Then it is easy to venfy ‘that (a, B") is an. eﬁ'ectwe enumeratlon ‘
which satisfies (iv).

Remark 2. If the structure . ad‘xmts an effective enumeratxon (o, B), then .
it admits a totally defined effective enumeration (a, B"). '
.. Indeed, let' us suppose that the structure A admits an effective enumera-
tion {a, %) We may assume that (a, B) satisfies condition (iv). - Let f be a

total recursive function such that Ran(f) = Dom(a) We deﬁne the enumeta.tlon
o ,Q ) as follows: ‘

a* = Az.a(f(z)); o ‘

‘Pi = Atl Azou f (Sol(f(cl), !f(ztu))) i=1..,n

o} = Azyi. A S o (f(m), . L f(2y)),  d=1, ..,k :

Agun, it is easy to verify- t.hat {a*,B") is a totally deﬁned eﬂ'ectxve enumera— ‘
tion. .
~ Weshall ldentlﬁr the partial predlcates mth the partial mappings whlch obtam

values in {0, 1}, taking 0 for true and 1 for false.
. Let £ be the first order language corresponding to the structure A e 2
consists of n functional symbols fis-.., fn and k predicate symbols T3, . .. ,’I), where .
each fi is a;-ary and each T; is bj-ary. Let Ty be a new unary ptedlcate symbol
which is inténded to represent the unary total predicate £o = As.0. ,
Let {X;, X5, ... } be a demrmerible set of varlables We use capnta.l letters
X, Y, Z to denote variables. ’
A If 7 is a term in the language £ then we write (X1,...,X,) to denote that
; all’of the variables in 7 are among X;, voey Xao B 7(Xy,...,X,) is & term and
81,... ;8¢ are arbitrary elements of B, then by -m(X;/cl, ' Xa/8s) we denote-.

the value, if it exists, ofthetgrmrmthestructureaqvert eelementssl,. o lge

s ‘Tetmal predncatea in the language L are deﬁned by the follomng mducf.ive ,
c a.uses !

} IfTE{To, ,.:ﬂ} szb-a.ry.andf aretcrms, thenT(r, - ,r‘)'-. o
and ~T(r!,... .,7%).are atomic termal redicates ; L

If1; and Hz are termal predxcates then (H;&Hg) isa terma\l predlcate

e
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Let H(XI, <y Xa) be a termal prednc;te with ,vambles among X,, viey Xa -
and let 81,4 s. be arbitrary elements of B. The value Hg(X;/s1,. ..,X./s.) of
IT over sy, ..., 8, in A is defined by the inductive clauses:
 KO= 51}(1" .,7),0 € j Sk, then

HR(XI/M: Xc/‘a) Ej("'l(xl/’h Xa/‘a), ;T;j(xllsh-v--,Xa/Ca));
If Il = -1, where II! is a termal predxcate then

Hﬁ(xl/sl, X¢/l.) (ng(X1/81, XC/") 031 0)
"Here each expressxons of the form "' = 0 > II?, II”’ should be read as ”if
II! = 0.then N2, else I13”.
K= (II’&,II’), where II! and II? are termal predlcutes then
Oa(X1/81,...,Xa/5a) & o L
’ (ﬂ (Xllﬂ: Xc/‘a) 0> ng(X1/81, -1 Xa/8a),1).
If II is a termal predxcate and n is a natural number, then ;.. 3Y,(II Dn)
. is called conditional expression.
Let Q = 3Y;...3Y,(I D n) be a conditional expression ‘with free varxables»

“among X1,...,Xa and let 81, .+:, 8a be arbitrary elements of B. Then the value |
Qua(X1/8,.. X,,/s,,) of Qis defined by the equwa.lence o

QQ(Xi/al, 1 Xa/8a) 21 <= there exist P1, ..., Py in B such that !
‘ nﬂ(}’l/ph Y/praxl/‘h Xa/‘a) 0 a'nd I"‘

‘We assume ﬁxed an effective codmg of the atomic predicates, the termal .
‘predicates and the conditional expressions of the language £. o

Let A CN: Theset A is said to be definable in the structure A iff for some
r.e. set of conditional expreesnons {Q"} with free variables among X3, ..., X4
~and for some fixed elements ¢y, .. f B the following equlvalenoe is ttue-

leA < Iv(ve V & Qa(Xi/ty, .., Xafta) = 1). ,
If & is an element of B, then Tq[s] (the type of 8) is the set of natural numbers

- {v: 11, is an atomic termal predxcate mth a smgle variable X,, occuring in II
.&nd nu(Xx/-’) 9} ~ S

o 2 THE CONN ECT’ION BETWEEN THE E!‘!‘ECTIVE l‘.N WEIATION Ol'
Lo A GIVEN STRUCTURE AND THE BXISTEN CE OF AN R.E. SET
UNIVEBSAL IOB. THE FAMILY OoF TH! TYPES 0!‘ THE STB.UCTUB.E

: $uppose a partmlbttuctute A = (B; 01, “ ,0,,,21, y i) be given, where all

" fanctions and predicates are unary and B isa dgnumerable set Then the followmg

theorem holds

" Theorem. A partial strecture X admiis an eﬂcctwe enumeration |ﬁ the fam:ly v

of all types of the elements of the structure A has-an universal r.c. sel.
Proof. Suppose that the partial stmcthre A admits an effective enumeration

(a, B), where B =(N; 91,-..,¢n; 01,...,04). Clearly, we can consider that o is

»tot ally defined over N.: A routine constructidn shows that there exists a pnxmtnve

: 2
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| recursive in {e1,-. 0001, ..., 04} functlon ¥, such that for each termal predzcate o
I with code v, \I'(v z) Hg(&, /a(z)) for dl z of N. Then, it is obvious that the
. set '

U= {(z,v)_. ¥(v,2)=0&visa code ofan atomic predicate }
is r.e. and universal for the family of all types of the elements of the structure .
Suppose now that all types of the elements of the structure ¥ are r.e. and that
the family of all these types has an universal r.e. set U'. . Denote by U? the set
{(z,9) : ((2)o,v) € U1} and by U2 the set {v.: (z,v) € U?}. It is obvious that U?
is r.e. and also universal for the faxmly of all types of the elements of the structure

A. For any natural z, U2 is a type of some element of B. Moreover, for every z

~ there exist infinitely many y such that U? = U?. .
Let ¢; be the function: Az.(i, zhi=1..,n No = N\(Ran m) U.
» Ran(,))-and g be monotonically increasin g function such that Ran(g
denote by.U the set {(g(z),v) : (z,v) € U?} and by U, the set {v : (z,v) € U}.
For any natural number z, let B, be the set {s: s € B& Ty[s] = U,} and a® be

arbitrary mapping of No onto B, satisfying the equalities a’({y : U; = U}}) = B,, -

z € N. Evidently, a® is surjective and Dom(a®) = {z : 3z((z,v) € U?} =No.
. We define the partial ma) gpmg a of N onto B by the inductive clauses:
~ If 2 € Np, then a(z) a{
fz=(iy),181i¢ n,a(y)_sandﬂ(s)-t thena(z)—t
The following snmple lemmas are proved in [6].
Lemma 1. ForeveryzeN and i,1 i35 n,

a(pi(=)) = a((i, 2)) = bi(a(z)).
Let us denote by B° the pamal structure (N; ©1,...,¢n)-
Corollary Let 7(Y) be a térm and Ve N. Then,

a(re-(Y/) & m(Y/&(v))

Lemma 2. There c:mia an effective way to define for every z of N en element

v of No and a term 1(X,) such that z = ro- (X, /).
Lemma 3. There exists an effective way to define for every z of N an elemcnt
'y of No and a term r(X,) such that afz) = m(X,l/a(y)) ‘
~ We need also the followmg auxiliary lemma.
. Lemma 4. Dom(a) is recursively enumerable.
Proof. Let for an arbxtrary natural number z; y = y(z) e Ny and the t.erm
-7(X;) be such that z = 1g+(X/y). Let in addition v = u(z) be the code of the -
atomic predicate Tp(7(X,))- ‘Then it is clear that ﬂ

z€ Dom(a) = m(& /a(y)) is defined <= v € T-[ao(v)l
' = (v(z),v(=) €.

-Therefore, Dom(a) isre. \ o S

Finally, let us define the pamal predxcntes 01y..:, 040D N using the condmonal
. equalities 0;(z) = Zj(a(2)), j =1,... ,k. Again, for arbitrary z let y = y(z) €N
and the term X)) ﬂe

obvxous that
-oj(z) =0 E: (a(e)) = 0 <=' (xl(z).vx(z)) ev;
o{e) =1 = B(a(E) =1 & (e mle)) €V;

No We‘

\

suchthatz = m-(X_ yz Let in addition v;. = v1(2) (vp =, o
v2(z)) be the code of the atomic- predxcate T} T(Xx)) (~T; (T(X.l))) Then it m -



The!efore, the predtcatea .. -, Ok 8T partial recursive. So, we have proved that
(@, (N; @1,...,9n; 01,...,0%)) is an eflective enumeration of the structure . -
Corollary 1. Let A = (B; 0) be a partial structure, where B is a denumerable
set and 0 is a partial unary function such that Dom(f) C B and Ran(6) C B.
Then the siructure A admils an effective enumeration.
Proof If s'is an arbitrary element of B then we use {s] to denote the type
{k : 6*(s) is defined } of the element s. So, if s € B, then enther [a] N,, for some
natural number n or [s] = N:
~ Let us note that if for some element s € B, [s] = N, and k < n then there
" exists such an element t € B that [t] = Ni. Indeed, let ¢ be the element 0"~%(s). .
- Therefore, for any structure % we have the follomng pombnhtxes for the families
; {[s] s € B} of all types ofthe elementa of B: _

(@ ANY

(i) {Ny 2k < n) for some natural number n

(iii) {N}YU {Ns : k < n} for some natural number n;

- (iv) {Nx 'k EN);

(v) {N}U{N::keN}; -

It is obvious that everyone of these- famihes ‘have an umversal r.e. set. Thus,
we obtain that the structure A admits an effective enumeration.

' If 1Y = I"&... &0 is a termal predicate where II*1, ..., II** are atomic
‘predicates, then we use {II"} to denote the set {v,...,v}.

If all types of the structure 9 are finite, then using Fheorem 1 and Theorem 2
from (2] one can obtain more sophisticated necessary and sufficient conditions for
the existence of an effective enumeratlon of the stmcture 2A. Namely, the followmg
two theorems hold.

. Corollary 2. Let all fuuctwu and pmhcam of the partial stricture: A be
‘unary and all types of the structure A be finite. Then the siructure A admits an
*effective enumeration iff the following three condcttm hold; : :
(i) The setV = {v 3s € B(II} (5) =0)} is recqrawely enumerable; .
. (i) The set I = {v: {II”} = Tg[c] for some 3 E B} is a 3 set .in the
; arzthmehcal hierarchy; - .

(iii) There exists a partml recursive ftmctwn f uch ﬂlat Ve Do ,f) and for.
wery veV, W!(,) is a type of seme element of the structure A and {I°} C Wy).

: Coroﬂary 3.. Let all functions and predicates’ of the partial structure U be
. unary, all types of the structure A de finiite and for any type t there esisi'at most
» ﬁmtcly many. types containing t. Then the structure® admm an cﬂ'ectnﬁc euvmera- '

i twn iff the followmg two conditions hold: . -

" (i) The set V = {v:: 35 € B(Iy(s) = 0)) u m:trswely mumemble,

‘, (ii) The set I {u {II'} Tg[s] for some 8 € B} is'a E set of the arithme-
“‘tzcal hxemrchy L S

S Yoot

s, souncovx'rnn‘mupm& e

Example 1. There cztsta a struclun ﬂ =. (B 01,21) wcih unary 01 aud I
wh;ch does not admzt cﬂ’ectm euumcmiwn, but alt deﬁnablc in A sudsets. of N .
“are f.e. G EE

A . .
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Let Z be the set of all mtegers and E be aaet of natural numbers whlchunot

L, E={l=py<p1 <...}. Letin addition B = {bs , : kneN}U{a.,. mel}
whereallbk,.unda,,.aredutmctforanyknGdeme e
‘Define #, and I; as follows:

01(ben) = brsrm, kmEN;
61(am) = am41, mMEZ;
- Ey(ben) X0 <= k=0VE=p,;
21(%)“ 0 <> mgo0.

First, we show that every definable subset of N in the structure Aisre.
We use. ff (Y) to denote the term h. (fl(Y)) ), where the symbpl h
occurs k times in the term.

If s is an arbitrary elemerxt of B then we use [a] to denote the type {k o

Tr(8} (s)) = 0} of the element s; if Y is a-variable and Q = 3V; .. BK-(H o) m) is

a conditional expression, then we denote by [Y Q] the finite set

{k: (At (Y» "°m inMlasa COBJnnctwe member }. .

It is obvious that for any ﬁxed element ¢ € B any variable Y md condmonal

expression Q, there exists an effective way to venfy whether or not [Y; Q] = [s] :
. On the other hand, if @ = 3Y;.. EIX-(II D m) is a conditional expression,,
then for every conjunctive member T3(ff(Y;)) of I, 1 S i § r, we can find an .

element s such that the conditional equality E,(6% (o) = [0 i is true. Therefore,
the structure A the value Qu(X1/81,. .., Xe/84) of every eondlt:ona.l expression Q
does not depend pn these conjunctive members which have no free variables.

- Now, let A be a definable subset of N, {Q"}vev be an r.e. set of condxtnorxgl .
. - expressions with free variables among Xi,... X., and sy,..., 8, be elementslof B, .
_such that the following equivalence is true: : o

-led & 30(0 € V&Qg(xllﬁh Xc/sa) I)

Therefore, lf Q' =13Y;.. BY,-, (m 3 m* ), then for a.rb)traty v eV the followmg- '
eqmvalence hold o " B

mEA = lxl.a"l-[cd& &[X..Q"]—sa

. Therefore, there e‘.mts an eﬂ‘ectwe way. to verify whether or not. m” e A g .
the set Aisr.e.

“Thus we have established that every definable subset of N is r.c. Now we shall o

see that the structure % does not admit an eﬁectlve enumeratio

-

. “Assumne that % admits an effective enumeration {a, B), whe?e B= (N e1; a'l) w0

isa partial structure of the same relational type as % and o is a partial, sur]ectxve » "al

mapping of N onto B such that the following conditions hold
i) Dom(a) is r.e. and p;, 0y are pr.;
211) a(p1(2)) = 6y (a(z)) for every natural z;
(i) o(z) = T, (a(z)) for every natural'z. =~~~

Then {{k: o1(pt(n)) =0} :neN} = {[s]' s€ B} Therefore, the fm}xly of “ o
\ ‘ﬁmte sets {[s] : 5 € B} has an universal set U = {(n, ) : 01(¢}(n)) 2 0}.. AR
"~ Let F-be the set {v: 3s(s € B &[5} = E;)}. According to Theorem 1 the set

F is £3. Then, thesetF {v: vGF&E.hasexactlthOelements}uEg,



o

well. Thus, theset E {z z;éo&av(v eFx&z € Ey) m}J contrary to the
choice of the set E. So we prove that 2% does not admit eflective enumeratnon ,
Example 2. There exists a structure A = (B; 0,,60;) with unary 0y, 02 which
does not admit effective ensmeration.
Let B=Nand E bea set which is not r.e. and define the functlons 0, 0; as’
follows::

0,(k) =k+1, keN;
03 be arbitrary function such that Dom(8;) = E.

It is easy to check that E = {k : 62(6}(0)) is defined }. Therefore, the structure .
- 9 does not admit effective enumeration. -

Example 3. There ezists a struclure A = (B L) with a smgle binary
predicate, which does not admit effective enumeration.

‘Let E be a set of natural numbers which is not r.e., pp < p1 < ... be the
seqiience of all prime numbers, E; = {k : 31(1 €E&p = F)} and Ez = {k :
3E3m(m € By Lk=ml)}. '

It is obvious that.the sets E; and E3 are not r. e. too.

" If % = (B;L,;) is a structure where £, is a binary predicate, we say that there
~exuts k—cycle (k > 0) for T 'if for some elements o, t), t3, ..., t~1 of B :

Zi(te,tr) =0& L‘;(t;,tg) 0&...& Ta(te- 1 to) : 0.

- Let % = (B; ;) be a structure where B is infinite denumerable set and X; be
-a binary predicate totally defined over B such that there exists a k-cycle for 21 iff
t € E;. 1t is obvious that one can construct such a structure 2.
. Suppose that there exists an effective enumerstion (a,B) of the structure 2,
‘where B = (N 01). Then, there exists & k-cycle for I, iff for some natural numbers
Tg, 21, 23, ..., Tho1, O1(Zo, &) = 0& 0y(21,23) =0&.. &dx(tk-x,zo) 0,ie.
k€ E,ift Bzo':'lzl za_1(0i(z0,21) = 0&oy (21, 23) = 0& ... &0y (24-1,20) = 0).
We obtain that Ez is r.e. which contradicts the choice of the set E3. Therefore,
the structure % does not admit effective enumeration.
* " From this example one can. easily obtain that there exists a. structure ﬁ =
(B 6,) with binary ; which does not a.dmit effective enumetation.
It is well known the following, - ‘
. Proposition 1. If the atnctun A= (B 0y,...,04; 2;, ,L1) s @ total
oncand [k=00r(n=082Z,,... ., 5 are: unary )] then the atnctnm ﬂ edmits
.. eﬂectwe enymeration. . s
. From the above mentioned examples we obtain also the follomng »
Propontxon 2. ) If the structure A = (B;#y, .. 0,.,21, ., ) is such that

[(b:O&n::l&O; unmary)or(n#(l&fm ,}3& m“nat}')]

_then ihe siructure A admits an effective enumeration.

b) If[(k #0&n#0)or (k#08& atleast oneof 5y,..., 50 xsnotunuy)
or n 220t (n#0& atleast oneof 6y,...,0, nnotunary)] then there: cmta
.8 drtctuu 2 wluch doca uot admit cﬂ'ectwe ensmeration. .

’
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' SCHEMES FOR RECURSION ELIMINATION
IN BACKUS’ FP-SYSTEMS _

Atanas Radensky, Milena Dﬁmhm

Y

Amenec Padencrs, Mumu me’mu CXEMH AJIH VCTPAHEHHH PEKYPCHH '
B BRKYCOBCKHUX FP-GﬂCTEMAX _

B cTaThe PACCMOTDERM -rpucdaopnumm ¢ npuue-ennen MeTORA TAGIONAUNK pexyp-
cuanuix Gyuxumit 3 cpene FP-cucrem Bexyca. KoppexTHOCTE TPANCHOPMALNN AOKASANS |
MeTosiom nnayxunit nenossunmoll Tosmm. Paccmorpenst creayomms kasccr pexypeusEmMx
dynxnufi: pexypcus OTHOCNTEABLHO OANOro NEAOro SPryMENTA;.PEKYPCMSN 'OTHOCHTENLRO
lwu)ro enemenTs cnucxa. NOAHAR PEKYPCHA; BIAUMNO-DEKYPCHBNLIE "nmuu

gt-a;(nus&:?msb; Mtlen D)cmbuou. SCHEMES FOR RECURSION ELIMINATION IN-

‘In this paper, thendcaqlubdubnuemdhordawdeuhpmmdmu
fdmﬁommBuchu FP-sytems into iterative ones. Transformation schemes are described in thie
paper and the correctness of some of them is proved by means of fixpoint induction. The following
classes of recursion are considered: mﬁmmthmwmm‘cw mmwith
rupwtumm«uekmdsht,mﬂﬁﬂemmwm : Lo

.
1. m'monuc'rxon

A well known n.pproach to recursmn ehminatnon consists in the developlmnt of s

_ equivalent schemes which allow transformation of recursive programs into iterative
ones [11,'5, 8]. Transformation of linear recursive schemes (schemes of De Backer .
and Scott) into iterative ones in purely syntactical studied [12,13]. Programs which
support automated transformation of recursion into iteration are considered {4]. On
the other hand, some authors develop methods which are usable "manually”, by -
human px’ogrammers {1): Recursion elimination is considered on‘an: implementation

level as well in [9]. Frequently, the low efficiency of evaluation of a function is due ’)‘

to the fact that the function is applied many times to the same axgqment dnrm; :

 39:



the evalultxod A well kngwn anmple in tlm respect is the Fibonacd fnnctnon
function Pid(s : integer) : integer;
begin '
- i2 (s =0) or (s = 1) then Fib := 1
eolse Fid := Fib(c-i) + Fid(s—2);
ond;

The application of Fid to s causes one apphcatxon of Fid to 81, two different
a.pphcatlons of Fid to s~ 2, and so on. Suppose, any value of the function Fid
is memorized in a special t.able after its first computation. This value can be
used without recomputation any time the function should be applied to the same
argument. In addmon, the order of oomputatnon can be changed from "top down”

to "bottom up”. In such a way the recursive function Fib can be replaced by an
1tera.t1ve one: .

‘ ,Tunction Ftb(. integer) : intogu-,

'var tedle : .array [0. .max] of intogor.

k : integer;
begin tedlel0) := 1; tadlel1] :
for b := 2 to. 8 do :
: tablcm = tlbu[h— ] + tablelk—2];
Fid := t»u[d H _

~.ond; ‘

Obvipusly; the most general variant of tabulation when all computed values

. are memon:ed may cause great memory overhead and is too inefficient. The more

realistic case is when only some of the values are memorized for further use. It is

~ clear that table[d] depends only on tedle[k — 1] and teble[s—2]; i.e. only on

the two preceding values, Using. this 'dependence, the above function can be easily
teansformed into more efficient one, in which the table is of size 2. (Since the last -
function mentioned above is well known, it is Dot presented here.) -

' This example illustrates techniques for recursion elimination known as tabula-
tion [3]. This technique consists in transforming recursive programs into iterative
ones by means of additional tables. In this paper, the idea of tabulation is explored
‘in order to develop transformations of recursive functions in Backus’ FP-sytéms

[2] into iterative ones. As it will be shown, the iterative variant of the function

iteelf implements some kind of tabulation. Actually, the function computes some

. values in some order, memorises them during some steps of the computation and
mthemmnedvdwmthefurthuoompumwm A pumber of schemes

- for recursion ‘elimination in FP-systems hiave been already developed.: Kieburts
- and Shultis {6] formulate in the language of FP-systems and prove the validity of

~ many schemes well-known from outside the FP-systems. Reddy and Jayaraman

[10] develop an approach to recursion elimination based on the representation of

' recursive FP-functions in the form of infinite conditions. = -
hthmermhmmumuhmqedmﬁbedmdthemctnw

- of some of them is proved by means of fixpoint induction. . All transformations -

 considered reduce recursive functions ¢o tail-recursive oties. The transformation of -
‘ tul-recumon ﬁo 1tent.xon is ottughtiorwnd [6} The folkmng clasoes of recnmon ;

- I)Bbcnumnmthrupecttoonemtegern ‘

2)Recnummthmpedtommtegereletfmtoftm

3) Multiple recumon,

" 4) Mutual recursion.

T
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2. REMAB.KS ON THE PROOF “BTKOD AND ON THE NOTATION

Suppose, f and g are recursxvely defined functions: 2Def f 1) d-
Def g =\G(g)- In the paper, some equivalence relations in the form L(IS R(g) .
are considered. Throughout the paper such equality is proved by the followxng,
variant of fixpoint induction (Scot’s p-mductxon) [7: ‘
Base. L(1)= R(.L) ' o
Letfonl ClhaC...andgoCg1C92C.. atetwomonotomcalymcremng :

sequence of functlons, such that L( f.) R(g;) Then L(U fi)= R(U %)

Iuductum It is demonstnated that the assumptxo KL(f) = R(g) implies -
L(F(f)) = R(G(g)):
Second step of the base is always true in FP—systems because all function’ and
- functionals are continuous [6,7,14,15). ,
As far as notations are concerned it is supposed that the reader xs familiar mth
those ones suggested by Backus in [2]
A Throughout . the paper, E denotes an arbitrary function, which has mtegei
., values when is defined. Inddition, ¢ 90, Q1) -y gn-1 denote arbitrary integers. .
For the reader who is unfamiliar with the notation of FP-systems, suffice it -
to" say that o signifies the ordinary (left-associative) composition of functnons,
the comstruction [fy, fa,... ,f,.] is n-tuple of of functlons fi,(18ig n) .L w
everywhere undefined functlon, % signify constant function. ‘
Some of the laws of FP-algebra we use are: '
l.idof=foid=f , '
2. fo(p—g;h)=p— fog;foh
3. gp-—-og;h)of =pof-——gofihof
olfi,...sfal=fi 1sksn).
Laof=1 : ‘

- .

3. iwcnnsxeu wrrn mpspnc'r 'rb ONE mmznxncumiwr

"Let us conslder fum:txons whose definitions ha.ve the follomng fotm
(Rl) » . Deff’-‘eqo-—’f, Eo[f"’“bhldl) :

Example. The deﬁmtmn of the factond functnon can be given in‘the followmg '
form: '
' Def factortal =eqy — 1;z0 [factonal osub1,ld],
. 'Suppose, f is defined according to the schemé (R, ), If f(n — 1) is known, then
the computation of f() is straightforward. f(n) can be computed starting from
£(0) = ¢ and computing f(i + 1) from f(§) for¢ =0, 1,...,n —1. A simple table -
in the form (f(i), i,n) can be used. (In'the begmnmg, the table is (q,O n) ) For -
“i=1,2,..., n—~1 the following is executed: - , A
- f i + 1; is computed by means of f(i); which is in the table S
— f(i + 1) replaces f(i) in the table;
. — the second component i of the table (the ”counter”) is increased by 1; N
— it is checked whether the counter iis aiready equal to the: t.hud compo- i
. nent n. . . .

'411



Tlua approach allows thg functxon fto be replaced by a functnon f', defined
- - according to the following scheme:
Def f'=g°[3, D, ld],

() Def g = eqo[2 3 — 1; go[Eo[1,add; 0 2],add; 0 2,3];

Example In the case of the factorml function the above definitions look hke '
this: -
Dcf factortal' =go(T, 0, id);
Def g = eqo[2 —1 yo[zo[l add, 02] add; 02,3];

The correctness of the transformation under consideration is established by the
following theorem:

Theorem 1, Let f be defined according to the scheme (Rl) and let f’ be deﬁncd
~according to the scheme (I;). Then f= f'.
Proof. The equahtygo[q,o ld] f is tobe proved

Base. .Lo[',ﬁ id] = B .

‘Induction. Suppoee f = f' Substltute I id for f in the nght side of the definition
of f. It is necessary to prove that the resulhng expressxon is equnvalent to the right
side of the definition of f: . ;

; (1) g — q,Eo[f'osubl,ld]
: (Substitute the right side of the deﬁmtlon of f’ for f’ )

=eqy —; Eofgo ['ﬁxd]osub;,ld] .
: --eqo[2 3Jo ["ﬁld]i—uloﬂi,ﬁ id); Eo[go g,subs o1, l.d]osubl,nd]

_ Inorder to reduce the above expression, the followmg Lemma is used:.
N Lemma 1. For arlutrary inlegers a, b: :

‘ Eo[y [‘,sub;ab ld]osubl,ld] gto[Eo[i,-],z ld]
According to, the sbove lemma; expression (1) beebmes
o ’eqop 3o ﬁ,ﬁ:d]—»lo[i,ﬁxd],go[Eo[‘,I]Tnd] .
o= (eqo[2 3] — 1 go[Eofl, addg oﬁ],add; 02 3))0[6,6 ld]
‘..go[‘,ﬁ d,
t‘tndTheoremllsproved N L : .
‘ As far as lemma 1 is concernea it can be proved by mtpomt mductxon, too:.

- Base. Eo[Lo [a,suby 65,id] o suby, id] = L o [E o [5,8),5,id].

.- Induction. Let denote o’ -Ep[i,s] b’:-.add;ob Ifa' andb’u-emteger
. .consta.nts, then aecordmg to the mduchve hypothem

go(E[a F]de] Eo[yo[i'- snbon 1d]oaubhrd] -
Theaame equahty holds when =1 or b‘ 1, or t.he bot.h o

;'-?42, B
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Now the right side of the equahty under conmderatlon can be unfolded and‘
reduced as follows:

yo[Eo[a -] 3 ld]
' (definition of g) o
=eqo [b,id] — E o [4,8);9 0 [E o [E o [3,5], add; 0],add; 05, id]
=eqolfp, 1d]——on[E,1d],go[Eo[_7j [ 1d]
o ~ (inductive hypothesls)
= eqo [b,id] ——»Eo[a xd],Eo[go[a— sub; o ¥, id] o suby ,id]
_eqo[b id] — Eola,id];Eofgo [Eo[’,-]bld]osubl,ld] |
» (FP-algebra) I )
= Eo[(eqob,id] — ;g0 [E0[,8],5,id] o suby), id] | | '
=Eoffeqofb—1 1, 1d]-—-»a go[Eola,b),b, 1d])osub1,1d]
‘ {definition of g, foldmg) '
=FEo[go[a, sub; ob, ld]osubl,nd]

The last expression is Just the left sxde of the equality. Thls is t.he end of the
" proof of lemma 1.
Now, the followmg more general class of definitions is oonsxdered

'(R) ‘Def‘f=.e%—"’qo,“11f""% ..erIﬁld]—vq»-x:,‘_ \
2 ' ‘ : Eo[[fosubl,fosub . fosnb ],id]

Example The Flbonaccx functxon is deﬁned by a partlcula.r mstance of the\
scheme (Rg), with k=2, E=+40o1: , , .

Dchlb eqo—»T eql—-»l +o[Ftbosub1,szosub2]

+ In the scheme (Ra), f(n) depends on f(n —1), f(n—2),..: ,, f(n-- k) In that -
the values of f fot the first k natural numbers ure known 11: is oonvement to use a
table, which has.the form .

((f(') 1G-1),... .f(t -k+ 1)),:. n).
‘ In the begmnmg of the computatn)n the table has the fo!lowxng contents
) S «Qk-hQE‘?, . 190) k- 1 n)

In order to compute f(n), the values f(l:) tedk-* 1), f(k +2) . are coihputed o
‘one after the other. In that, f(i +1) is compu
first element of the table; i.e. the list ((i), f(i~1),. .. , f(i— k+1)) of k preceding .

simply by applicatlon of E to the

' The value 8o obtained is appended to the left of the same list, and its rightmost,.
component f(i — k + 1) is dropped. Finally, on each step of the computation the

second component of the table (the counter) is mcreased by one. The computatlon o
stops when the counter becomes equal ton.
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wchkmdoftabuhtm Imbetrwsfomndmtoataﬂ-recumveﬁmo—
: honf',whchudeﬁned weordmgtothefollowmgscheme

Def f = eqg — T; eqy ~—T1; --- ; eqo [F—1,id] — &,
gollGzi, @3- .., T, k- 1,id),
Defg eqo {2, 3]-—§lol gof[Eo{1, add;c2]lol ,(k—l)ol]
add;o2 31
Exa‘mple. The Fibonacci function can be defined by a tanl-recurswe deﬁnmon, :
~ following the scheme (13):
'Def Fit' =vqy — T; eq; — T; go[(I,T},T :d],
" Defg=eqo[2,3] — 101; go[[+01,101),add; 02,3].

‘Theorem 2. Let f be defined according to ihc scheme (R;) and let f' be defined
:cwrlmg to the scheme (I,) Then f =f,

®)

/

<. '“CURB!ON WITH R.ESPEC’T TO AN INTEGER ELEMENT OF A LIST

There are many functnons which are a.pphed to luts in the i‘orm

(”s az, d;, . :af), .
and whu;h are deﬁned recursively with respect to the 'first element n of the hst (n
is integer). Such functions can be defined according to the following scheme:

(Ra) . Deff= eqnol—»i,EoUo[mbgol2 orhil
Example According to the above scheme, whphcanonof natunl numbers
mbeapmdbyaddntmufollows

Def mult = eqobl—-rﬁ +o[multo[sublol 2],2] ,
E Fu!wtlom, defined degtotheacheme(lh),mbetrmsformedtotul?
‘remmwonubymmofatnblemthefonn o

LT (f(f)-‘:(ﬂ,ﬂz,as. ,ar»
the computation starts, the content of the table is {g, 0, (n,sg,ag, . ,a,)))
mdmpmntzdmmummm—.mmpwmatnumt
. lmutuindstopwhmﬂumtwueqndton :
Atu!-mmﬁmctwn[’whichueqmnlentto]mbedeﬁmdmdmg
| Def!'-‘-ﬂ[i.ﬁldl.
(ﬁ)’_ Defﬂ'—'*q"ﬂ,loﬂ—»l ,
o gelEey, ,o[.ad,oz 203,3“, ,nsn add,oz 3}
: le. 'rhmhm determmeathe tail- defi of
- mﬁxﬂfnp hancting (1;) fofbwmg recumve mt:on
" ‘ Wmult’—go[ﬁ5ld], o
" Defg=eqof2, 103 —1;

S . gol+el1,203),adds92,3]
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Theoram 3 Let I be deﬁned accon!ug to ﬂae aclume (R,,) “‘ let fl ;‘ kﬁucd
according to the scheme (I3). Then f = f'.

Proof. Base. Llofg,0,idj=1. '
 Induction. The substitution of f' for f in the ught side of the deﬁmtlon of f
leads to the following:

e‘lo°1—"1» S
Eofgo[g,0,id]o [sublol 203 303,...,r03),4]
(Here Lemma 2 — see below — is a.pphed:) '
(eqo[2lo3]—-»l ‘ .
gol[Eo|l, Jo[addlo2 203 303,...,r038]),
o add; 02,3]) o [7,0,id) '
A =g°[i)6id]r :

and thxé is the end of the proof of Theorem 3.
" Lemma 2. For any integers ¢ and a the following equah!y holdr

Eolgo ["a,xd]o[sub101203 303,...,r03), j] ,
—go[Eo[‘,Jo[addloa2o33o3 ,roS]].add;oEld]

The proof again can be carried out by fixpoint induction.
: Example. A function, which computes the power when applied to a list (n, a)
is defined according to the scheme (Rs): _

: Demef—%°1—*i*°W’ [‘“bt°1 ?Jﬂ]
 Its tail-recursive variant, obtained according the scheme (!a) looks ltkc tlm
Def power’ = go[1,0,id], |
'Defﬂ-ﬂ°psl°3]"‘“'l§ﬂ°i[‘°[1;2°3153dd1°2’.3]' ‘
We introduce two slightly modified versions of the schemes (Rs), and (Is):

(R‘li) . Deff= eqool——wtb E’Ifﬁ&pndlp{ﬂlblol ﬂ]uﬂ# o
| Deff' yoﬁﬁ id}, ‘ R o  , R ,
%) . DefgmeoRled—1

go[Ee [l,J oapndld'[add;o‘.’ tlo3ﬂ,add;o2 3}

The last two schemes ‘are useful, for mstanee, when cmnpumngm and prod- |

. ucts of the following kind: ‘
p(:,ax,am .ﬂr) uyma(n,al.tlm »“r), ‘

P(' clrcﬂ' ’af) p'(u ﬂlrﬂz, ’ﬂr)

fol Correspondmg recursive functions are defined aeoording to theaeheme (R,) 2

- Dcfszgma-egOol -—-6 , , .
+ o{p, ugma ° apndlo [sulu ° 1 ﬁ]j,



uef:n ol -nTi T
, ' . *°[ppioapndlo[sub;ol tl]
A tail-recursive version of sigma is easily obtained according to the scheme (I )
‘Def sigma’ = go[0,0,id],
Defg_emo[2 103]—1; :
go[+9[l, poapndlo[adch 02,tlo 3]], addl 02,3].
A tul-recutslve version ot' the funct.lon pt can be obtamed in an analogous way.

5. ruu‘mnm.‘umn

. Let us conslder a functlon [ of an integer argument such tbat
" — its value f(0) = g is known; -
~— the value. of f(n) depends on n and f(n -~ 1), f(u -2),..., £(0).
A functlon g can be considered, which tabulates all values of f

~gm) = (f(n), f(n = 1),...., FO)).
Hence, f can be defined by means of g as follows: " )
Deff= eqo — q, E o apndlo [id, gosuby},

Def g =eqy— [dl; apndlo [M osuby).-

Since f = 10g, the computation of f is reduced to the comf:utatlon of g. I"‘rom
the. mher hamd ¢ can easjly be repl bya hif-recnmve function: .

De.fg =g [n U ld])
Defg’ =eqo(2,3] —1;
I'd o[apndlo[anpndlo[add; 02, 1],1],add102 3).

- 'The. functlon (] tnbulates all values of f Such kind of full tabulation is inef-
ficient. Actually, it is not needed in practice. The idea behind it however can be |
, used in orderto xmplement some restricted forms of tabulation.- :

" Let us consider agun a function, whose value f(n) depends only on n and |
-rf(n -1), f(n=2), .. g f(n b), as m scheme (Rz) Now we consider a shghtly
different schema SRR ' -
Deff =eqo B} eq; — T m[z l,ldl-- eyl

Eofid, foaub;,fosub ,fosub,] '

s An eqmvalent taul-recumve deﬁmtlon follows

L Deff =eqy—To 6 —Ti-ess

: eq°[_71d]—-'i‘i?x,1°y,‘

Defa = eq — @} feq o [id, =1} — apndlo 1", 9°mbxl,
o G tlroapndlo[f' yosublj

o

;(i.)y;

48



It can be demonstrated that the functions f a.nd f' deﬁned by the schemes
(Ry) and (14}, are equivalent.
‘ Let us note that the functlon ¢ can be easily defined a tml-recurswe vanant

Defg=g 01[—;-:1 qx-2, - 3—11 - 1 ldF
Def g =eqof2,3]—1;
g’ ofapndlo[Eo [apndl ofadd; 02, l]],tlr o ll,addl 02, 3]
N Examplés Let us consider again the factorlal functxon
Def factortal = equ zo [id factorzal o sub‘]

(The above deﬁmtlon slightly differs from the one considered earlier.) Accordmg .
to the above schemes, the same function can be defined with tall—recursxon

Def chtorial’:eqod-—v'f; log;
Defg=gollTLBid; R
' Defg =éqo[2,3] — I; ‘ .
' g o [apndlo[zo[apndlo[addlo2 ln,tlro 1},add; 02, 3),

The same scheme can be a.pphed to the Fnbonaccl function.

0;.MUTUALEY B.EOUR.SIVE PUN CTIONS

Two mutually recursive funcf.xom ! and g, deﬁned as follows:
(ii.s) ‘Deff= eq,,--oq,, Elo[fosubl,yosubl,ld],
- ) Dcfy eqo-—-oqg, Ego[fosnbg,gomb;,ld], =
canbereduced tofunchonsf’a.ndy’ u:eoxdmgtot.he schemebelow H
o Deff'=ho[Lid;  Defg =hoBid;’ | S
Defh= sadofeqy 02,eq; 01] — 7y; ando[eq,oz eq,ol]*-—-’ﬂ, -
() ©  “fe[Lhoshobidy AR o
e De;:=eq,om-»s,o(z.341,z-:,o[2341, R
Defa=(T, sulu],_ Defb:[fmb;], e

The functxon h can be reduced to a tml-mecumve one. To do %0, tableu in the o

’form
(('*(1 ,),).(2 :)),(1 n),t), (("(1 ') h(2, ) @ n), O

are used (The first table is used when f is to be compuzed ;and the. second ——-'
respectxvely when' g is to-be computed.) The tables allow to obtain aa iterative

variant g’ of the above deﬁned functlon g and consequently —_ ;terahve variants .’ kS

a.



" Deff'=Wo[lid}; Defg= h’o[fld],

DefW=Wol[mahidd; .

Def b = mdo[eqo[2o23],eqlolo2]—»lol
a.ndo[eqo[2o2,3],eq,olo2]—o2ol,
K o[[Ero[lo1,201,add; 03], ,
Esoflo1,201,add; 03]],2,add; 03);

7. CONCLUSION

' By meaus of tabﬁlaﬁén, some more complicated recuysive definitions can also
be reduced to tail-recursive ones. Among them are, for instance, definitions in
wlnch recursion is with respect to several parts of the argument (n, k): ,

" Def f=eqp01 —T1; €qy02 — 73;
Eo[fo[sub;ol 2, fo(l, sub; 0 2],id].

Thm, tabulation teqhmquea allow to obtam many interesting schemes for re-
" ‘cursion removal i in FP—syltenm , :
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PABHOMEPHASI ACMMIITOTHUKA CIEKTPAJIbHOM

#YHKIIMA BO3MYIIEHHOT'O TAPMOHHUYECKOI'O

OCLHUJNJISITOPA M. PABHOCXOJIMMOCTB RﬂlIOB
o COBCTBEHHBIM QYHKHHJIM

I‘eopru E. Kapansos

-

Teopan E. Kapadocos. PABHOMEPHAS ACUMIITOTUKA CIIEKTPANBLHOM &YHK-
"HAHU BO3MYIUEHHOI'O FAPMOHUUECKOI'O OCI.IHJUIHTOPA H PABHOCXO- .
AMMOCTDb PANOB MO COBCTBEHHBIM ¢YHKUINAM : o
: Honyuena PABHOMEDNAA ACHMRTOTUKS crexkTpannuol lemuu e(a\,z,v) apw x -

+00; 2,y € R, Ans oaNoro KAACCE TrAOGANLEOG SANMDTHUECKMX CYINECTBENNO CAMOCOUDS-
MEUBMX DCERMOAMPOEPEHUNANRNLIX OnePaTOPOS C raasubiM cumsonom € + 23, Ha sroit
OCNOBE AOKASANS TEOPEMS O DABNOCXOAMMOCTH PAAOR ®ypre no COBCTReRNIIM $yNIUMANM,
o6o6mnouu nnec'raylo -reopcuy Cere [l] © pu-ocxonunoc-ru PAROB apuwn. ,

pes

qul E. Ksrsdzhov. UNIFORM ASYMP‘I‘OTICS OF THE SPECTRAL FUNCTION FOR
PERTURBED HARMONIC OSCILLATOR AND EQUICONVERGENCE OF SERIES WITH

. RESPECT TO THE EIGENFUNCTIONS

Oneobtuummiiamnympmiadtheipgdnlfundione(l z,g)ua-‘-i-oo, z,yel..
for a class of globally elliptic essentially self-adjoint pscudodifferential operators with a

lym?lt’ . On this basjs one proves an equiconvergence theorem for Fourier series with respoct:

L

d;enﬁncuom whld:gmduutheveﬂ-homtheamds“.slllonequimmy«

_-otl{enmtem o

o1 ﬂycn A = a(z, D,) — cymecrsenio cauocnpmxamuﬁ 8 L*(R) ncessio-
. mibbepennmancunilt omepaTop ¢ mOAHMM cumpoaoM ‘a(z,§) = £ + 2
" +b(z,€). Bynaem npemnosarars, uro q)ynxmm b e C'°°(R’) ynonamopue'r

onemte
(B) 10"z, 5)|<c..(1+|=|+t£|)"°' (z.e)en’ c..>o, |

. ;mbo acmm'romxe

(H) b(z.€)~26.(z,) " bo(z,-e) —bo(z €, £ #0,

k2o
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- krn‘é ¥y € CP(R?\ 0)'!nueer cabﬁcfio oxftopoAHOCTH:

o b(VRe, VA = AMh(e,8), A>0,k 2 0.
Tax kak oneparop A — rao6ajJbHO BAFMNTHYECKNIH, TO ero cnex'rp COCTOMT
TONBLKO M3 COGCTBEHHBIX YMCEN KOHEYHON KPATHOCTH 4\1 SA S ..y =400,
- NMOPTOMY €ro CHeKTpaibHaA (bymama ¢(A, z,y) onpeneaserca paneuc-mou
¢ - eAzy)="3 #(2)ei0),
N MEA

rae {;} — NoAHAK OPTOHOPMUPOBAHHAA CHCTEMR cchnemux q>ym<mm [2].
OTmernnM, uto @; € C*(R).
PaccmoTpum (bymcmno 1€ LL.(R) " ‘ee pax <Dyp1.e

R Ok Zam.(u). an = ] Jeon(e)ds

no coGéﬁerimm $ynxmam {p,}. Cornacuo’(2) n-an qu;mtmu cymma
an(f W)=Y arpa(y) npercrasaserca s mune
’ MSn ' - -
‘ ' i B ) o
@  aw= [ @

. Hems pa&om mﬂm pmouepny)o aclmmomxy cnex‘rpmnoﬁ $yaxmmy
- e(A,z,y) npu A — 400, 2,y € R na ocroze Qo;mynu (4) mokasars caemyio-

| _ DIy10 TeopeMy O PABHOCXOAMMOCTM.

Teopema o PABHOCXOMMOCTHN. Hpcms mpamop A yboucmcop:em

= .j;edmaaccun (H;) - m“u fe Lbe(“) obaadaem cuicmoms

, '(sx) o e <o
N oi>1 IR
"_('sa)'—. / a(h,2)(1 - z’/»-*"ms)la ), Atn,

zﬂc\a(x, z) — acpamepicmuem: ”m;w MROACECMES {: (l S)X < z’
ERTRrVUM

- (Sl) ) / ¥, z)[f(z)[dz o(gllﬁ), A — +oo,

/ 2de b(,\, :) — zapqmmcmucta hm:qu uuomcecmn {z A= AU/3H < z?

<X+ A‘13+‘} Oax nexomopozo § > 0. ~
Tbeac uMeem Mecmo c.uaywqu ymcepxaeuu 0 pcauomdmom« '

’_,,‘,(s')fﬁ 'n(f,v)-- / e )——,{5{"7—14::.9(3), n—stoo,
R ,’ . M L '-‘ ‘ ) ; \“ X



- gde o(I) ~ AGXAAWKO puuo.ucpuo no omuomma ] upuccmn y € R
3amevanue 1. Ecau b = 0, To paa $ypsve (3) naa (bymcmm f coorser-

CTBYET PALY Qypbe [0 NONMHOMAM DpMHUTA RAA GYHKIMM f(z)e’ ’12, B oroM
ciydyae TeopeMa O PABHOCXONMMOCTH HOKa3aHa B [5] M oﬁonae'r COOTBETCT-
Bylonmit pesyaprat Cere [1, cTp. 245).

CéopMmymmpyem noayueHHrIe pe3yAbTATH 06 ACHMIITOTUKE CIIEKTPANbHON

" bynxm e(\,z y) Bonee yno6no BHmMCHBATL acHMIITOTHKY ymapm

(6) . " E(\ z,¥) = e(A, VAz, VAp), A— oo, ‘
Bamw ee CHMMETPHYHOCTH NO NEPEMEeHHsIM Z, ¥ GyAeu RPeMTIONATATh, UTO

y? € 2%. Toraa ROCTaTOMHO PacCCMOTpeTh CAEAYIOMME cayvas:
1)22$1-5 6>0; / 2)1-6g22g51;
" 3152142 450, 4) 22 3 142340,

Teopema 1 (cayuait z2 S 1 -6, §> 0). Iycms onepamop A ydoesemeops-
- . em npednosocenwo (Hy). Tosds’ dax .nnfoao Masoeo § > 0 cywecmeyem £ > 0
‘max, smobn:
' (i) Ecas |z—y] S ¢, mo wmeem .Mecmo pun(mepun ccummomln

(7 EQzy)= ('\“)-1,2(2"‘)_1““'\4’(‘ &2.9) +0(A"3), '\ — 400,
2d¢ cos2t = zy+w,w = [(1- z’)(l y’)]ln, §=(1- y’)"’ .. |

8 W) =t+p(t,6,2) - &,
o . olt,6,5) = ---(: +E)tg2R + ze(w.zt)-l

| (n) Ecaw [z -9l > €, mo euncanena PeexoMepNar onenxa

(10) - EQzp= o1y, At 400

‘Caencreme 1. Dycms onepamop A muemnpwem upednuoaceuﬂo (H;)
Ecasc<z® < (1—6)A, 20e § >0 mano w y* <c/2, mo -

ay Je(h, z,9)] S const [z},

3ameuanwe 2. Bmacmecxoucnynu, mnz’+y’<eom meu . |

. 'Soaee npoc‘roﬁ pesyabu‘r {3} )
.)

a2y e(a m})* ‘——ﬁ—‘-'zw(l) a~+oo, e faRs
_rpannouepno H4 KOMIAKTAX. ‘ -

Teopeua?(caywnﬁl 65:’;1) Cmecmcmm&>01e>0
mexue, wmo: .

(i) Ecas Iz -yl 5 €s onepmop A y&mmoﬂea lpchuomm (E,),
mo umeem PASHOMEPNYD BCUMBMOMEXY . ’
(13)" EQ, z.y) a(& z.v)k“”+(5(«\ z,r)+c(l z,r)) O(X"") k—*+co; g
20e : o , S

(14) a(* z,y) =
L) -2 - o) )]

. * .




V(‘xs’) m z.v) (5%, z)a(x. v»"’ “e\z9) = (@, z,y)cz(x z.u»"’
a o= (4 (—B(z)w*)) A (4] (—B(x)x”’))

» (17) e\ 2) = (A; (-B,,\’/’)) +A7 (4 (-B,,\"’)) , i=12.
30ect B; = Bj(z,y) feasomes 2aadxums fymcqu.uu co ccolcmouu .

- [Bileg) =41 -P)+0(r(z,9),
18) {Bz(z,'yy-'- AP ro0mg, Y 0
4de r(z,y) = (1 -2z + (z - y)’ Ips smom B(z) Bi(z,,z) = By(z,z) %

(’)g__/. -‘(cﬂ-t‘/a)dt ecms m"" 9‘?': . | , ' )f‘

(i) Ecax. Iz vl > € « onepamop A ybouemaopnm upcbnoaoaccnuw (H;),
” mo ouuo.cueua PBONOMEPNAT OYENKE ,

| (19) L B(zp) = KAz R00Y), A oo,
Bmeume S.Ipny= z Jmeem PABEHCTRO g
(20) o | a(dz,2)= (13( ’;)lé (-B(:)A’”) a3,

“rae f(l) =~ (A;(c))z -i-(A,(c))2 » uacTHOCTR f(s) = —(-3)1’ 140 (lsl“) npu
8 — —00. -

i . Caemcrame 2. chmo oncpamop A m)oucnuop:cm npc&noaoaccnmo (B;)
" Ecas (1 G)A <z < A= AU g9, 6>0 docmamonno Maao ¥ y*-< ¢, mo

(21) Je(h2,)) § conat (1~ 22/2) /A7,

: Teopesa 3 (c.uy'uﬁ 1§ x} s 14 A“’/’*’, ¢ >0). I.u .m6¢u MaA020
L o > 0 cywecmeyem € > 0 max, ymobu:

(i) Feas |z ~y} S € v onepamop A yﬂbucmaopnm ap;ho.maccuun (Ha),
- mop ENROANENS PaENOMEpHLS scumnmomuks o .

(22 ©B(Nz,9) = (), =.v)r"’+0(r"°) A—»+oo,

:Be fym:qu a dsemes jop.«woi (14); o
" (ii). Ecan |2~ y| > ¢ » onepamop A ybouemaopnm nyebauoaccnum (Hl),-
MO UMEVM MECTO PASNOMEPNME OYCNXN:

..,v.

@) } B\ 2,9) = VE(L,1) v)O(A“"). ecnny? S 1,
(24) - - B, z,) o¢a-‘l°), ‘emy’ > 1,

Caemn-e 3 ITycms onepamop. A ydoesemeopsem upehoaoxmn (111)
Ecax .\ 4\‘/“"‘ 5 z’ § A +a\‘/"’". sde§ > 0 mano v y<emo
@) . le(A z,9)| 5 const A~1/3. R

ES



Teopema 4 (cayualt 22 2 A+ A3, 5’5 0). Eeas ouepcmog A ydos-
Aemoop:em npednosoncentn (H;), mo sMeem: Mecmo pcono.uepm ogenxa

28 | Az = O(Icl‘“)

2. HloxasaTeascTso Teopesms 1. Byﬁéu ﬁcno.ubaoi'ais (bdpuyny
(27) - . '/p(x - ”),dc(l‘s t..gy) = 51; /e{”ﬁ(t)(f{t, z”y) dt.)

rae p — NO/IOKMTENLHAA, YeTHaA, GHcTpo yGmbpaloman. d)ymanm, uybe npe-
o6paszopanane ®ypbe j MMeeT xoMmakTHHH Hocurens, j(t) = 1 B HexoTopolt
oxpecTHocTH Ryna n-U(t,z,y) aBaserca anpom oneparopa U(t) = exp(—itA).

CornacHo [2] MOJKHO NOCTPOMTD ampoxcuuunuo eTOTO ouepa-ropa BBMAE

@) QW)= [Se e i@, weCTR),

rae ¢asa ¢ BaeTcA q»opuyaoﬁ (9) B c:lyv-xa.e npemonomemm (H,) rasn-

0"q(t E, z), k 2 0 ynosaerBopaer ouenxai (H;) npum |t|.S x/8 u
¢(0, €,z; = ae npeanonomennn (Hi) mumeem acummroTHdeckoe pa- -

BEHCTBO q(t f, z) R q,,(t f, z), rae (bymnm (é,2) — al(t,€,2) fBnfercA
20 ,

[OJIOXUTENLHO OZHOpORHOR c'renelm —2k mmou npu ({, 2)#0 u .
ax(0, £,z) 0, k21,

(29) . g0+ 20ago + (ibo(2,€) - ts%)w 0, qo(O f,z)-l
'llanee, us (27) (28) c:xe.mye'r ' .
@ [or-nietmen > o5 [ ot Ik,

‘ rne axannauemom A=, y) B(, 2, ¥)“ osnauaer, 4To.
.A(a\ z,9) = B(\;2,9) = O (Al + 2% + y’)““) Oqesmmo

/ A= ﬂ)de(p,\/iz ‘/Xy).._._i / ‘“‘"‘""’q(t */xf. Vs )p(t)dtdg, - Si

- rAe yHKma ¥ maerca (bopuynoﬁ (8)- Tax KaK MMeeT MecTo onemm o ok
1B (t,€,2,u)| 2 o(? + 2?) npu Goavumx §?, ecam HgTuT — Aoc'm'mu—‘

. HO MaJI0, TO MOXHO merpuponan no wmm ﬂpemonm, 1o’ mppﬁ o

C(-T,T), no:zy'-laeu

[ED j PO~ n)de(n,\/iz,f ) ~ ~/' / ‘“‘"""')ro(t c,z.x)m. |

2o rot,€,5,2) = (2#)"1(* Jif, ﬁt)ﬂ(‘)ﬂ(f) ue E C”(R) ecrs cpeawmu : )
- tbymm .IIulee, L

@ / A - n)de(», .v)~ ] ‘('-'*9(:, z,x)df,



THe. @ymnm ole.s, 3= (21')"’.[ e“‘“*”‘“"’“"p(t)q(t €e)dt  momyexact

onemcy suza Jg(€, 2, 0)] € Cn(M + €?)~F zna moGoro N > 0, ecam A < 0
u {3 — Goasmoe. IlopToMy, MHTErpUPYS IO YACTAM B NPABOM MHTErpaje B

(bopny.ue (32), a 3aTem mirerpupys no A, Haxoaum npu y? < z? dopmyay

33 E,(A,z.u LKL €, 2, 0) dt dE,

rane

enn =0 ’( ) [Vicaee - b, Ve V3e) + e,V vas)|

-y _

Ehe)= / proge n)de(p,ﬁz,\/‘v)

‘ho6u naitTn a,cmm-ro'rmty oTolt dyuxmm n M A'— 400, 6yneM, NpUMEHATSH
‘Méron cramonaproii $pasu [6], [7]. Cor.ua.cao (8), (9) BemecTpenmHLe KpUTH-
wecxue Touwrm (t,€) dasm (t,£) — ¥(t,§,2,1) cymecTByoT ToabKO NpK

z’ L,y 8 1 u xaroTCa popmynamu

| cos2y =zy-w, cosdt= zv+w. € =d(y), -
'u‘-‘e‘gw [ =0 =], dis) = (1~ )17 Tipw oo,

@) WP 2detlz-yl), alz-sl sl S alz-vl, >0, .
‘ecam |z —y| S € ann nexo'roporo e>0. Buﬁupu € 1 T ZOCTATOUHO MajleHb-
" s (BanomuuM, uto supp p C(~T,T) 1 w -2 §), MOXHO NpPEANONATATE, YTO
A1) = 1, p(t1) = 0. CaenobarespHo H& HOCHTENE NOMMHTErpabHOl GyHKIMM
33) NEKAT TONBKO KPHTHIECKHE TOUKH (1, d(g)) u (-t,~d(y)). Hpn erom

o) det o = B3O} - (OR¥)" = —4d(con2t) ™
B xpnmqecuux 'to'ncax B tuc'moc'nl, K merpmy
; (36) o . | I(A z, y)=/ ‘“(',t.t.v),-(g G,S,X)didf

'npmennu MeTox cramionaprolt dasu [6], oTkyAa ~

(37) I, 2,9) =(9—v)(2ﬂ)"‘(*w)"‘”lm)¢+R(A,z.v)o(»\""’), »\—'+o°.
rae |z - yl 5 en

(38) B RAEN=OM), At

’Taneps (33). (35) (38) TNOKA3LIBAIOT, ¥T0.TpH |2 — 9] S e

(39 E,(\zy)= (m)-'(xw)-*"mw(: e,z,u)+0(r“’) A—»+ool |
‘J.quee, :

 () 0) IO, z) / (A ”) *(mﬁz-\/iz) lkl'“O(x-‘") A ~ 4,
m nexo'roporo m>1, rae |k 2 1. lleﬂcrmenwo, cornacno (31) mMeeM

‘(41) N o, z)~f / ‘**('rf-u)h(te,\)dwe, |



Jx;e h(t,€,2) = ’k(2r)"’p(l:t)q(t V¢, VA t)x(f) Tax xax xpu‘nﬁecme TOUKK
$a3u ¢ HeBHpOXKAeHN M BhMOoMHeHm: ouenxu (H;), To (40) BEPHO B CHIY Me-
TOZa CTAIMOHApHOM (ba.:m [7]. Teneps us (40) noayqaem onenxy

1o+, Vhe,V32) = B 2,9)| S o1+ W)™ > L ueR S 16

oTkyaa [8] - / - ,
(42) Ie(X-Hm/_ Az, Vay) - E(\,2,9)| § C(1+I#I)"'4\"”
A>1,p€R. 2<.'::2<1 6
Haxonren (42) n cBo#ticrso 5(0) = 1 BREKyT' o -
(43) . E,(\z,¥)-E(\z,9)= O(A“/’) A= 400, 9’ g 2% S 1-4.

ficno, uto acummToTMKa (7) ABAAercs cneacrsmem (39) u (43).
Ocrmca paccMoTperh cayuadt |z — yl > &. Coraacuo (34) mer xpu-

THYECKHX TOUEK Ha HOCHTeNe MoiMHTerpainHolt pymamm » 533; Iloa'rouy .

10

l

- Ep(A, z,y) = 0(A°°°), YTO BMECTE C (42) Jlomuna.e'r OLIEHKY

3. ,llomarenc'rno TeopeMul 2. Hyc’n. onepa.'rop A yaoBieTBOpAET
. npeanonoxenmo (Hy). Toraa MoXHO WMCHO/BL30BATH OAHOPOMHOCTD (bqunm
a(t,€,2) n HatucaTs c.uenylomee npeacrabiieine unTerpana (36): '

(44) ) ’ I(szsy).= ZIj(A,Q,V)'l‘R(]A,f,”),
. : . j=0
rae » ’

(45) L\ z,y) = A3 / MVEEN)y (1,6, 2) dtdE, j=0,1,2,
@) QRAEN=0, -,

(47) vl | n,(t,(,z)_ =_"'(2"’)"’t°lﬁ(‘)(oé¢-"'3)40(‘,6,3)"(5)»

ry(t,6,2) = (20)72 50 0ep - 2)ai (1,6, 2) + Qg1 (L6, 2N w(E), G=1,2.
- Y7061 HaltTH PABHOMEPHYIO ACUMITOTHUKY MHTerpana I;(), 2,y) npu X — +co,

NPMMEHHM TEOPHIO BepcaibHuIX zedopmamnii [4], [0). Cuavaza ormermm,

“uro pymams (t,§) — ¥(t,£,2z,y) anammrmuna npu |t| < x/4, noeromy ee
MOXHO MPOAOIKHTH TONOMOPPHO ANA KOMILIEKCHHX 3HaueHMit TepeMeHHRIX

(4,€)-  Torna era ymiama mMeer WeTHpe KPUTHHECKHE TOUKNH (£t,2d(y)) m -

(&1, 2d(y)) (oM. (34))’ KOTOPHI€. BEMECTBERHOHAUHL NIyt 2251, P §1n
wmcro MunMie, ecm z? > 1o y? > 1. Mpuz=yuz =ln¢eamxpu’m—

BUA

¥(1,€,2,2) = —t [(e =t)® + t%g(t,€, z)] =1,
noa'rouy CyIecTByerT ronouopdmm 3aMeHa NepeMeHHbIX

(48) ' = rp(r,q), E= ._“’37)
TaKasd, YT0 A o o i
' . ¢(‘(1’, ")tf(f) ﬂ)vz’ z),= ﬂf + 73/3’ 32» = _17

67
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He'rpymio yGemutcs [4], [9], uro cemeltcTBO {d + tf’ 4 3/3) sBanerca sep-

" cansHoM Aedopmamtelt dyrxmm ¢£2 + t3/3 B KNacce Bcex ronOMOPOHLIX, He-
yetHux Gpynxnuit g(t,£), 9(0,£) = 0, onpeneneHHHIX B OKPECTHOCTH Havala, Ko-
TOpHIe BEMECTBEHHO3HAUHN! NPH BEMIECTBEHHEX 3HAYEHHAX NepPeMeHHEIX t,¢).
DTOT KNaCC WHBADHAHTEH OTHOCHTENLHO HEYeTHHX JIOKAJNLHLX IMpdeomop-
dusmos (7,1) = v(t,§), v(0,§) = (0,1), KoToprie BemecTBEHHO3HAYHE NPU Be-
MEeCTBEHHKX 3HAUEHUAX TepeMEHHEX t, §). CiienoBaTeNbHO, NOCKONBLKY (byn-
xuma Y(t,§, 2, £) NPUHAIEKUT BTOMY KJACCY, TO CYIRECTBYeT HEYeTHAA I0JI0-

' MopjHasn 3auena nepemenHx suaa (48), ana koropott :

(49) ) ¢(t(1’, ’7) 5(1', ’7)! z z) = -Bo(z)"' + ,",2 + 73/3
- ecnm |z2 -1 g6 ans Hexoroporo §>0. Ipu eTom :

- : - 3/3

@ . B (e z))

Pasenctso (50) cneayer us roro (bma. 4TO xpmmecxul rouka (v/Bg,0) -
. nfeTcA 06pasoM KpUTHUECKOHR ToWwM (t1(z),d(z)). B wactroCTH,

(81) L Bo(z) =1- z’ +0((1-2%%) upu z’—1.
IManee, nvmeftnan 3aMeHa TepeMeHHLIX T 5-1/3(1' +1),n 4'1/’(r - n) '
npusoant dynkwmo (49) kemay -
(52) (t(fv ), £(r, )2, ') = ‘B(z)(r +1n) + 73/3 + ”3/3 |2 -1] g 6,
rae o o ‘ ‘
(53) L B(z) = 4*"’Bo(=)
B qacrixoc'rpx, :

(\/— w/_ ) _ABAAETCA ona.aou Touxn (0, d(z)),
(\/— B,VB). ects o6pas Touxu (ti(z),d(z)).

C JIPYron CTOPOHHI, ceMeHcTRO - {~Byr — Ban+ f’/3 + rf/3) ABNAeTCA Bep- |

canerolt nedopmaumelt A GyHKIM -B(r +n)+7°/3+ 1*/3 B ruacce scex

ueqe'mux, T AaAKNX (pymcmﬁ OlpeNefeHHLIX B OKPECTHOCTH HAUAAA, OTHO-

CHTENLHO HEWETHHX JIOKANLHEX - MddeomopduImon. l'lommy cymecnye-r
netwmu 3aMens nepeuamux €O (n q) TaKAK, NTO. - -

(55) \"(‘("ﬁ 'l) E(f, ﬂ)r ,ﬂ) - _"Bl (zry)f = 33(2, V)" + 73/; + ,,3,3’

ecou z’ ~1] $ 6, |e~y| S € Ana uexo'ropux §>0, ¢ > 0, Mpu erom; By(z, )
= By(z,2) = B(z) Ilanee, ecnu § M € ROCTATOUHO MBI, TO KPUTHYECKHE
TOMKM HAXOAATCA BOIMIM HAYRAS, MOBTOMY MCIOALIYA npunmm cmmonup— -
‘nou dasu n 3aMeRY TepeMensiix (55), moAyHaeM ‘ »

. , (56) , | Ij(A, z, y) = Allﬂ—j / ‘A(-Bxf*ﬂ”r'/ﬂu’/’)’j (r ") drdﬂ’ . :

(57) S 9!(”' ") = fj(t(f, ") f(f; ")a S)J(T, ") -

‘nlJ (r, r)) anJmerca mto&uwou o'ro5pa.alcem (ry9) = (t(r, q),f(r, 7).

- (59)



Tax Kax coraacao (29) n Bz) q»ymcma go — uevema.n, TO nozlraroame-'
AbHaA Teopema Maasrpamxa [7], [9 ] maer

(58) go(r, 1) = a1(z,¥)7 + ax(z, ¥} + (r* = Bu)fy + o - Bz)fz
Taxum o6pasom(56) — (58) u mHTerpupoBoHMe NO WACTAM BaEueT

(59) To(Az,3) = a(dz,)A " + (2 - 9)e(A, z,0)0 ) + RolA, 2,3),
. rne K . ‘, N , .

(60) : v' o ‘a'(A,"’”’) _ 4_1’_’_ .41(3' Al (_leg,s) A. '(-&A’/S) ,
" e (-507) 4 (-5,

O) 8 Rhes)=eh 510, A 4o, |
IlIpu eTOM 3/eCh GHIIN YUTEHH NIPEACTABICHAE aj (z y) = aj(z,z)+0(z —y), ne-
pasenctso Komm-Bynsxosckoro u onpesenesma (15), (17). Koa¢¢mmenm
a,(z,z) MOXHO HOACUNTATH,McHOoM3ya (58) mpu.y = =z, otxyna go(VB, B,VB) B)
(al(t, z) +03(2,2)) VB, 9(VB,~VB) = (ai(z,2) - aa(2,2)) VB, ecam.
loeToMy, yunTHBAA eHle (54), (67), (47 ), 3axmodaeM, 4TO -
a;(z,z) +az(z,2)=0m ’ ’

(62) U e, z)=-—:(2r)"d(z)](\/_ -~/‘ B).
 fxabuan J(s/_,. -\/— B) Monmo RaliTh U3 paBeHCTBE ‘
- (63) -  JArn)dety" =dry,

. KoTopoe Bunomme'rcn B KPMTHYECKHX TOUKaX U cnezwe'r us (52) HNmen nnmly
(54) n (35), u3 (63) BuTexaer .

(69 . . JVB-VB)= \/_(d(z))"‘
tCJlernu:emmo, (62) m (64) BaexyT . o ,
(65) ay(z, z)—'—a/41r ., ay(z,z)= t/4a" ecm 2% S 1.

~ Hanee, a.ﬁulomuuo (59), no o'mpnmmcs OT NpeACTABIEHMA

a(na)= botbir+ bz'l + ba"") + (1' - Bl)hx +(7* - Bz)hz. _
HAXOMMM OmeHKY - - :

- (55) : 0,11(A z,y) c(A z, y)(;\"”) X-'» +°°, v . ~.  '
) ”u, ':eu 60.nee, OLeHKY o
6 B b0 =dh s, Ao,

- Ormernm, uro ¢(),z,y) 2 eA~2/3, ¢ > 0, xax cuescTBHE U3 onpeneuemdt (18), -
(17) u Toro dakra, urp HynM (byummu Oipu M HYAH ee npomozmoﬂ nepe-
MEXXAIOTCA. Hoa'rouy (46) HepeNnuCLIBACTCA B Bule -

e L RS oy
: 59



Teneps Acro, uTo (33) (36) (44) (59) - (61), (65) (68) BJIEKYT aCHUMIITO-
THKY
(69) E,()z, y) = a(A 2,y A"V 4 () 2, y)O(A""‘), A — Y00,
rae Koepduiment a aaerca popmynoit (14).

Hanee, ZOKAYKEM TIPH YCIOBUM (Hy), uto mu‘erpan (40) JONYCKaeT OLEHKY
(10) IO\ z) = [k"b(A, 2)O(A®), X400, ecmmz? S 1, (K] 2 1

Ans HekoToporo m > 1. Ileitcreurensno, ecm 22 $ 1~ 6, § > 0, To MMeem
- omenky (40), a acummroTHKA (bymcmu Diipu [6] n onpeneserme (16) noxa.au—
BAIOT, YTO

M - l b(A,z) 2 cx-lla npu 1- 2 2 6> 0.

MoaToMy B eTOM Caiydae (70) cnexyer u3 (40) u (71). Iycrs Temeps 1 -4
S 2?51 Tornmas merpane (41) MOXHO CAeNaTD 3aueny nepemesnuix (52),
oTKyRa

@ I~ Vi / e‘é(-“"-""+"/=+"’_/=)h(r, mA) drdn,
| rae , a o ~ .
) k)= ,p(kt)q(t VA, V3 =)~(£)J (, n)

YT06H NPOCHEANTL 3aBUCHMOCTD OT napme'rpa K, Gyneu ucnonb;onan Teo-
peMy Maabrpamxa B caeayiomet (bopue

() B(rm,2) = aln,3) + b, V7 + (2 = BYf(rin, N,
TAe | ’ co ) . " . .
@ X =3B +M-VEn ],
o k- 7=[h(f 2 ) ~M-VEin )],

™ Aean=j ] ! [a%(m - o)VB +ra,n.x)u -0

-a’h(c(l + d)s/- B+'1o,, 4\)(1 + a)] dadc

;Aﬁmbbmé, | ‘

(. a(tw\) ao+uzn+(n’ B)hx(n,l).
M) -ax+can+(n = B)ha(n, ).’

Hosromy, = . ‘ ‘

~(80) b(r.n.l)==au+anr+am+aarn+(r -B)fy +(n —B)!:. ;

. Thae ) -l S S
81) S A, §)=ha(n.1)+rhz(q. 2)..
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B qaé:’fﬂocm, (73‘) ~ (81) mator onenxu R
(82) c a;=O(P), 0gjs3

(83) | o f; =0 (i), j=1,2.

" Teneps (70) caexyer u3 (72), (80) (82), (83), yumrusaa (H;) n. /OTIpeneNenue
(16). M3 (70) uiTexaer omenka

le(x +p, VA 2, Viz) = = E(h,2,2)| S o1+ [u)™b(, A"YS; uen z? s 1,
-o-rxyna

le(A+p, VAz, VA W)-EQ\ 2, v)l s {1+ )b, z.v)»\"" - peR P Sl o

noa'romy, YUUTHIBAA W PABEHCTBO p(O) = 1, noayyaem

¢ E,(A\2,9) — B\, 2,9) = b2, 2,5)O(A~ /), ¢? 5o S 1

Cpasmupan (69) u (84), naxomm acumuroTnxy (13). Ecmuke |z —~y| > ¢, 10 o

E,(A z,y) = O (A=), uro BMecTe ¢ (84) mOKA3LIBAET ONEHKY £19).
OcTaerca NpoBepUTH ACHMMIITOTHKM (18) Ha (55) H (8) 9) cnenyer

(85) . E -Bl(?vy) - (l - 2) (o 0 z V)+(¢ y) (0 0 Z,V),
-Bz(z,ll) =(1- 32)5-(0’0: z,y) + (3 - ”)817(0’ ovzvy)'
B qac'moc'ru, -B(z)=(1-2%)4 01_(0 0,2,7) = (1- z’) an(o ,0,2,2), uro lmec're
‘¢ (53), (51) Iaer _ _ , ,
- (86) o (oo z,z)-—o (0,0, z,z)_-4"/’+0(1 z) : “npu.é’;‘—r L
'C' ApyTolt CTOpOHH, H3 (55) H (8), (9). cneAyer TaloKe | ‘
B { 3-(0.,0, 2,9)= 2: (oo:,z)+0(1-¢’)
(87)
(OOzz) O(l a:)~ ‘

L I N

IIoarouy (86), (87) m d)opuym. Telbtopa Ralot '

_ r\—(o,o z2,y) = —4“1°+0(1 z’+|z -

. o ’&(OOz,y) —4“/°2z+0(1 -2 +|z vl)._ |
S "h(ooz.v)hr"’w(l Srle-a,

'0,'(002,0) 0(1 =+l= !Il)
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Teneps scno, uro (85)u (88) BJAEKYT acuum'o*rm (18) Teopeua 2 moxa3a-
Ha. . -

4. llomne.ucm caencrona 2. IIpn ycnosmax cAeACTBMA 2 BRITION-
Hena onemxa (19). Tax xak (1 ~ 22)A%2 2 A, 10 ucnombays SCHMITOTHKY
‘$ymanm Ditpu u yunrasan (16), nonyuaem

(89) b\, 2) = (1 - 22)~V20(A-V3), ecan - z’).\’/°>,\‘ §>0,

.(90) 7 - bA,p) =03,  ecm y?<1-6.
Teuep'§ onegiu.’(2l)‘eae1iyqr n§ (:149), (15), (_16)'n (89), (90).

5 .llpnsarem.cno 'reopeuu 3. Kax u npn noxm'renbc-me 'reopeuu 2
sz mueem (59)-(61). Ho B cayuae z? > 1 BemecTBeHHIE KPUTHUECKHE TOY-
U $asH ¥ MCUe3nIOT, MOBTOMY KoodpuIMenT a;(z, ) Helb3a MOACYNTATSH
“KaX paHbIIe. Ommco MOXHO 38METHTD, TO (65) n (popuyua Teibxopa. muo'r

&CMTOTHRH

U foay(a,5) = ~ifdx? +O(z? = 1), .
O {21¢Z,Z)-./Z,=f+0(,') L mw gl

Tax kak 22 — 1.5 A=/ u §> 0 AocTaTouRO Maxo, To u3 (59)-(61), (91),
' (66)—(68), (33), (36), (44), YUHTHBAA onetucy c(),z,y) S const, nonyqaeu

;(92) . EMay= a(x A2 4 O(x7Ve), A +00.

~ Hanee, npuuenml B q)opuyne (31) 3meny nepeuumux (52), no.nyqaeu
Aonemcy : _ '
/P('\ ﬂ)de(ﬂ. a\z,ﬁc) 0(3"") Ao 1 seas 146.
. ToABKO NP y‘cnom (Hy), orxysma ‘ '

- (93) Ie(¢\+a',\/:\'z \/-z) E(A z,2)| £ c;\““, ecam |a| sL1gs z? S l+6

C apyro#t croponm, oﬁmnn.le onenai co6cTBes X uucen H coScnem ¢byn-
- Kt onepatopa A [2] NOKASHIBAIOT, ¥TO -~ o .

O el S 1 +RDY A er
llootouy U R
A Y. : '
1(95) ‘ E,(A,z,v)- B\ 2.0) = / [A(ﬂ)E-t-A(—u)E]p(u)dHO(v\““),
' 0

e A(WE = (A + n,s/):z v y) . E(), z,y) ‘l‘mﬁu oneim A(:kp)E npu
0< pu<A/26yaen MCION30BaTE (93) npu z’ 2L (70) npu v < 1
‘B pesyamTaTE HOXYUACH

8. 1aEME 3 c(1+|:4|)""\“" o<u<i
2



Teneps (92) u (95), (96) noxasusaloT a,cmm'ro'mxy g

. Haxonen, ecmu |z — y| > ¢, 10 E,(),2,9) = O(A"). B cayuae y’ 21
. onenxa (24) cneayer orcions u (95), (96) Ecm xe 32 < 1, 70 (70) un (93)
BJEKYT OLEHKY . )

@)  |AGWE S o1+ )™ VER DA S, ecnn 0<p< 1/2
Hoeromy (23) carenyer us (95) (97) Teopeua. 3 Jxomana

6. J.Ioma're.ncno cae,qcuu 3. Ilpu yc.nomx ®TOrO CReACTBUA MMe-
. 10T Mecto ouenxu (19) nmm (23) cooTsercrBenHo. - Tak kak b(),z) S const u

sumosmeno (90), To E(),z,y) = O(A~*/3), orxyna (25) caexyer.

7. IoxasaTenscTso Teopems! 4. Y'-m'rmu (94), socraTouno onenu"rb
(bymcumo ¢(A,z,z). Haa vToro Gyaem HCHOALIOBATH npeAcTaBAeHUe

o) Ep(x.z,z)w"’ / eHLtn g, V3, VReIn(E)

e g, 60)= o [s(z 0eso)q(t e,r)maw(t 6o}

KOTOpOe BEIBOAMTCA M3 (32) ananoruuno (33) (uam npsmvo w3 (33)) Ecau -
|22~ 1| § 8, To MoxHO CaenaTH 3aMeHy nepemesnnix (52) u noayumTs. oit

(99) Ey() z,2) = b(}, .-.)0(»”) ‘X = 400,
Tax xak (2?~1)A%/3 2. A%, ¢ > 0, 10 acimToTHKA GyHIGHH Dtpu n (16), (18) ‘

nokaswBaloT, uro b(A,z) = O(A‘“), cltesoBaTENLHO (99) nepenycLmaeTca B
BHAe ‘ »

100) [ o2 = el 2, 2) b = 0(|z|-°°) A+x*"+’ s (1+6)A
Ana.normmo, | ‘ o L
) for- e zie) = ouzr°°) x+»/°+’ S S

Ilyc'rs Tenepn z’ 2 1+6 Torna. ¢[>asonaa bymiama \(J ne mtee’r nemec'rnemmx ‘
KPHTHYECKHX TOMEK Mo . o

) BB 2 s c>0.

Heticypuremsno, ecim 14§ § z? < b, To (102) ouesumuo BHMOMIEHO. Ecmt;
me 2?2 bub— nocnrotmo 6om:moe uncno, ro (102) caenyer ws Hepa- -
Beucysa |0 2 o(2? + €2 = 1), rae |t| < T n T aocraTouno mano. Ouernxa
(102) nossonser MHTErpHpOBATL N0 WACTAM B MHTerpane (98), uro B Hrore
npuaozmm cHoBa K onefikam (100) u (101). Tawmnt 06pasom omm ZoKasamu -
npu 22 > A + A3+, g 5.0, Haxomen us (100) x (101) cmexyer omemxa
, e(A, z,2) = O(|z]~*) cuw:a.p'rmu o6pasom. _Teopema 4 noxasama.



8. Hoxa3aTeancTso TeopeM o pannocxomocru C.nemm cxeme z0-
Ka3saTeanCTBa TeopeMh! o paBHOCXomumoct m3 (1, c'rp 264], mocrarTouHo
YCTAHOBHThH ONEHKY BHIa

109 Ra(sa)= 0(1)( /Izl“lf(z)ldH / |f(=)|dz)+o(1)

jzl>1 - g £3e

npnn-—.-»+oo,y’<c/2 r.nec>lu ’

Rn(f,v)-h.(f,u)—— / f(= )"“f Az _”’4

y-—l

- ‘Mimenno, coorHomenne (5) BepHo ana Kol cch’raem{oﬁ q)yma.wm, cneno-

. BatesnHO AnA mnorHOro B L*(R) MAoxecTsa Qynmamii {1} C Apyro# cTopoHH, -
~ HETPYIHO cooﬁpa.su'rb, YT0 GYHKIMIO KJAcca

{feL%oc(R) : /,IZI“U(z)ldtf [ r@ids <'oo}
B TS v :’(c‘ )

MOKHO annponcmpoaa.u mmeﬁmanm xouﬁuuumm cQGcmemmﬁ: qaymt-

Hanee, (4) u (12) noxa.aunam, uro

RN Ralf.4) = O() ( J e+ /f(»)e(» : ,,)a,) <ol
o e *3%e . -

| Hoamuy 0CTAETCH OLEHUTE unreg'puu s
009 K= [0 15554

rae a; (), z) _ xapmepnc'rmecm bymama unomec'ma S _
.~{z e<g? <(1=6)A}, 6>0; az(X,2) = a3, 2), as(A,z) = b(A, z) ua,(A :) — -
-(xn.pmepue-xmecxu dymama muoxecTsa {2 : 22 > A+ A/3+H},

X €eHKa merpu.nu K nensercs ¢ nomompio cmnc'rsml 1
(o) | G =00) i s, <.

|=I>l

b) Oucm muerpana. K; c.nezwe'r us (21) (52)

| .:»:"(107) L Kag)=o(1), Ao, ¢ <
) K un‘rerpuxy Ks TpAMeRAeM c.nenmue 3n (S,)

g K= ofl), Ae+oo v <e.



d) HaTerpan K; onenmpaerca ¢ noMompio 'reobeuu 4:

(109) Kdi)=0Q) [ el if(e)ds.
‘ lel>1 . '
Teneps acHo, uTo ouenka (103) crenyer u3 (104)—(1‘09)_.».'1‘eopeua HOKa3aHa.
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ROUNDING ANALYSIS OF PARALLEL ALGORITHM
g FOR THE SOLUTION OF o
A TRIDIAGONAL LINEAR SYSTEM OF EQUATIONS

!"k‘men Pilkuliiakl

Massmen Mucxyanicrs. . .uumna o} sxu OKPYTJIEHHA B NMAPAJLJIEJIbHOM
AJITOPUTME PEIIEHWUA TPEXIM FTOHAJIBHHIX CUCTEM JIMHERHBIX AJI-
FEBPAMYECKUX YPABHEHUN} '

" B eTolt craThe Ml npeacTaBaAseM nupuule.nbauﬁ AATOPUTM pelnellml CHCTEM nu-
© meMmbEx ulreﬁpmuecmu ypasuenujt ¢ TPEXANATOHA/LALIMK MATPHUBMH. Towxe nposoaum
AeTanbBuill ananu3 omuGKH OKPYTACEHA. anoleu. UPMBEACHE PESYNLTATH HEKOTOPLIX
‘llclellﬂl u«:nepuuen'ro- | CAeJlllo cplllellie uem omu&mu lupumenbnux M HoC-
neuon.'re.nblux ulropu'nwl . .
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R Plumu Pukslmh ROUNDING ANALYSIS OF PARALLEL ALGORITHM FOR THE SOLU- -
“FION. OF A TRIDIAGONAL LINEAR SYSTEM OF EQUATIONS o -
Inthupapawepmtapardhldauiﬂlmforthewhumdumdhpndﬁnwmtm_ '

of equations.We also give a detailed rounding error analysis. Finaly ‘we present some numerical :

e:pmmﬂ-mdgwnompmmhtwmtheumdpnﬂldmdmhwd;oﬂhmﬂ

1, INTRODUCTION .
In tlus paper we examin the soluation of tridiagonal systems of linear equations
and estimate the rounding error. It is well known that such systems can be solved
.using a conventional serial computer in a tlme proportlonal to N-where N is the
-number of equations.

" Stone [13] first discussed the solutxoxi of a tndnagpnal system on.a parallel
computer, relatmg the LDU decomposmon using the first and second order linear
recurrences. He developed recursive doubling algorithms to compute the necessary
terms-in O(log N) steps with O(N') processors. The methods of odd-even. elimi- .
-natlon [14), {9] are another class_of parallel algonthms wnth some quite different

/



charactemtxu There are many other dgonthms for solving tndmgonal systems
[7), [20], [5], (6}, [3], which solve them in O(log N) steps with O(N) processors.

Several authors have noted that cyclic reduction is just Gaussian elimination
applied to PAPT for a particular permutation matrix P (see for example [9]).
Thus the algorithm is numerically stable for matrices for which Gaussian elimina-
 tion is stable without pivoting, for example, symmetric positive definite or diago-
nally dominant matrices. The situation is not as attractive for Stone’s algorithm.
_Using a stability analysis technique for recurrence relations introduced in 8}, [11]

the authors have shown that the algonthm is in general unstable, suffering from
exponential error growth.
» Sameh and Kuck [12] present two algonthms for tridiagonal systems using
O(N) processors. One of the algorithms reqmres log N steps but can suffer from
exponential growth of errors; the more stable version requires Of(loglog N)(log N)]-
steps '

- There are consistent algontbms dlﬂ'erent from cyclic reductlon Swarztrauber
[15], (16] introduced an. algorithm for tridiagonal systems based on an efficient
- implementation of Cramer’s rule. The algorithm requires O(log N) steps on O(N)
processors but only O(N) total operations are performed. Unlike cyclic reduction
the algorithm is well defined for general nonsingular systems. .

Our. goal in this paper is an error analysis of the parallel algonthm given
in [3] using the approach from [2]. In section 2 we present the algorithm for
‘solvmg tridiagonal systems of linear equations, which solve the system of order
N in O(nlog, N) steps, where N = n*. In section 3 we analize the rounding error
in numerical solution of the system, using forward analysis. In section 4 we have
jperformed some numerical experiments on an IBM-PC in machine precision a5 107
and we have pven a compamon between the errors of parallel and consecutive
ulgontlum .

2 PARALLEL ALGOR!‘!’HM

The parallel a.lgonthm from [3] wlll be apphed for, polvmg the tndlagona.l system
- of equations

C 21 Amisy + Bi“i +Cigigr = fh W= a, UN= ﬂ. {— 1,2...,N-t

under thc assumption that the folkmng conditions hold
2.2) Sl +Ic € 1B, i=1,2,... , N1

. Condltxons (2 2) ensure the existence of the algonthm of the system ()2 1) and
the stability of the problem [4). For slmplmty the problem (2 1), (2 2) can be
written in the form: : .

(23) Aw=f, i=12,...,N=- 1w a,‘ un-= B, |
- We represent thesolutnonofthesystem (3.3) in the form T
(24) o u'-aul°+ﬂu“+u°° : L a

where the vectors u"" u, 1 499 are solutions of the systems
Au?® ..o A =0, Au°' =f i=1,2...,N~1,
u,,'o 1 uo —0 ) -—0, ‘ i ]

N.SO, uN-l ‘UN =0-



respec’twely ‘ . )
-~ Choosing the followmg knots of parallehsm of the problem (2. 3)
O—zo<t1< L = Nweset :

om =ui,, m= 0 1,....k

2»5 . -
( ) u™ = am_lum,l,o + amum,o,l + um,o,o’. m= 1’ ceey k

\

where u™, y™ 1.0 gm0l ym.0.0 are golutions of linear systems

(2.6) Au:" = f.‘, i= im-l + 1,-.- ,im - 1, u}: 1 =am-1, u:-: = a"‘, ,.
@7 A =0, izimat L im =1, IR s N Ly )
(28) Au™O= 0, i=imoytLyes sim =1, WOz, Ol

tm=—1 L]
,

(2.9) Au"‘°°—ﬁ,:—tm-1+l fim =1, w0 =0, w0 =0,

It follows from (2 5)-(2.9) that the solution u of (2.3) satisfies u; = uf® for
f = i1, im, i.e. the solution of the system (2 3) consists of the steps: , - '

a) to solve the systems (2 7) (2 8), (2.9) in each mterva.l (:,,._1, c,,.), ~

b) to obtain a;, =0, 1, . ,

¢) to derive the solution by formulas (25). -

. The unknown quantities a; are defined in the followmg way: from (2. 1) a.nd
(2 5) we obtain o ‘ ‘
(2.10) =™t amy™Oh ™00,

g™t = a,,.ﬁ""“-“'° + Qg u™HLOL 4 m100

(2.11) Ai i1+ Bioui, +C;_u._+; Al +Bi_om +c‘, ml = f},_ A
~ and substituting (2.10) in (2.11) we get - = -
(2.12) dmam-1 +bnom +emOms1'= gm, m= 1., k=1, , ao =a, m= ﬂ’ ‘
) where : o '
am = Ain .,, P b B + 4 u:':‘law mhte,

o em=Ciy ::.tfllo Y ¥m = fin = Ain :’:-—’1 -G “?.:.':-110 0.

So the obtained parallel algorlthm for solving the system (2.3) is:
_ a) to solve in parallel the systems (2.7) - (2 9).in each intesval (l,,.,t,,.,,.;),
> b) to obtain apm, bm,c,,,,gom form-l k—-lmparallelmeachin

| (2.’-13) |

- by formulas. (2.13);

c) to solved the system (2.12) by some ‘method;

" d) to derive in parallel the solution of the problem by formulas (2. 5)

Let us suppose for convenience, that N = n’®, where n and s are mtegets, such’
that n,s 2 2. Choosmg k= N/n=n*"! eqmdxstant knots of parallelism i, i.e.
im = mn, =0, 1,..., k and solving (9) by the describéd method, we come to
‘the problem (2.12) for t.he determination of am, m =0, 1, ..., &. The problem -
(2.12) is in the same form as (2.3) but it is of size n-times smaller than’ (&3) ‘We .
again apply the same parallel scheme for the system (2.12), but this time with.

e



k/n= n' -3 eqmdutant points j;, | = 0,‘ , o=t and get the tridiagonal s;mem
of size n? times smaller than (2.3). Finaly we obtain the system of the kind (2:12)
which is of size n and we solve it by the same method. After that we deduee the
solution of the system (2.3) fmm fommlu (2. 5)

3. mu;on ANALYSIS .

Let 'us have the syatem . ,
(3. 1 ' Au=f
and mstgad of this systém lel} us solve the system -
(32 - Au=f

whete A 5 A +54; F=f+6f, = u+ bu. Then the relative data error satisfies’

‘ SA|| |6 f l15f I
33) Msu1u+ HlEALLAE, o5
GO O
where v(4) = ||A]]- ||A‘1|| is the condition number of A. Consequently, the full
error Au satisfies [JAu|| § |lu — @]} + ||& — ©|| where the first member is the error
from mexact.ness of coeﬁcnents (data error) and the second member is roundmg
error.

- First we will examine the tridiagonal systems (2 7) and (2. 8) The system (2 7
has the form v
(3. 4) Ajuj1 + Bjuy -I-C,u;.,.; =0, J =2,. -1, u=1 u,=0.
We will apply for it the follomng for:mnlas '. : o
A b= !.i_glfzﬂ, j=mm—1,..1,
B - Gy Bj - Cjajs1
, “j "-'-aj"j-l'*'ﬁj; i=1,. '

in order, to evaluate a solution of the system Since |ap] = 0 and Ia,._ll
|C',-.-;/B,...1i § 1, we obtain by induction that

a5  MTT

36 eyl sIGUUBI-I4D ST, j=n-2...,1 :
. Since 8, = ﬂ,._; =..o='fy =0, ﬂ; =1 and = ﬂ1 = 1 lt is easlly denved that
‘(3.7) ' . Iujli 1, j=1,... : :

- For the gystem (2.8), which is in the form . |
(3.8) - - Aguj_1 + Byuy +C;u;.,.; 0,j=2...,n~ L =0, u=1
we apply the followmg formulas R T e

: Cay=— G g=JizAbinn ooy
(39) B By +Ajaj"1’ B; +A,a;-1 o ARt
aj"j+1+ﬁj, J-n» -’ln . C

ini order to evaluate a solution of the system. By analogy vnth (3 6) we dednce that
; 1“}' -4 11 J = I 1 n) pl AR ﬁn-l : y ﬂn = l, and since '1‘“' =1litis
easﬂy seen that ‘ .

(3.10) o lujljsl,' PR
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'Wd obtained thas the solutions of. the systems (2.7) and (2.8) do-not exceed
unity in absolute value. -

Using the resuts of (2] we get that the roundmg error of the system (2.7) -
satisfies

 fpumi] e{i +Cxln(n+1) - (n=i)n =i+ 1)1/2
3.11) + C'llc[(n +1)(n+2)(2n+3)—(n—i+1)(n—i+2)(2n—~2i+3))/ 12},
|6u""°l <Cn&;—ge' i=1..,n~-1

: where € is an unit roundoff, C does not depend on ¢and n, und

(3.12) .&xn(n - 1)/2 S 1-1/C

‘where : ' » . : L _ .
= gmfx {xi}, = S e {El?il} % = a34;/C;,

and ' -

Cl_l+ 2 s TF s {IAjﬁ;.x/Csl}

It turns out that |6u"‘ 1.9) = O(en®), if the eondltlonl (2.2) are valid.

- Now we examine the system (2.8) which is of order n. It is of the same type
(3.8) and condition (2.2) holds for it. Using [2] and since Bh=P= = ﬂ,._ 1=
p,. = 1 for the rounding error of ‘the system (2.8) it follows e

°'|$e{t+C—-[n(n+l) (n-a)(n-—a-{-l)]} s—l -1,
l"‘m“l <e, o : "

e l&u"‘“l—O(en’) |
o Nowuremamstoevaluatetheerrorfotthemtem(29) o
@.14) Ay ¥ By +Cpupp = fyi j=2,...,8-1, wm =0, g = 0. ,&'
Conditions (2 2) are valid for it, too. Sxmﬂatly for this eyetem (. 14) we ﬁnd the

(a 13)

folbwin,g estunatlons

I6 - °' l s e{l + C::[n(n +1) - (1; c‘)(u —i4 l)]'vi/2
(3 15) + Cuc[(n +1)(n+ 2)(2n +3)~ (n -i4 l)(n —-i + 2)(2n 2+ 3}]/ 12}

Jou®9] 5 €, ""';1) =l /

under the usumptnon that "’""" are bounded ie. U= max{l‘""o °|} We

obtamed that |6u""° o = O(en’)

~On the next stage of the algorithm the system (2. 12) ‘must be solved with
ooeﬁcxents (2.13). This system is tndlagond and is of size n times smaller than |
(2 3).. Condntnons (2\ 2) bold for it. ) o o

-7t



Now we will derive rounding error of the coeficients (2.13). Instead of the

exact value a( ) , Where the superscripts denote the stage of the algorithm, let some

,‘approxlmatlon value 7% be taken, such that ix’.(..) = A 0 4 €. Then

[6| = |a <2>-..<=>| < |4 ||ou:" Ll +e
ahd from (3.11) it follows
(3.16) |6a<=)| S €1+ [Ai) + | Ain|€CRn + | Ai |eC1(n® + 20 + 1)/2.

By analogy vnth (3 16), we derive the followmg estimations for |6cml, lébml
1o Dl: .

@17 D] s e(r-2+1Ci) +ICileCF(n? +n - 6)
(318) |BHD] S e(1+ LAl + (8- 2)Cinl) + Ainl (0 + 30 - 6)cCF.
: + |C5,,,|£Cu:(2na + 9n? 4+ 13n - 78)/12

(3.19) [86D] 8 £ (14 il + (0 = DICia)) + Ao | (n? + 30 — B)eCT

+ (14in [6(n? +2n+1)+lc'...l(2n +9n%+13n - 78)):01::/12

We again pgly the same parallel scheme for the system (2.12),-but this time
with k/n = n*- equidistant .points j;, ! = 0, ..., n*~1, Thus, the obtained
tridiagonal systems is of the same kind as (2.7) - (2 9), but the coeficients of these-
systems of order n are the coeficients of the system (2.12). And they already
have some error and an error e new systems appears from the inexactness of

coeficients (data error). This e‘;or must be estimated.
" The full error Au satisfies [lAu]| § ||u—ilj+]|i—u]| and now we have to estimate
- the full Au. The rounding error is evaluated similazly. to the roundmg error
" of the sye::eo'h (2.7) - (2.9). So we evaluate the data error by (3.3) using that the
condition number for tridiagonal matrices is O(n ) [2]-
., Throughout this section the -upemnpts in brackets denote the stage of the -
u.lgonthm and |lo & {l, I14[ are a maximum of the norms of v and the matrix of the °
- system (2.9).at different steps respectively. Fu-st let us examine the nystem of the
~ kind (2 7) Font [l6¢f = 0 and then

. ngam, .oIE:) . ]laAn( ) M
R o e 2 S“uﬁu Ao

where 4
..10,,|e [C;(2n +9n +l3n 78)/6+ 2C(n +n- 6)]+|C;,_|e(n 2)
‘_ +Ai leg [cl(n +2n+l)+4Cn]+c[2+2lA4 |41Gial),

and A is the motnxofcorrespondm;syltem Since the roundmg errér ofthu "
system is evaluated by (3.11), then R <

(3.20) ||Aa"" MU s Ba™9) 4 amA 0 g v(A)An/nAuu.., o

n



A =efn—1+ C3n+n-2) + Crr(2n® + 9 + 13n — 24)/12].
" For the system (2.8) also ||5yf| = 0 and the torresponding error is
(321)  |laa™*H® g |Fam '°"||(’) + ™ 5 i'(A)M/ il +j,,
| | An =¢[n - l+C—(n +n 2)]

It remains to exadnne the syst«em of kind (2.9). For it ||6¢|| ;ﬁ 0 and then from
(3.3) it is derived

[Bam20y® HMIE |]M||<2>[|6¢u(= ayloel® @
sy < D IIAII "‘1) 141 liel. n u

) AnBa 1
s AR + AT WA en D

B. =e(l + IA:..I +(n~-2)IC )+ (IA |2n + IC‘..I(n +n-6)) eC‘iix/?

_ + (1421 6(n® + 20 + 1) + |Ci| (20° + 90 + 135 — 78)) eCuc/l2 .
Then for the system (2.9) we ﬁnd v
AB, .
14l WAl el
Ba= c[n 1 + C—(n ~I- n—2)a+ Cuc(2n + 9n +13n ~ 24)/ 12]

Now we derive the mundmg error of coeficients (2 13) at the thll’d stage Let
instead of a& an appronmatlon value E.ﬁ.’) be taken, such t.hat o

(3:22) fAa™® °u<”< (v(A) +v(A) + (A)M)ua"""-°||<”+§..,

. _(3) ) _(2) -&‘m,‘x‘o)(’)"-e.‘ .

‘The-'n'l L 3 . < .
-] ¢ o e o
B and since (3. 7) holds then ' : :

: - \ l&d(S)l l (z)I IlAa"'"°ll‘”+|6 )l+€ | B \
\Then from (3 20) it follows that = , Lo
. .(3 23) I6¢(3)| Iag)l (,,( j) A, /" A" +Zn) +l“(z)l +e.

- By MOU with (3 23), we denve the folbwms estlmatxom fot |5 a)l‘ ME’L
o] o | L
,_‘(3.24) |5,,-(8)| ' I (V(A)A»/IIAIH ,q”) lk(z)l te,

3



@6 26) l&b"’l 5 (]é”l |¢(’>' v(A)m + |a<=>|A,. + Ic‘”‘A,. + |6a<’)|

+ l 6¢(’)| Igb(ﬂ)l +e,
.(\3'26) l&’ml < (Ic(:)l Ia(z)D .,(,4)Ml -~ | ..
o (e o

@m Mx = A../Mn + A..B../uAn el + B../usoll +Ba.
| 'On the next stage from the formulas (3. 20) - (3.22) it follows

[LIRAED

||Aa"‘1°||(3) 5‘ w4 ["(5) 4, (, D)+ Icm' (laml ‘ylcml) (A + 4n)
| | +2 |6a(’)| + 2]6&’)| [6b(”| + 3e] +En

uwnw $ %,f[ﬁa—,,u» (b |+|c<=>| (|«s:>| |cw|) Eavd)

| +2 t&a(’)l +2 |5c(3)[+ |&b<’>{ + 3:] +An,

NAIPIell

e ea{lel R e

hal (41 ) i ) sl
o,

| wherc My = Myl + 24u AP, | o
‘ ‘Finally,attbe(c—l)—thnaghthesystemofmdetnandqﬂype (212)1s
fobtmned and lt can be wntten in the form ' _

um“u“) s v(A)’ (Iawl |c$:’|)M +2—'4=‘l- las.”] |cs:>| Ade .

@ 28) i a(‘)am-z +b(')a,,.+c(')am+1 ¢(') m= 1 7 ff-’-l_, "
SN ar=a a..'=ﬁ i '

™



where the error for the ‘coeﬁcxentl’ -

Iéas;) < Ia(.-x)l it Aa""”"(“") +|&(.-1)| +¢,

- o] = |c('-1>| laa™ °"n<'-‘>+|sc<'-1)|+e

labs;) s ,cs':-!)] HAa""°||("‘)+ la(a-l)l "Aamfu"(a-l)

,+|6a$,’,‘1?| |§c$,:‘1)| +|o00) e,

e (¢-1) '(.-1j A&m.o,o (.-i) ‘

. Joe 5 (o] +[e]) naame2y
(ke e o o

_ "Aa"‘ 1.0"(--1) < V(A) (2:-3 ”(A) 5 A,.C...z

WAy HA]1"-3 | )
o | +2"53 ‘I’I(:Il):h‘ AnC,_,+o(5,,2:-7)) + Au.
il Eﬁ%}""c"’* 0(*’""")) +A..,/‘ 2

| | IlAII‘ “lell - }
(el (011D, enn

\ "Aqm.O.OII(O-l)gl',(’A)t-SM ..:6',...3 + 2:-3 M—_ "M._’Cﬂ_ + o(mm-s) )

u.-‘=u.-i-l/uwn+Anr-‘**/uﬁn'-‘ K .. vesy

and M is defined by (3.28).
' Now we have to evu.lmte the aoln&nbn of the syﬁbem (3 28) in order to ﬁnd the )

ronndmg error of the system (2 3). The total error can be estxmated by ||Aa|l(') .
Slla- el and comoquently T

v!A)""
A=l
Tb estimate the product C._‘ let us set ‘
“(329) : .;\'f‘ o M= max (Mﬁl lcgl)

HAa||(') < y(j)l ‘M.-;C.-1+2‘" nM.-zc ..1+O(€1i2"1) .

S
75



nenfxom(37), (3.10) snd (3.29) we got ~
im0 ). ()

0 ( oal®
& (M o2 a:"‘i’l' emfpioa®

-l -
o L am+x.o.1|(f.-!>) (”I g+ MI el
‘ S Mc-:z.-z i= l 8 — 2. " . -

Developing M, -2 and M, we obtain that the error of the system (2 3) can
- be eotnnated by ; ‘

||Aa||(‘) s y(x)a-lMc—ZC "82“21{1'6‘
4 v(A)"‘M“"r"eu (GCKQ + 15011(3)

(A (M'-“r-*ecln’ u ) K4IIIAII"'II¢II’
+0(en®"1),

Ky = (M + lellM + llell IlAII)/HevII’"lIAII + PMM/‘A’IMI,
. Ka = ligll+ liol 1AIa/2) Melle =11 A) + P/l -
- Ka=(llell + IIAII’IT'/C&&)/ liell* =411 Al + P.-1/2ll¢||,

Ko = (11 + el + llel Al M )/IIvII"’Ml +P,-a/2,

o Py = 4("4‘““"ll = 2"""’)/ IIAII”'(IIJH’ -9), i=12

. And finally we have to estimate the rounding error from (2.5) at each stage
tBhlL Analogy(mt;l G 23)—(3 26) it follows for the roundmg error of the solution of -
.the systemn (2 ‘ \

" g3

. (3 30) "50“ s 2"‘1"6,,“(0) + ua-" Zza;&~1 ( '60"' W 0"(1-6) + usam.o l“(a-i))
SR =
- ’ 0-2 :
g Erv-‘—lﬂsam.o.ﬁ"(a-t)
B Y

, "viherel uamaxmmmofthe norms of solutions a atthenystemofkmd (2 12)
"ot the different stepc And consequently “ »

"Au" s y( A)l-l M"zclfi’ﬂ”"’K;E ‘ e |
e +"(A)‘-1M i —'(GCK2+ 15C1Ks)

+2='- s (u Mt i x‘+0(m="*)/uA|r-‘u¢u’ |



N ) ] N ¢~lo"' mxlz. 5;!

3% 41= T 79,64 R '
S4+1= T30 13,77344 ~ .539
M 4+1= 7N 509375 -
6t+1= 1297 1886 -

362 41= 1207 51:5 : 7 1,08578
27 1= 4007 0
“+1=4007 | 0 - - :
$t+1= 4007 o | 5328826
16° + 1= 4097 . 2508875

64’ +1= 4097 1n3
F*+1= 6362 sTqs88 - - | .

9% 41= 6562 848365 ' 452105
812 +1 = 6562 346235 | e )
10* 4 1 = 10001 309374

. 1007+ 1 =10001 167126 1365653
5% +1=15628 9342526 . s

- 25% 4+ 1 =15626 .1 1,134279.107
1252 4 1 =15628 . 920624 ‘ K .
12¢ 41 = 20737 3919004 . ' axi 7,
14474 1220737~ | 463156 | %ssemas.lo

i
We have from [2] that _ '
(3,31) . lbmls s{N 1+0:=(1v2 N - 2)1z/2

4 +c,:=(21v‘-u-su~r2 + 13N - 24)/12}
Sinee ¥(A) = O(n?) for tridiagonal matncec [2], it is eanly seen that 1f
i) T at) e nﬂ and 2""’M"“(I{3 + K./xs + 151(,/9) & n’.

fﬂlen the errors of- puaﬂel and consecutive ;lgonthm- mll be’ appmmately eqnol ‘
"+ Note'that if msteud of (2.2) we have

"‘,(332) A+ IGE< Bl =1 M=,

"thmthetonndmgerrotfouolmgthetndmgoudsysm is]&u;l. g 0(£N), i= 0 '
...y N. Since the condition number for such tridiagonal matrices is constant {l]
v‘the roundmg error. of thq parallel algonthm gim in [3] satuﬁes ﬂ&u" S O(en)

RN B )

. xnuxn;cu. upnmzmv 3

Lo

In this section a comparison of error bounds is éxven between the puallel and!
consequtive algorithms. For illustration of the above estimations with respect to. .
. the roundmg error we have petformed some numencal expenments for solvmg the



N B B “‘CHIO_'?,‘ max |r; - T;|
#B41= 70 1,43.10"% o
N+1= 7 |  330.107 2,60.10™%
2P 4+1= . T30 . 9,19.10~8 , :
6 +1= 1207 | 1,08.1073 . , s
36% 4 1= 1207 2,894,104 | 482.10
M35 1= 4097 0 e '
44 +1= 4007 ° .
S8 1= 4007 | o . 3,96.10~%
C 1684 1= 4007 1;43.10-3 -
. 64241 4097 . 9,79.10—*
C 3% 41=" 6862 1,38.1071 S
o 9%+1= 6562 ]  1,80.1072 1,08.10-%
. 81 41=6562 |  7,72.100 |- .
- 10% 4 1 =10001 ETRL = Y
1007 41 = 10001 - - 1:53.10-’ ' 1,48.10
8% 4+1=15628 3,69.107} )
25341 =15628 462.10°% |  4,24.107!
125% +1=15628 - 3,63.10=2 | ‘ .
C 1% 41'=20737 |  8,73.107% , 1
1«’+1=zo7s1 - |- 1‘:03‘.1‘0-3 ‘ 6,19.10
\ o
A '
' Teble2

follomng tndugonsl ayotems of equatlons ,
Uiy = 20+ Uy = =1, = ?,,..'.,N\— 1,

4.1 ' '
( ) : _,'ul--,o, uv=N-1,

—io gyt 2y =ty =0, i=2,.. . N-1,
( 4_2) ~ti-1+ ty 'N»I |
-2~y =1,  =UN-1 +2un-l R
for dlﬂ'mt choices of N. Let % denote the computed solution ef the: systems The
exact solutions:of the systems (4. 1) and (4.2) are uy 4124 = k(n. -k),l2 k=1,...y
_'N andw=1,i=1,..., N, respectively,
. 'In most of the ‘tested cases,-the absolute error of the parallel algonthm is
: hettet than this of the consequtive one. It turns out to be advisable to use pazallel
‘algorithm. when N is large. Also if ny and n; are such that N = nl = n} and
ny, <.pg; then the error of parallel :l;onthm is better for my.
‘ Finally, in view of the above, it seems to be advisable to use a double Ienght
" accumulator (see 17]) This will have a favorable prutxcal effect on stabnhzmg the
algorithm and reducing the error bounds. . -
" Here are given two tables illustrating the results of this paper. The table 1 a.nd
ftsble 2 concern: the systems (4 1) and (4 2), reapechvely \
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I L i Lo s ey [P .{ M RO
Xyccvrﬁ.n A&—ﬂm OWI’{OI‘PENHOCTEh MHOI‘OMEPHOI‘O' METO-'
HA PYHTE-KYTTA
» AXNSNL OHENKE mpem-oc'reﬂ u-oroneploro METOAR Pylre-!(y'r-u mep-
%rﬁ »r porﬁopam ;em ‘yepeanenniamn: Moy asun. Onenxs soayvsetch 6e3: so-
HMOANNTENLERLIX OFPANMUENMSX @ FASAKOCTH. PEIENMS. Hoauyacb aolcrrstuu uowuﬁ
nom BLIBECTN pasuuie -op-m ggomuoc-m . .

Huuu AR Al—.hbnr, ls'rlwmoN oF THE ERROR 01-* RUNGE—XUTTA'S METHOD
IN MULTIVARIATE CASE -

Thmatmn&amo&nﬁdfuﬂmp—l(uth’sm&hodsdﬁm andmndordu-in

the multidimensionial case by means of averaged moduli of sicsthness without any additional
sssumptions on the solutions of the equations. Thediﬁerntadmofoomrmueembedeﬁved
mmm-ﬂumm«mwam

./

A A 1. mnonﬂctmx

P i
ERNINE T ]

" In this paper we shall o\»tun enor estimates of the numenul solution for the

‘m-dimensionial Cauchy problem of the Runge-Kutta’s methods with local error =~

of second and third degree using: the averaged. modulus of smoothness (which is
denoted by 7(f;8)L,, see [4]) All notctnons and deﬁmhom, which are used bere
nemvolvedm[q S

" From the properties of the :veraged moduh of smoothnea, whu:h are menhoned
utheendofthupmgrapﬁ together with theorems (1) and (2) below, we can
obtain many consequences such ag that the classical orders of the error O(h) and
O(h?) are obtmned under weaker assumptions on the solutions, =~

Here we list the main propertxes of aveuged mo&uli of smoothneu (see [1H3])

-



Y, § n(fif, frege
2) n(f +9;6), s n(f,5)n,+n(m8):.,, B o
3) fb(fJ)L, S 2“-1("' E— l‘)ta,v

4)'77:(1' ; 5)!-, s én-1(f m‘)n,; |

5) n(f;né)L, S @n)*+in(fi0),; I

T 8)n(fi M), § (2(A+ 1))*+‘n(f.6)n,, A>0;
o (f;6), S 5I|f’||b., e . /
’ ' 8) r(fio), S Vs (where V"f is the varutlon of the function f between a‘

: and b) \ , ‘ v
S iuﬁaz-kuﬁ;’s ;trrﬁcms »
We lhall mentxon bneﬂy the result of the one. dlmcnnonal case. Consldet the
o follomng ordmuy differential equation with the initial value
‘ 97'!(’3)» ze[o A],A)O B

V(O) w: Co » «‘. Ul

, ‘Jndnmmwthuthe ha.ndndeoﬂheequmonmuﬁu Ln t:eondmo
'F-“emthmpecttothevmn‘ﬁkv,u ) ‘ pulu "

If(z.v) f(z,;)l 3 Klv-z|, T S o

wthilanaboolnuwmtmtmdm ihy, h = A/n,c-012 ,n.lfﬁé‘
spplyEulutmethcdthwthcfollowingutimstehoids

B —§+hf(=¢.m), ‘o=,
og‘? h y,l 5212“1’(3 k)x.,

-/ ! :
’ .;‘s‘\‘

e ). | o -
v Suppon thatwehavenymmofm«&inaydnﬂ‘erenml equst:ou with mmal :
‘ condihom as fonovu. o .

(ll)’wﬁ(s,yl, a..,u"‘), 1(“)%&, . ‘”‘;’S;‘}“L ) o |
. ('3 =,’(Q)’ ) --!'“)g ‘ (0)#“ ’ .

BT ™ iy v e S f S
g‘:-vWelhqllneodthqfollommerdiled prschlucondmon. o '; Q L

. ll"‘(z.v‘y’ '-ﬁg'j‘,v“)vf"(t,“‘.i’ “.,f")i S
B 3.




By Enle{'x/"s"methdd:‘ , L . ,
' v ii:+l = fi, + hf’(z.,‘ii, xi"i IRURNA T3 § 7.
.yﬁ.l y{ + hf’(z;,y. syi e siiim)’ :
!k-n V. +’lfm(tg,y' ,v. )yg )’ ‘

:s:.]lmatmg the error in the i-th step by means bf the error in the (i ~ 1)—th step, it
ollows: o

N - v.+1| - : | - |
=l -0 —hf‘(z«,v. e ,%"‘)+hf_‘('za,y3, .v"‘) hf‘(z;,w. m"‘)l
5'%4-1“0. +yl-vi=bf (=i, G 5~"‘)’+"f'(ﬁ.%. SU )‘“"f‘(l‘i»v.n )]
S lléi-l lé h(y )I|+ |hf‘(z¢,y4 ’. !.;m)<+ kfl(z‘,ji‘l' aV‘ *)l+ l"} yi l -

and hence - ’ ‘ . o :
|91 = U5+1| BRI . s o

s fw((y')' zs+x/z,h)+K"{|V3‘ Wi+ +Iv"‘ v'"l}+lv; 7 P

and , o o
|W+1 ﬁ-nl A ' )

v l’/"-'n i+1| . ) B :
§ ha{(y™)", z-+1/z,h)+Kh{hc.’ ‘|+ o+ |y - u. }+lu"' -5l

o Let =t -+ +|v"' =™, then = ,

\‘w h WG, zmlm ")"l' +W((V"‘)' =i+x/2o ")] +(1 + mK h)¢.,

. ﬁ‘ S h[“’((lll)' 3&-—1/21”)"' +“’((l’m)’ "'i-llzv,')] +(l+mKh)¢i‘1!?v.'ﬁiii
$e+1 "(1+"'K 'l) Iw((v‘)' z,..m, h)+ +w((v”')' ts-uz,h)]

F W) 210 h)+ 4““((7"')',-"i+1/z.h)] +(1+ mKh)’d:,_,; |
; ;If we repeat this mequahty recumvely on i we get :

| ;m. (1+mKh)‘Eh{w((v‘)' #,+x,z,h)+~ +w((v"‘)’ mm,h)] .
o » j=0 ,

‘ Tes U SR . ‘“‘ : ‘
mAK ' ‘ LR
(1+ E ) )} [ety ,zm,,, h)dz+ + / w((,,m) zj.,.x/z,'l)dz G
R j:ﬂ N RERer ®ji ‘j‘ RE ‘. =



§ 2¢"‘“‘ {r((v‘)' h)+ +r((v")' h)]
!}omthelaitestnmhmltioumuthat ~

&m 5 2MAK Er«v’)’:h)x.,

Sowchmpmedmmm& ,;,,, o s
, heor 1. ﬂefollam" ~' m,,“!g,.“ S L

wianl

ie"‘f fop 50 ¥ u&
a=f=—.

B Bidiagoran x*

St N,, :

w‘ *-‘.‘; ‘5[‘ wr By

‘ “.,zy,, Q’ﬁ

e ?;fvw ﬂ':ww

~ then'from (1) mh(?) we obtuu
ﬁ”lw«n-mﬁ# e f

P = 'y‘ ww"ﬂ “%f&i)ﬁy%?fﬁf( W%!‘ﬁt‘%ﬁ‘ﬂla ;;55 i ?i + ﬂhg(zh ¥y zﬂ))l
. 3

r 4:_ ";?aw‘? . }3 . uN’ ﬂ

. RN R
T im ,J(nm,m -Mflm tMtM(szm + M(znru &))

3 . . - WL
Ry R 1\9"‘ % f‘ 2, ,\;H'(« <3

"’ﬂ‘hﬂ"i){‘" zj(za.w.sfl g 2(&.;«.1«)

“&u

-.‘~—f(z¢4-ﬁs§+h?(¢t.*§4}" E+W;,~ﬂf,z.)) Sy
®
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gy“—f(cf-hisw-l- ﬁf(ﬁn u.zx)m + ha(acm.&)) ciren ”

' --f(t; +h w+ hf(za,w.zs)m + hg(zc.m,z.))l
By applying Lipschits condition we obtain

hkﬂ-féﬂl S —{hk !ﬂ"’f’i Zt” o

+ —{Jm + k!(z:.w.a) “u- bf(z:,ua. zs)l L vt

+lz§+hf(zh”hzi) 3‘ h’(’h’h‘i)l}

+ Imx -yc + v: "~ -!(z:,vsm) B T
RS "I{h ‘k"m ')-MW mzc).zs +hy(ze,w,zs))l-~
e . ‘Z‘, M(p" ﬂ! z‘)’l} L i J{, 3 5‘2.‘:; : ‘5:"{. o 2‘ ) v P (T.‘,

+iyi+l “ﬂi +ﬁ —'i"‘“‘q St "J(’i +h.w‘,h"f(%;dka zl)c zi+h'(‘l v ¥is z‘))‘

“‘+’fi‘ zd}+lva ml

‘J)

’“k(ﬂ R ,h . .
b me it ) -439'(& +‘hmd-hffe«.n.u).zﬁhﬁzuﬁ.z;»k =

sealw- lem— Bl 4w -g-lf'z
@“sns(ch)lm m*calﬂ "H‘"*'  ama

By ‘ ie;ﬁq

mwmmmhm S»y?i&"w v.
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+ flf (ﬂu.ﬂunku) f (3i+1s ¥+ hf(eim, )5+ hy(z, %, ﬂ))l
. where z;il =2 +h,thay = Y(2is1), Y] 13 =V "(®ig1/2)- Now esnmatmg the first
term in the right hand side of inequality {5) we get :

“h - ”e+1/2,

,lk+1 -¥%- b”;.uh'—h

P | ' ;' 1/2 ; ’
= f : [ﬂ'(‘) "W’-o-x/z] “ / [ll (3t+1/z+ih) ll.+1/z] dt
, ‘lu . : ‘ ..1[3 . o ) »
12
,\ =sf [u (2et1/2+ th) - 2w+m+v (zi-n/z—ﬂl)]
. e , _

‘ (5) , ‘S h / w2 (v',zian/a; 5’) dt = sz (U'wzi'-l»llz; 5) .
RN : 27\ 2

| In order to ektimate the fdlldiviﬁg term g/, 2= ;(y{ + y.‘;,)]‘ et p be the
algebuic polynomul of ﬁm degxee ‘which interpolates the ﬁmctmn y' at the pomts
z;andz;“ Wehm oee{4] lemma23,p ;80 , ;

ot

.." : (7) o "" —P"C[Si. s“.;] 5 U:(ll :zﬂ-l/?v h/. 2)1

where P(ﬂ’i) i P(3¢+1) = Pt
From("l) weget T e

™

'”ml: - ‘(!k + vm)
S ‘+lli P«+m - "(lk Pi) - (ll.-r.x P.+112)|+|P.+1/2 (P‘ +Pt+l/2) h
S l”‘tlli *Pm/z‘ + |!k Pil +3 3 |ﬂi+1 Ps+1| S 3‘02 (v ,Cmn,h/?)

' Smee p;...m - %pa - ;pu.; = 0 pbems of ﬁrst degree’ we obtun :

lyﬂ'l” - -»(Vt + Vu—l)’ 5 2“3(” )3i+l[39 "/2) s -'wz(v ,z‘+1’2, h)
Sumhrlx we gat R S _1

e I’i'-i-;llz,_‘.‘ ~§(?.", +_'i{}i-')‘ - § guals "2 h/2) $ 5%(' "sZir113 h/2)-



Now IR .
lf(ze+1.w+1, zm) i, + R [ n) u+ hy(m.m, z‘))l
s K“yu.; !Ii hlkl + |2ig1 — % - hz‘!}

e v s 1)
}'_

< m.{ ] b0 'ldt ] 0~ ]
|m+x-m+1l+lzs+x-z¢+1l S [1+Kh 1+—~ ]Iw ml+-we(u 364-1[2:2)

Ve

K

(8) | s Kh(w(y ’ zﬂ-l[?; h) + U(Z "’l-l-l/za h)}
B From (4), (6), (5) and (8) we ob&un :

Kh? K
+ ‘—"‘w(ﬂ s Zit1/3 h) + 2’!@2(0 , 3:-0‘1/3; k) + [l +K h(l + —)] |li z;j

‘+ ng(z z¢+1/3'3 g) w (z 8i+1[3, h) + 2hwy (, z; +1 /2’ h)
Applying the above ihequahty recunwely on a, we obtun .
. 'yﬂ-l" +1'+|3‘+1 3!-0-1{ . B N . - :,‘;‘ l (
KA ’

‘(9) o . ho [1 + Kh (1 + "2“")]‘-. [-‘Uz (v tb+nlz, 2)+-——w(v ,3b+112‘{h/)_ -

e i Kh ‘+. h :f' =
- +2h(d2(y a'b-{-ll!! ")I*E [l"‘ Kh (1 + "E")l [“(d) (l z..,,,,,, 2{) .

. KA? o
* '—"w(' '-'uuz,h)‘i'?hw:(t .=b+1/z,h)] S

_setl-l-%é'—cg,thenfrom(ﬂ)wem :\ :

" mx{tu wl+{a 5] £ 0 “,sn} reie Ll R
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,. In [l] we: begm thg study of the so ullod mmmal eoncepts o oompuub;hty
~ With' these investigations we aim at obtaining a clmiﬁoutlon of the concepts of
. ®effective” computability on first. order structures. The inain idea, on which this
classification is based, is-to consider-the behavior of 3 Mputablhty not quly on
a single structure but on a_class of structures. Then one can fortmilate sorie -
-fptopertnes and in some cases to'prove that there exists astrongest: computability -
among the computabilities which have: this properties. 'Such computabihm are
 called maximal: The results in [1] are connected with the characterization of some '
mmmal non-determmnstxc computablhtxes Itis proved there that on mh nch
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enough class A of denumera.ble structures Seatch eomputabxhty of Moschovakm [2]
is the strangest among the effective and invariant on A computabilities and the -
Computability by means of recursively enumerable definitional schemes (REDS-
computability) [3], [4] is the strongest among the effective and invariant on A
computabilities which have the substructure property on A. .
The exact definitions of the notions of effectiveness and invariance of a com-
_ putability and of the substmcture property are given in sectlon 1.3 of the present
paper. o
: Here we begm the study of the maximal muentnd computabxhtles The main .
result in the paper is that on each rich enough class A of denumerable structures the
-~ Prime computability of Moschovakis [2] is the strongest computability among the
_ sequential and invariant on A computablhtles which ha.ve the substructure property
. on A,
*""This result follows from an appropnate externa.l characbenntxon of the ane
o ,computabxhty, obtained in. sectnon 2.2,
-~ Asin [1], all results in'the paper are formulated and proved only for (classes
of) denumerable partial structures. The problem of generahmng the present results
for classes of arbltrary structures is still open. .

1. PmmiNAms

. 1.1, Notation and basic deﬁmtxona oo o

1 “Let L= {A,..:,fa; Thy..., Tk} be o first order. language, here. fx,  Ja are
: fpnct:onal :ymbols and Ty,..., Ty are predxcate symbols Let each f‘ bd*a;-ary and
~ lct each T be b «

In whst f; llim we shal! cons:dex only pattxal structurei of the language L with

_ denumerable domains, i.e. structures A = (A4; 015-..,0,; 21, v i), where A —

the domain of A — is a denumerable set of ob;ectc, 6; is an a;-ary partial
- function on A and each L; is a b;-ary pattlal predicate on A. The structure % wxll

be called total if all imha{ fnnetxons 01, 210, and al mmal predlcates 21, '

- are'totally defined on A. ,

. By || we shall denote the domam ‘of the stmcture ﬁ J ‘

~ V" Throughout the paper by a structure we shall mean & denumerable pcmal
’bﬂucture of the language £ and by a totthtmét\m weshall mmatota.l denu- .
_merable structure of the language £.. '
he The :iattlal pi%d:c;te; on the domain A{ of ; stmcture wxll be 1de;tlﬁedfthh

1 ‘t pmt; mappings which obtain values in {0, 1 , taking 0 for true and 1 fot false. -

: m n 3 (Am "h 0’!1 Elr El‘) md g (B Pl, :Pa: 0‘1, ,Uk) be

uc

o 'i’he surjemve mapping u of A onto B in called a stmg homomorplmm fmm )
‘ﬂ to B iff the followiiig: conditions are | e

(.i) "(a"}h :‘u» = W("(‘l); "‘(‘n» fm’ 5“ ’1’ o ’ﬂ. °fA

i) Bi(s15:--,8;) ) & gi(k(81),--.,%(ss;)) forall sy,..., 8, of A. ‘
- Obviously if & is an m;ectwe:tronghomnmorphmfrom&to %tken msnn
: mmorphum from % to B .

.. 'The structure X is called a aabstncim of m and m is called an e:tc:mou of |
ﬂﬂthefdkmmgmélmumutuﬁed
(i) AC B;

§
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(ii) 8;(s1,.. c.,)) fp;(‘al, .18q;) forall'sy, ..., s, of A.

(iii) (81, ..., ;) = gi(s1,-- “y8b; ) forallsy, ..., s, of A

* By A C B we shall denote that 2 sa substructure of B . : '

The structure B is said to be a total exiension of A, in symbols & C, B, if
2% C B and the following two conditions hold:

. (yif1 i g n,then pi is totally defined on B% \A“' ,

“(ii)if 1 € j § m, then g; is totally defined on B% \A"’ '
" - Notice that if isa total structure and A C; B, then B is also total

1:2. The p-recursxve operators and the u»recuulve functions. :
. -Let N be the set of all natural numbers. By §,,n 2 1, we. shall denote theset
of all partial functions of n arguments on N. .
Let Byyeeey B and m be positive natural numbers. A y-recunwc opemtor of

type (ny,.. ,m, => m) is called each total mapping T of §,, x §,,; x -+ x F,, into -

§n such that whenever 0y;...,0; are elements of §,,, Fn,s -5 Fny». mpec'tiyely,
* then I‘(J;, - +102) i8 defined umformly with respect to 4;,...,6; trough an explicit
expression build up from 8,,...,0; and the initial prmntnve recursive functions by.
‘'means of the operatlons substltutlon, primitive recursion and ‘minimization. '
The p-recursive /perators are studied by Skordev in [5], l[ }, by Sasso in [7)
and recently by Cooper [8]. In particular in [6] it is shown that: the p-recursive
* operators coincide with the ’I\mng computable ones, where an opetator I' is 'I\mng
_‘computable if there exists a Turing machine which computes the value of 1"(01,
‘ 0,,)(:1, ‘»Zm) using oracles for 6,...,0; in a sequentml way.: ‘
- The close connections between the p-recursive.operators and | some sequentnal
concepts of computablhty on ﬁxst order structures are established in [4] -
" Here we shall use a. deﬁmtwn of the p-recursive. operaiots wlnch isa reformuJ ,
8 latnon of that one given in [4].. v e -
* Let us fix the positive natunl numbers P YU '
 LetR\,. ,,R"benewmpdxutesyh:bolsandleteach}t‘ben.+l.ary L
i The umber theoretic predicates (n.t, predicates) of type (ny,.. ,n,,) are de-
ﬁned by means of the following inductive clauses: ~ ‘ o,
(i) The empty ekpreq;pn Ais ant. predicate; ;
i) greanon of the form Ri(z,.. ,z,.,,y), ,whetp 1 g i g k andA ‘
z;,: ,z,,‘,y are arbitrary natural numbers is a n.t. predicate; =
* (iii) - i B! and E? are n.t. predicates then o is and (E‘&E’)
‘We shall assume that. (E'&A) = E', and (AL E?*) = E3. ' - .
 Let 6y,... ,0; be elements of 3,‘,3,,’, i Sy respechvely Then the k—tuple -

: 8‘ (01,...,0:) will be. called a funclional system of type (n;, ln,,) i
iy Let E be a nt. predicate of type (#y,...,n),and 0* 0;) bea

. ﬁmct.:onal system of the same type. Then the value EI? of E over |s deﬁne;l byr S
memofthefollowmgmduct)veclm.., = o N

(i) ME=A, then Epo20;

() B =R ,:n.,vLISts& then

-

I {0, = . lfO,(z;, .,z,u) no- R AR
E‘O = 4 l, . ) 1!‘0;(:;, oy ¥ ) is deﬁned md 05(21, '-‘sz!li) # ¥ _- T
undeﬁned ot.herwxse ‘ ' 3
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() HE= (BB e 0

oy Bl
E”— E ) ifE'o—-o
' undeﬁned otherwise.

Notice that it may happen that (Ii'x &E’)r is defined though EJ. is not defined.
*.On the other hand; (E"&uj,‘2 oo 20iff ElL =0and E}, 0. :

! Obkusly the operatlon is auocmt)ve though not commutative. In. what
follows we shall write the n.t. ptedlcates in the form E\&E*: .. &E' 120,
omitting the brackets. C
: Let E! and'E? be n.t. predwateaoftype (m, ,m,) Then E‘ andE’are‘
--mdbobeoontraryxf :

E'= = B4R (s, .xu‘.y)&Q‘ ad B = E°&R‘(zn. .z.mz)&Q o
whercz#ywdE" Q', Q7 are nt. predicates.
‘ and E& are eontrary, then for each functlonal system o of tyye‘
(n1,.. .,m), nw}. o 0, then E}, is defined and EZ. ¢ 1.
VI E s bt predxcateoftype(m, .,m) and y € N, thenEDymllbe
called a number theoretic expression of type (ny,.. “TB).
" Assume that an effective coding of the n.t. expressions ls ﬁxed We shall use
(E* 5 ¢*) to denote the n.t. expremonmthcodev : »

A treelike nsmber theoretic: :cﬁmc of type (n1,...,m) will be called each re. .
‘set {E”.D y*}vev of n.t. expressions of type (ny,. .f.,n.) such tl\mt va; and v, are
distinct elememsgf V, then E** and E® are contrayy.
oG ‘Areelike n.t. scheme S = {E¥ D p’}yev and a 'functional systern
- o{the uma'type as S, define the’ value So- otS over 0‘ by the equwalence
S..e.!y o= Bv(oEV&E'...O&y d
Notlce that if § = {E° :) ¥ }eev 8.8 treehk 5 .t scheme. 6* is a functional

 of the saine type as S sndS" ;“.y,thenlbtallveV E}. is defined. -

" The follovnn; ptopontmn is a reformutation of’ Theoxem 7 11 of [4]
Pmpontxon 1. The total mdppmg T of 8,.‘ X Fpy X x iy into oy isa
. y-recursivé opérator if and only if thert gzl,m e neumve ﬁmct:on ki h,zi, ~1Zm)
o vtl,ut the Jollowing is true for aly,...,2m of ( :
i (1 pr each n, 1(n,zx, ,:,..) mlh a code of Am.t czpmmur S ”i ‘
.:‘E'](ﬂg'h ﬂn) 3 u‘!(ﬂo'" n'-3 oftm ('lh .,ﬂt) i ’

(li) ﬂc ms‘n t‘ﬂ: {m(ﬂﬁh t'n) 3 ”'7(’%’!: 'v'n‘)} N m‘#ﬁdﬁ‘e a‘cﬁeme :

-"’"'y'if“ ;?' - (iﬁ) If 0‘ (01, 0.) i a. fuv:tumtf aysicm of t”e (n;, ,m), tlmnv
r(oh" :‘l)‘zlo Jm) i} ¢=§ S“ St o ¥ B
Fbt our. mirpom the follmug mdent conaequénce of Propontnon 1 u sum-‘

Propoﬁtion 2 “Let l‘ be a p-recursive operalor of type (ny) .. ,m, = m).
Suppnc that z), ..., 2m are fized clements of N. Then there esisth 4 treelike n.t.
_scheme S of type (m, ., n3). such that whenever 0> :-:(01, ..,&.S ise ﬁnéttonal
"“ﬁm °f t’?’ ("lz 9“&); 1“‘“ r(ala al)(zlt )3'») Y= Soe 1 5

Lét B = (N; @1,...,9n; 01,:. ,o}) be astructure over the natural m
We shall use to denote and the ﬁmctmal uyatem (¢p1, s¥Pns O - L og) ype'
(alt 9aﬁs by,.. bk) : o < K

Ta




Aputxalmﬁyfnnetmnxpon Nnmdtobeu-m::mu in mxfthere

a p-recursive operator.T of type (81, ++38n, by, by => a) such that I‘(’B)
" . Clearly the y-recursive in 8 functions are exa.etly those which can be obtained
from the initial primitive recursive functions and: from the basic functions and
predicates of B by means of substitution; primitive recursion and minimization.

We are finishing this section 'with some words concerning the relatxonshxps
between the relative j-recursiveness and the relative partial recursiveness.

Let B be a structure and. let |B] = N.- A partial function ¢ on N is said to
be partml recursive in B if p = A(Q), where A is a partial recursive operator.
For the definitions of the recursive, of the partial reeurslve operatots and of the
enumeration operators the reader may consult [9). - -

. Since each, p-recumve operator is partlal recursive and even recurslve ebch
._p-recursive in 3 function is partial recursive in 8.

If the structure B is total then the p-recursive in B functioris comclde w:th
the partial recursive in B functions. But there are examplés of partial- structures:
in which the p-recursive functions are a proper subclass of the pamal recursive -
functions. Such examples are. give in'[10] and [5).

. Intuitively, the p-recursive in B functions are those which are computable by
‘mem of sequential procedures using the basic functions and predicates of B while
‘the partial recursive in B’ functions are those which are computable by means.
of arbitrary non-deterministic- (para.llel) procedures usmg the basu: functnona and
;predlcat.es of B.

' . Speaking about non-;deterininistie' rocedutes it seems natural to admit not
.'only single-yalued but also pmul multiple-valued (p m v. ) fnnctxona to be. eom-
putable by Theans: of such' progedures 1Ty

A A P m. v. function v on N'is sai d to be putlal recumve in the structure 'B Lﬁ'
\ there exists an, enumeration ope ‘ator I such that I'('B) is the graph of tp

1.3. Computablhty on s class of structures. . '

.. Let A be-a class of structures. A computability on A i is ca.lled every mappms
C of A such that if % € A, thén C(%) is a set of p.m'v, functionson W, .~
' The computability C is'said to be effective on A if for each: element % of .A, if -
: fﬂ] =N, then-all elements; of C(%B) are partial recursive in B p.m.v. functions.

- A computabxhty C is said to be invariant on A iff whenever A and B are.
dements of A, nmastmhghomomorphianfromﬁtoﬁandﬂ €C(%), there ‘exists
# € C('B) of the same arity as § well thﬁ n(p(al, ,s,)) 0(::(:1), . lc(a.,)) .
for all lements.sy, ... 8, of |B).
- A computability C on A has the ubstnctum pmperty x’f whenever ﬁ and B
~ are elements of A, %' C B and 9 € C(%), thereemtsagom C(‘B)ofthesame
:;lglu @ and sueh ﬂmt 0(s1,. - ,5.5% p(m, ,ﬁ) for all elernents PINEN 3
. 'To explain the subctmeture yropc:ty we have to thmk that thete emts a
eamputatnona.l process which computes the value of # over the a.t,guments 8, .
84 Now, the substructure roperty follows from the assumption that in’the’ eotme
of t.he computation no additional information but the arguments is needed.
. Let C' be.a computability on A. Then C i3 sai dﬁto be.: aegueutud om A 1ﬁ'
-.whenever % € A and |B] = N, then all elements of C(*8) are p-recursive in B.
Clearly if Cis a seqmmtxal coinpntabxhty on. q,cl&ie A of stmcturu, then Ci is

alsoeﬂechve on .A




" Let €y and C; be two computabilities on".A. The computab:hty Cy is said to
be weaker than C; on A, in symbols C1'C 4 Cz, iff for all ¥ in A, C, () C C3(9).

As we shall see in the next section, if A is a rich enough class of structures,
then each sequentul and invariant on A computability which has the substructure
propetty on A is weaker than Prime eomputabnhty on A. :

3. PB.IME COMPUTABIIJTY

: 2 1. Deﬁmtlop ‘and some propertles of the. ane computabnhty
Let A = (4; 0y,...,0,; Li,...,Zs) be astructure, :
Let {X, Xa .- } be a denumerable set of variables. We shall use the capital
letters X,Y,Zto denote variables. :
"I 7 is 8 term in the language £, then we ghall write r(X,,X,, .) to
denote that all of the varmbles in 7 are among X;, X3, ...,

I (X1, X3,...,Xa) is a term, oy, ..., 8¢ are arbitrary elements of A then
vuth ma(X1/ey,.. X./sJ we shall Jenote the value, if it exists, of the term 7 in
the structure % over the elements 81,y 8.

' Let T be a new una.ry predncate symbol md Eo be the total predncate As.0
omA.
Termal predxcates in the language L are deﬁned by the mductxve clausea

T € {To,.. T:.}, T is bary and 7', ..., 7 are terms, then any of
T(-r‘ ., ) and "IT(T .,7) is & termal predxcate :

If Ily and I, are termal predlcates then (I &M5) is a termal predncate

Let (X1, X3, .. X.) be a termal predicate whose variables are among X;,
;Xz, , X, dnd Jet. a;, Y be arbitrary elements of A. The value Hg(X,/s,,..

: X./a.) of Il over 8y, ..., 8 in 9 is defined by the mductlve clauses

Ifll'-':T}(f‘ r‘i),G)s; Skthen  : , °
n‘(xll‘h Xa/‘a)”' Ei(fa(xll'h Xc/!a). ,fu (Xl/‘l; Xd:.)),
xfn‘=-n! wlrerell‘natennslpredxcate then - -~

‘ : {0, 1flI L(Xy/8,... x./..)==1
nl(xlhh xa/‘n) { (Xllq, X.[s.) 0
o e e undeﬁned othervme, T
Ifll (nl&m), wbere I and n’aretermal ‘predicates, then : '; B
: Lo oo e e lfﬂg(Xx/lb X./J,) 1,
Hs(Xxln. -.X./c.)a{ni(xl/a,, 1Xaf8a), if ng(xx/s,,\, +Xo/8)20,
_ : undefined, .~ otherwise,

Iflluatermalpredxcatemdrnatemtbeno (n:)‘r)lscalleda
mlcmnl term. = :
Let Q(X1, X.) be 8 eondntxonal term wnth vmables among X,, very Xa

and let 8, ..y % "be elements of A Then the value Qg(X;/a;, X.[a.) of Q
oveta;, ,s.m!lisdeﬁhedby SRR T - .

Q‘(xl,'h QXJI‘q)zt u ¢ e
< Ou(Xy/s,... X./c.)~o& fn(X;/s;, e Xefsa) E1..



' Ammethataneﬂechveeodm;dtheexprmmdthelmueauﬂxed
_ ByQ'-(II' D 17) we shall denote the conditional term with code v.' ..

An g-ary partial function 8 on A is'called prime computable on % iff for lome
recursive sequence {II**) > 7™}, eN of conditional expresslom with variables.

among Zi,...,2Z,, Xl, ey Xo and for some fixed elements t;, eeey tp of A the
follomngequwalence is tme foralls;,..., s, and tin A: = N ,

0(s1,...,8) 2t ] _ ; -
< ImeNL I A, ... z,/t,,x,'/.,, \Xo/24) & o
BT YRR N5 Y RS 75T T R
&Vm(m<n=>n""’(zx/u. 2o ftr, X /34, .. x./-.)~1))

Notlee that each prime eompntable on 2 function is nin;le—valned -
. Theoriginal definition of the prime computable functions in [2] looks out lomo—
what different. There the prime eomputable functions are defined as a subclass of
the p.m.v. functions on the aet A*, where A* is an appropriate extension of A.
ﬂowever for partial functions on both definitionis are equivalent, see {11} or [12].
) Given & stmcture ﬁ denoﬁe by PC(Q ) the clm of all prime computable on
Aﬁ functions. ' ‘ »
Proposition 3. The- utability PC is aqumtul muruat ud qu the
Mammn properly on each class A of struciures.
Let Q = (I D 7) be a ¢onditional term mth vuiablu among Xx. ey !
. X,.  Then Q is said to be definite over the eléments s, ..., s , in symbols.
”Ql(X;/ll, X./l lﬂ He Xl/q, X./l.) &1 or (H(Xl/q, X,/‘,)
" 20 and m(X; ‘ls kc/'a) )
..~ An g-ary ued partial function @ is said to be definable on A iffi’of
bome r.e. set {Q¥ ,Ev ofeondiﬁoﬁal terms with variables among Z,, ..., Z; X1,
, X, and some il ..., ¢, of A the followm; eondxtxou hold for -

all tlemments a1, ..., 2, and raA
(ﬂ”'('x. ,'a)l'deﬁlpdthenforuchvmv

i QK2 ... z./t,,xxln., ,X./;.)

(h) Os1,....80) 24
= Sv(ue V&Q’(lefx. .zf/t. X:/'h X./v.)wt)
e Propoutiou&. En:l leﬁnble’u ﬁ mlc- elfum:hou u prime com-
: putcble om X
~ As wé shall see latet, the deﬁnnbk on !l smgle-valned functnom comcxde thh
the pnme eompunble oties.. :

f’ '2.3. External chu'ucteriuhon of the Prm oomputabdity
It A =(A; 0,...,0,; 21,. »»Z1) be & structure. L :
-An‘ordered pair (a, B) is cdlédu-mmmo{ﬂﬂ!ahapatulmmchw ,
mppingofNontoA, B = N. Prroser Pri Oy ,c.)uattmctutemdthe
followmg ditions are fulfille
‘ G)Tkedomunda(dom(a))mclooedmthmpect totheputldﬁmchmi :

:; (‘2 s, 50 2 o). o) o ll o0, of dora(a).
[ AR TEP RN IS N . ' k




”-‘2(%&

L 3,-1,2,,

For example, let {2, ) 23y,

i) Gj(ﬂw ,zs,) = z;(a(zl), ‘,,(z.,» for all zy..., 53, of ‘déiii(a)'; |

;léas

(iv) Eschyy is totally defined on N* \ (dom({a))*" and each o is totally |

defined on Nb \ (dom(e))®. ’

Let (a, 8) be an enumeration of % . Denote by B* the structure (dom(a); -
P17 1Pns 015...,0}), where each ¢} is the restriction of y; on dom(a) and each
oj is the restriction of oj-on dom(as It follows from the definition at.a is a-
strong homomorphlsm from B" to A and B*'C, B. -

A partial a-ary functxon 6 on Ais called p-admissible in the enumeutxon (a, m) B
iff for some p-recursive in B pamul function ¢ of a arguments on N and for all -
Zy,..0,8g in dom(a), the fol}omng is true: - ‘

(!) I P(zlt ’%) Yy then y € dom(ﬂ), W .

(ll) 0(&(21), 1“(30»u a(W(‘h 136)) B '

Here we shall prove the following theoxem which. gnves an extema.l charuter-

?watlon of the prime computability.

'I‘heorem 1. A partial flnctwil '3 on A is ynme compu!able on 2 gﬂ' d i

:'p-admm:“e in all enumeratigns of A,

Sumhr external characterisations of Scarch computabxhty md of Cqm uta-

bility by means of efectively definable schemes are obtained n [13), [14], [15] -

and {1
‘ Le]t S vy be an effective eochng of the ordered pairs of natural numbers and -
let M.S o"and Az.(z); be recursive functions such that ((zo,21))0 = zo and
1, )3 = &1 Hnzd, then by (%6,...,2n) ‘we shall denote (co,(zx. .y

e shall assume that the coding (., )uchmmhat(z,ypzme(z,y)>y ,

/ Let (a, B) | umeratlon of %€ Suppoqé that’ 93 = (N ¢p1, “\Pnj
_a';, e ,u.) The enutner ion (o, B) i is ‘called epecial if whenever 1gign a.nd '

:fm(ar;, sy %a;) 2y, then y = (8,3, 21,...,2q,) for some patural j

‘A n+k+2-tuple Hy,0,0},... p},,c}, mﬁ) ucalled ﬁm e péﬁ (ofa qpecnal

‘e‘numentxon) iff the following. eon’dntlons are sat

‘uﬁH‘;

o
o) Pl Gelizl, .. sy andof C ’2"1*',-'.-15"--:»'53'

@) H;ldtﬁmtembsetofﬂ ‘ ,
(n) a; is 8 partml mappm; wrth n ﬁmte gommn of N. lnto A dom(a;)_

(ih) Each ¢} isan umy pmxal tuncﬁon on H, Udom(m) and:
~ (a) dom(ay) is closed with respect. to win' ;fﬁ.‘.. e

() if %‘(@1, ,zn)" ¥, then y =.(i7,21, .., z4,) for.some. naturah, o
"(c) if- zy,.. ,.'c., are elementp of dam(a;) and zp‘(zl, z.,) o y, then

\"0i(al(=l)) .1 al(za.)) = Gl(ﬂ), s

 (iv): Eash o} is a-partial PYedmte on (Hy Udom(m))" \(dm(ﬂx))‘f '
: w Al = (Hh “1: ‘Pla ,%, alr e ,0}) lld A’ = (HQ: o3, (P"fw.,ip‘:, ‘
.,0}) be finite patts. Then Mg Az lﬁthe follnwmg condxtions aretrue e
() HiCHyanda;Cag =~ R

| (@) B oo, 2) = y and y € domlay), 1h¢n:¢}(=x;1-»-,=‘;.):;'-:v;'



;. .
' lf A -.,(Hl,aq,%, ,gén,a‘ 5’") isa ﬁnrte pm and (a,ﬁ = (N -
P1) 1 Pni 0L, ,a;)) isa specnal enumeration, then A c (a, B) 1ﬂ' the folbmng '
is true
) H1 n dom(a) 7] and o C a,
(@) ¢}Ceini=1,...,nando} Coj,i=1,.... Kk
(i) I pi(zy, .. ,z.,)" y and yedom(al) then o}(z1,...,24,) = y
The proofs of the following two propositions can be found in [1).

.+« Proposition 5. Let A,, Az and Ag be finite parts and let (o, B) be o spectal o
enwmeration. Then Ay C Az and Az C As implies A, C: As, and Ay C Az and
Aq C (a,B) :mphes 44 € (a, B).

- “Proposition 6. Let . Ao c Al cCA,C:--dea sequence of ﬁmte parts.
Let Ag= (H,,a,,«p{, ,tp,,,v,, a,,) and uppose tluli the following is truc

(1) for each s € A there erists a q, such that s € range(ay); ~

(i) f1gign, 2. -+)&a, are elements of dom(a,) and 9;(0:,(:»1),
ag(za;)) is deﬁned then Jor some p 2 q, PL(21,...,25,) is defined; 3

(iii) if (z1,...,2a,) belongs to (H,Udom(a,))“'\(dom(a,))"' then for some .
p24q #(z1;...,24;) is defined; ,
. (iv)  for each natural number z there exisis a ¢ such that z € Hy or
z € dom(ey).

o Then there ezists a apecml enumemizon (a, !B) auch that. for all uatuml q, ‘
A, C (a, B). ' '

“Let val be an effective one to one mapping of the set of all natural numbers ’

énto the set of all variables. -

 Let No be the set of tlioqp natural numbers which are not of the form -

{i,5,%1,-..,24;), where 1 S i sn

i Suppoee that A; = (Hl,ag,gol,y:,, ,¢,,,crl,a,, ,ck) is a finite part Let b

dom(a) = {wy,..., w0}, ay(w;) & ¢; an 3 Wi, i=1,...,r Letzl, ,zc” o

be distinct elements of No \ (Hj Udom(al)) and let val(z;) = X., i=1,. :
Proposition 7. There ezists an effective way to deﬁuc Jor.each nt ezpr‘cs-

‘ 'mn E Dy of type (ay,...,ap, b;, ,bi) a conditional term Q with vanables .among .

W, Xi,..., X uch that for all elements sy, .. :, and t of A; the follow-_ .
'iﬂg oondmous are satuﬁed
(1) If Qu(Wh/ty,. .. ,W/t,.,Xl/s,, X./a.,) =1 t thcn there ¢:mts a finite .
‘part Az D A suck that if (a,B) is a apcczal cuumemtwn A; C (a ‘B), then '
a(z1) = 81;5...,0(25) = &, a y) >tond Eg=0;
(2) If Qg(W1/t;, W,/i,,Xllsg, X./a..) ¥ t, then at Ieaat one’ of ihe
jo ing is irue: - o
(2.1) There ezists a finite part A, 2 Ay uch that if (a, !B) is @ special
- enwmeration and (a, Q) 2 Ay, then z,...,24 belong to dom(a), Ep- 0 and
'y ¢ dom(a);
o 2. 2) For each spccml enumeralion (a B), if (a, %) 3 Ay, a(zl) x a,,
a(z,) = 8, and Eg =0, then aly) #¢t; - -
(3) If Qa(M/ty, .. W,-/t.-, Xi/81,...,Xu]8a) is. uot definite, then there ezists a”
finite part Az D Ay, such that if (a, %) is a special enumeration and (a, ) o) Aq, .
‘tim: a(z;)s;,i=1,...,a, and Eg s not dcﬁued - o
A ‘detailed proof of thls proposition is given in the Appendlx
Now we are ready for the proof of Theorem 1.
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Proof of‘l’heorem 1. Let 0 be sn a-ary pamal functxon on A. Hois prime
computa.ble on 9, then clearly # is p-admissible.in each enumeration of A. -

/ Suppose now that 4 is not prime computable on A. We can assume that 8 is
single-valued. Obviously if @ is not single-valued, then 6 is not p-admissible in any
enumeration (o, 8) of . By Proposition 4, 8 is not definable on 2.

Let us fix an enumeration of the p-recursive operators of type (al, .y 8ny
b1,...,b = a). By I'; we shall denote the p-recursive operator with number .
We shall construct a special enumeration (a®; 8°) such that @ is not admissible
“in it. The definition of (a“ ‘B°) will bouperformed by steps In each step g we'shall
define a finite part Ay = (Hy, a4, 04, -..,¢8;01,...,0]) so that A, C Agyr. After
“that we shall define (a®,B°) as'a speclal enumeratxon such that A, C (a° ‘B") for
all )
’ qWe shall consider four kmds of steps With the first three kinds we shall ensure
that the conditions.(i) — (iv) of the hypothesis of Proposltlon 6 are true. With the
steps ¢ = (4m+3, n) we shall ensure that if $a, B) D Ay41 is a special enumeration
and { =T (‘B), then for some z,,...,z, o dom(a), at least one of the following
“two conditions is not true: ' .
, §4) (2’-’1: Za) Sy > Y€ dom(a), -
5 _6a(z1), - a(2) = all(es, -, 2a): | ‘
t 80, %1,.7. be an a.r bitrar dy ehumeration ofA o
Let AO (z ao,%, )‘Pyn’l) aak)r where ap, ¢1’ ,¢9u 0‘1,' 7‘72 are.
‘totally undefined.
- Suppose that Ay = (H,.a,,qp;, ,qp,,,al, ,a-,,) is deﬁned We shall con-
-sider the following cases: :
. 1. (g)o = 4m, for some m € 'N. Let z be the.first natural number, wh@:
‘does not belong to dom(ay) U H,y and. Jet s be the first element of the sequence
"'8g; 81,... which does not belong to range(a,; If such s does not exist then let s-
be an ubxtra&y element of A. Deﬁne a,+1(z = g and aﬂ.;(z) o a,(z) for z #z

"Wd let Aq+1 (Hnaﬂ»l’ ‘Pu ) 0'1, :0'5)

S g = {dm+ 1,062, ,z..S) where m € N, 1 Sign 2, ,za.
elements of dom(a, ; (p}(zl, ,z,,) is not defined and 6;(a (:nz ,a z.,)) is
.defined. Let y = (i,5,21, ...,2q;) be an element. of N\ (J a,) ff,) Let
a,.n(y) = fi(ag(21),- ;,a(z,") and ‘agp1(2) 2 ay(z) for z # 2. Let
;‘V‘P# (31: azd;) =y and ‘Ps (‘lt r"li) = %(zl: »zldi) for (‘lvw lz‘l) #
(‘;;s 1’@.) Deﬁne Aq+l : (H(,aq-i-ln‘ol) .‘Pf..p‘ﬁ( .‘Pf...u »;?n’aly
ak §' :

: 3 ¢q.= gtm + 2, (z 21,.. ,z.,)), where me N (z;, ,z. belongs to
(H, Udom(u, )% \ (dom(ay))* - and  @i(z1,...,a,). is not defed. - Let y
(s,;, z;, --yZa,;) be an element of N \ (dom(ay) u H,) and: let Hgiy =H, uU{y}.

Let* P (31) ’zm) '} aRd ¢!+l(zlt vzu) = @i (zln { :zaa) fOI.' (zla )za-)
?) (zla 3«.) Let: Aﬂ-l (Hﬂ-lr ag:ﬂ’n "P._1s¢i+ »‘P.+1;‘ s‘sz"l: vy
o) ,

4, q =" (4m + 3 n) for some m,n eN. Let dom(a,) = {wl, ,w,}, and let .
us fix some distinct’ elements Z1,...,%a of No \(H, Udom(a,)) Let val(w;) W,

' ‘ - l,r ,r and V&l(ti) X;, 1.= 1, . :
. "By Proposition 2, there exists. at:eehke n.t. scheme .S' {E"' Oy },,gv such .
. that for each structure B over the natural numbers ,

® @) ,z.)ey«»a»(»evwa&o&y u)



ByProposxtxon? theteemtsaneﬁ'ectlvewaytodeﬁnefmeachveVa ',

eondnhona.l term Q° (W1, ..., W, Xy, ..., X,) satjsfying the conditions (1), (2) and
(3) with respect to E¥ o) y" T and Aq. Sowe obtain the r. e. set {Q'},,ev
of conditional terms.
. Leto(w) =t,i=1,...,r. Define the a-_-a.ry p.m.v. functlon ¢ .on A by the
equivalence: t € {(s1,.. s..) <= 3v(v e V&QWi/ty,: .., W /t., Xi/s,...,
Xa/“)ut) C o e

We shall consider the following cases: -

1. For some sy,...;8q, & of A, t€ (}s;, .,8g) but 0(01, y8a) ?‘t Theén for
81,4y Xaf84) = . By (1), there exists a
finite part A 2 Ag such tha.t if (o, B) is a speclal enumeratlon and (a, !8) 3 A

some v € V, Qu(Wilty, .., W, /t,, X,

then a(z,) 2 8,...,a(z,) = 84, a(y’) =t and Eg 0.

. Let Agys = A Let (@, B) D Ayy1 and let( Cn ‘B) By (8), a({(=y, .. ,za))'
= afy?) = % On the other hand 0(a(z1), ,a(z,,) =3 (31, . 8a) § L. 'So
this case (5) is not true. -

I, Let for all 8y,...,8, t ofA if ¢(81,...,8,) = t, then 0(s1,. . 18) ¥ o t

Hence  is snngle—valued We have the followmg subcases

a) For some s,,...,8; of A, ((s1,...,8,) is defined btit there exlsts avE v »‘

‘ euch that Q* is not definite over 2,eeastey 81,401 38,.
" Clearly in this case 8(s;,... ,a.) is also deﬁned

. Since Q. satisfies (3) with respect to z,,...,24, EY D 3" and Ad, there. exngts .

» finite. pa.rt A D Agsuch that if {a, B)isa specnal enumeration an
then o(z;) = 8;,i=1,...,n and EY is not defined. Let A1 = A.

Let {a, B) be a specml. enumeratlon and (a, B) D Ag41.. Let Ta(B) = ¢
Usmg (6) and the fact that S-is a treehke scheme, we “obtain that {(z3,...,%a)

(e, gB)DA

_ is not' defined and, hence, a(('(z 1, .., %a)) i8 not. deﬁned On the other hand, -

_ O(afz), .. ,a(z,)) 2 0(sy,.. ,3,) and hence, B(a(z1), ..., a(z4)) i is deﬁned
"~ So we receive that the condition (5) is not true.

" b) W ((s1,--.,84) is defined then for all v e Vv, QY (W,/t1, e ,W,/t,,
X X /c,, X./a.) It follows'from here that ¢ is deﬁnable on & Since @'is not de-

fihable on ?1, C#0. Hence there exist i,...,5, and 't in A such that 8(s,, .. .r8a)

2¢and {(s1,...,8,)t. By the definition of(, forallv e V, Qa(Wh/ts,. . W,-/t,.,

Xv/e1, .. ,X../s,) % t. Therefore for all QY, at least one of the condmons (2.1) :

and (2 2) is true with respect {0 z1,...,24, EY D 3* and A,.

24, then £31,...,% belong to dom(a) 2 0 and y* ¢ dom(a). Let Ay
" Let (a, B) be &specnal cnume{at.;on and (%

$(z1,.. ,.,:,) % ¥ but y* ¢. dom(a) ‘So.the condition
"+ . Let us suppose thst for all Q¥, (2.2) is true. .

) falls

7. Let a,,,,,(zl)..c;,» ..,a,.',;(z.)“c. and a,.,.;(z)_a (z), for z¢{zl, ,z,}
."Le t Agsr = (Hy, aqp1,9], .08, ’u .ai ¢+1 i a finite part and_ ‘

(4'1 ! )
Let (a, B) be a specla.l enumeration and (a, %) 2 Ay Let I‘,,(‘B)
Smce (a, B) D Agya, a(xl) g1, 0(2g) .8 and (a, &

i K Suppose thqt there exists a v €. V such that (2.1) is true for Q. Then t,here ,
. emts a finite part A D'A, such that if’ (a, B)isa epecial enumeration and (o, ! )

2 A,. Then, .by,}
(2.2),ifv eV and E% =0, then a(y") # t. Therefore a(((z;, 2g)) $t. On .

>3Az, Let( r..(m) ﬁy (6),_.1

the other hand, 8(a(z)),:. ,a(z.)) 9(81, ,s.) >t From here it follmvs that .

the condition’ (5) fails.
. Define Ag41 = A, in the other cases.



Let (a“ ':3“) be ‘8 tpecml enumerahon such tha.t (c" ?8") 2 A, for all g

* Let us suppose that 8 is p-admissible in (a?, BY%). Then for some si-recursive in

8 function ¢ (4) and (5) are true for all zy,...,z, € dom(a®). Let I, be the
p-recursive operator of type (a,...,8n, by,..., 0 = a) such that I',(*B) = (.

Since {a®, B%) D A, n)41, at least one of (4) and (5) is not true for some -
21,.-:1%a of dom(a°) A contradiction.
)

- 2.3. The main result
. A class A of structures is closed under homomorphic counter-images iff when-
ever A € A, B is a structure and there exrsts a strong homomorphrsm x from B

to %, thenﬁE.A

A class A of structures is closed. undcr total ezteuswm ifft whenever A € .A 8.
is a structure and 2 C, B, then B € A. \

Two natural examples of closed under homomorpluc counter-images and under
total extensions classes of structures are the class .Ao of all structures a.nd the clgss
A of all total structures. -

Theorem 2, Let A:de a class of atnctam and let A be cloacd unth reapcct 10

: homomorph:c counter-images and total extensions. Let C be a compulability on A

- which is sequential, invariant and let C have the substructure properly on A. Then

_ dqm(a) Let B* (dom(a

C C4PC.

‘"Proof.Let A be an element of A and let 0 € C'(ﬂ) By Theorem 1, to prove
that ¢ ech) it is sufficient to show that 8 is y-admissible in all enumeratxons of
A. Let (e, N; #1,---,¢n; 01,...,0%)) be an enumeration of %. Denote by
! the restrxctxon of #i on dom(a), i=1,...,n and by o7 the testriction of o on -

»Pni 0" ,6;) From the definition of the
notion of an enumeratnon of A it i'ollows that oisa strong homoxmrphm from B*

‘to ¥ and B* Cs 8. Then B* and B are elementa of A. By the invariance of C,

there exists a ¢* i C(8") such that for all z,,. .. 2, of dom(a) a(e*(zy,.. ,z.,))

& 8( a(zl), -;&(z,)). From the substructure property of C it follows that there ex-

an a-ary function' pin C’(‘B) such that for all 23, :. ., z4 of dom(a), @(z1,-..,2a)

>t 31, -+ %a)- Finally, since. o} luequentml, [2 rs p-recursrve in*B. So weobtam .
that p—admuﬂble in (o, B)."

“This result should be compated with Theorem 4in [1] wlnch states that if

A is a closed under homomorpluc counter-images and total extensions class of

structures, then each effective and invariant on A computability C' which has the

substructure property on A is weaker than REDS-computability. -

So we obtain that in some sense Prite computability is the sequential mnt.er— .

‘part of REDS-computability. Namely both computabilities have the safe model-
* theoretic properties but the first is sequentral while the second is non-detemumstrc.

*_From the above results it follows that on each total structure the prime ‘com-

" putable functions coincide with the single-valted REDS-computable functions. An

example of a partial structure on which the prime computable functions are a proper.
aubclass of the smgle-valued REDsocomputable functlons is glven in [16]. - :
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APPENDIX

Here we shall give a detailed proof of Proposition 7. The enumeration of the
propositions in the Appendix will be independent of that one used in the main text.
‘"We shall suppose ﬁxed a structure A = (4; 01, <s0n, Z1,...,Ls) and a finite
p&rt A (Hla ay, (Pll 1¢n1 d}’ sa’i) ‘ . )
Let dom(a;) = { ,w,} and let z,,...,24 be distinct elements of
No \ (H1 U dorh(d)). h
Recall that &% is a structure of the first order language £ = (f;, A
. T,...,Ti), where each f; is a;-ary and each T; is bj-ary. “
N A finite subset L of N will be called a termal tree if the following condmons
are true:
i) I (z,z,y) € L then'1$isn, z = (21, ,z.‘) for some elements
1{. yZs; of Nand y = (t,],z) forsomeJ €EN. ’ _
(i) ¥ (@,2,5) € L and (5, z,1n) € L, then gy = w /
(i) H(,z,y) €L, theny ¢ dom(oq) v -
- (iv) I (G, rZe;)s¥) e L, and g (z;, .)%q;) is defined, then
P S

Vi (Zl IREEE zﬂ.) y-
‘ LetusﬁxatermhltreeL
 Immediate consequences of the condition (l) of the definition and of the choice
of the coding function (.,.).are: P
(Tl) It (:1,z1,y) and (52, z2,9) are elements ofL  then 11 =iy and 7 =1
(Tz) If (11 (21, 1245)’1/) € L then <y, J = 1 '
If (i,2,y) € L, then 2 is called a L-predecessor of y Those natural numbers
which have not L-predecessors will be called L-prime.
. Notice that by (iii) of the dcﬁmtlon and by the chowe of zl, o a.ll
wi,...,Ws, 21,...,%q are L-prime.
For each natural number v let [yl = 0 if v is L-prime, and let |yl L
IZ1|L+ +lzalp +1, i (G5{a, .., 20,),9) €L
Let Ve N. Deﬁne the finite subset [y] of N by means of the followxng mductwe‘ ‘

WX Mr. =0, then [z} = {y}. _ ,
Do B (2, .., 20, 9) € L, then M {JI}U[&]U Ulzal
Deﬁne the binaty rela.t;on <1 on N by the eqmva.lence <Ly &= ;E[yl
" Now we shall list some properties of the relation ”<:, wlnch follow mﬂy .
- from the definition. . - o K
(RO). Iflylz =0 and < 9, then z=y. ‘
_Rl;‘ I (3, (z1,..,24),9) € L, then'z; <Ly,1-..1 e
If (i, (a1, 20 9) € L and u <z ¥ then u =vyor Jlsjisa

(B2)
:’\:", 5‘_ u <L zj) ‘ ) ) X s
(m) y <L ﬂ : . ) N R . - ' Y

- S BT S

(R _ z<Ly&y<Lu=>z<Lu
(RS) 2<ybys<pz=>y= . '
: Let y € N. The subset (L), of Lis deﬁned by the eqmvalence

(i,2, u)E(L),ﬁ(t,z u)eL&,u<Ly Y
We have the followmg propemes of (L),. L
P L)y =2 IVIL =0.

S



: (P2) 16(:, (z1, ,z.i),y)*e L, then (L), = {(i,\(zl,:.'.,z-.,‘:).y)} U(E);; U ...
, W
fu=(z,.. ,z,‘) and 1 $ j S d;, then we shall use (u)s to denote zj.
V(P3) 2 <ty ‘:vz—yor3:313u3v(1§1<n&1<1<a,&z-(u),
&(i, 6, v) € (L)y)- '
. Proof.In the right to left direction (P3) follows from (R1), (R.3) (R4) and
‘from the definition of (L), .
' The proof in the other direction is by mductxon on |ylr.
- If lylz = 0, then (P3) follows from (RO0). .
- Let (4, (zl, ,z,.),y) € L. Suppose tha.t z<y yandz ;E v, then, by (R2),
- 2<L % forsome;, 1g§jsa. Ifz=z,thenlet u=(z,...,2,) and y = v.
Cleo.rly z = (u)y., Othermse, by the mductxon hypothesis, there exist %0, jo, & and
~veuchthat I'Sdo$n, 1550 S a;,, z = (u),, and (io,u,v) € (L);;. But, by
(P2)s (L)l; (o (L)U :
Let T(L) consists of all natural numbers y satxsfylng the condlt.non if z <y y
‘and |z]z =0, then z € {wy,...,w,, Z1,..:,2¢}. - .
: ‘1’1; Iflyl;,z:ﬂ thenyET(L)ﬁye{wl,  iWp,y Z1,...,8a}. "
o H(‘f (zlt ,zd.))y)e L then: y € T(L) lﬁVJ(l s J < al = % e 7-(L))
Let val(w;) = W;, i =1,...,r, and val(z;) = X;, i = 1,
.~ For each y € T(L), the term r(y, L) of the language £ 1; deﬁned by means of
~ the follovnng inductive clauses: ,
Iflylo =0, then #(y, L) = val(y).. ' o
If (.’9 (zlg +v%a;),¥) € L, then 'r(y, L) .ft(r(zl:L) T(’anL))-
& thgtée that all varlables whlch occur -in 7(y, L) are a.mOng' Wy, We,
1y
Propontion 1. Lct Fbea termal tree and L C F Thcn the foIlowmy is true
~ for all natural numbers z endy: n

T (a) Lyldiermaltrcc o o
(b) <Ly = z<‘py

L) Iy E(F)y.
(@) T(L) S T(F). ' ' .
.Proof.(a) is obvious. The proof of (b) is by 1nduct.non on [ylz, I® ML =0
and 7 <z y, then z = y. Hence z <r'y. Suppose that (1, (z1,.. v3%a,)y¥) € L. Then
"z = y.or for some j, 2 <z %;. Clear] Y (4, (zis.+. z.‘),yj F. horn heve usmg thev
N mductmn hypothesis we obtaxn that z. <p v ) '
‘Now (c) follows easily from (b). o
"« Let'y € T(L). We shall prove that y € 7(F) by inductién on hllL Iyl =
.lthls followrfl‘om (T1). Let (5, (21,.--,2a;),¥) € L. Then, by (T 2), zj € ’I'(L),*
- §'='1,..5, 8. By the induction hyp&thesu, € T(F),j=1,...,a: Clearly .
@ (11, +2q,),¥) € F. Then using once more (‘ 72) we obtain that y eT(F). -
B Px:opontion 2. Let L and F be icrmal tnes and (L), (Fy: Then tl;e
 following assertions are true for all natuml z: T
- (8) <Ly &= 2<ry. -
(®) <y = (L) = (Fs. _
(¢) yeT(L) & yeI(F).
(d) If y€T(L), then r(y,L) = f(v. F).
Proof. () follows from (P3). -

N



. Let 2 <1 y. We shall prove (L), = (F), by induction on [z|z. Let |s|z = 0
Then (L). = @. Suppose that (F), # @. Then z is not F-prime and, hence,
- for some i and u, (i,u,z) € F. By (93e (i, u, z) € (F), and, hence, (i, u, z) € L.
The last contradicts the fact that |z|z = 0. Thus (F), = @ Suppose now that -
(#:{=1,-..124;),2) € L. By the induction hypothesxs, (L)s; =(Flsjs 3 =1,...,ai
Clearly, (i,(z1,...,2s,), 2) € (L), and, hence, (4, (zl, ,z..),z) € F. Then (L)
= (F), follows from (P2).
The. proof of (c) is by induction on |y|z. Let |ylz = 0. Then since @
= (L)y = S lylr =0. We have y € T(L) iff y € {Wu y Wy T1,.--,Za}
iy € T(F). Lt (5 (a1, -, %),0) € - By (O), (Blay = (Fhogs 3 = byv-rat.
Clearly (i,(z1,-. -,%a;),Y) € F. Then, by the induction hypothesis and by (T 2),
y€T(L) <= VJ(I sjs @ =z ET(L)) = VJ(l §J La =z GT(F))
&=y €T(F). |
' The proof of (d) proceeds ina slmxlar way. :
(), o Propositmn 3. Let E be ] termul tree, L g F and S = L U(F), T?Sen‘ :
y =

Proof Clearly SC F and henee, (S € ( B mea.ns of mductton on .

|z|p we shall show that if z <g y, then (F), C (S). ey |z|r = 0. Then (F), =@.

- Let (4,(21+-+,%a;),2) € Fand 2 <p y. Then (t,(zl, .1 %a;), 2) €(F)y and, hence,” ‘

- (dy (z;, ,z.,‘),z belongs to S. From here (F)s € (S), follows from the mductlon
~ hypothesis and-(P2). 4
. Let F be a termal tree. Then Lxscalledasubtree of F, xnsymbolsL*F xff
"LCFand
.(ST) InyT(F),(L),#( and( zy)eF ‘then i,2,) L.
" Proposition 4. LctL<iﬂandyéT(L ). Then (L)y = (F) T ‘
_ Proof.Xf y is F-prime then (L), = %F) = . Suppose t ‘mt (t,z,y)eF
* Assume that 35)1 # (F)y. Cleatly, y € T(F). Then, by (ST), (,z,y) ¢ L. On
. the other han {wi;...,wp,21,.. ,z.} andy € T(L) Then for some :; a.nd ,
‘nye (f1,21,9) € L Smce L g F, u =iand z; = 2. Hence (1 2,y) E A
contradiction. : e
Proposition 5. Let L < F and S=LU (F), Then S<F.
i Proof. Let 2°€ T(F)*(F)s # (S); and (i,u,2) € F. It should be clear
- ’:zat (l) u, ;') ¢ (F), Smce (L), € (8)s, (L)i # (F)s.. Then (i u, z) ¢ Ls Thus .
U,z g
¢ Let'RY,. R"""' be new predncate symbols We shall suppose that each Ris
: c;+1«-ary,where ifl1 £ign, then ¢; = a; andifn+1 S 1 n+k, then ¢;=bi_p. -
‘Let-E be an.t. predlcabe oft)(pe (a15-..,8p; by, . i ,bg) Then E can be written in
the fotm P &...8 P™, where m 2 0 and'esch Plis dgtomic i.e. Plisin the form
Ri(z,.. ,z,,,y) forsomes, 1gi < ‘n+k,and some z1,...,%;, yof N.. .
Lo I wha.t follqwa we shall conslder .only n.t. ptedicates and n.t. expressxons of
‘type al, .,8p, by;...,bs) without stating this: exphclt each time. We shall use .
Ty ) to denete special enumerations of . ‘Given an enumeration (a, ‘3), Ve
',shall suppose that the structure B is in the form AN; @1,.. .3 ¥ns o‘g, ,o),) y\
P, 1=1,2,... we shall denote atomic n.t. predicates. - ey
o LetE=Plg.. .& P™ be a n.t. predicate. ThenEmsmdbbbecamchﬁ'the‘ .
: .ﬁollowmg condmons are true forl=1,...,m; - , R o
1 If’Pl = (Z[, )zc 1y))‘1 $i < n, then
LLoy= (6,4, (z,. zc.)),forsomez eEN; -
L2 If‘P}(Z], {zﬁ) 18 deﬁned then ‘Pll(zly 7zci) =y

08



: 1-3 Ify E don‘(al)) "‘m Vs (Zg, 2«) ”
2. " Pi=R(zn,.. ,z.,,.y), n+4 1 <ig n + k then
2.1.y€ {0,1}; -
22.If 0}_,,(:1, ,z,,) is defined, then o doa(zryeo2e) 2y
3. Ifl S h <l g m, Ph = Ri(zy,...,2,,3) and P = R(z1,...,2¢,, 1),
then g =
Cleatly there exists an effective way of recognizing for- each n.t. predncate E
“whether E is correct or not. :
’ Proposxtxon 6. Let E. be anl prcdwatc Let {a, B) D A and Eg 0.
Then E is correct. . ‘
" Proof Let E= P'&...& P™. Let(a,m)aAde,,éo Lt1si<m
' and P = R¥(z1,...,2,y), where 1 S i § n. Suppose that y € dom(a;) Smce
Eg =0, P4 = 0 and, hence, ¢i(21,.. ,z.,‘) & y. Then by the definition of the
rclation "C” between finite parts and enumerations, p}(z1,...,2,) & y. So we
obtain that the condition 1.3. is true. The other conditions-are obvious.
A nt. predicate E = P' &...& P™ is called simple iff whenever 1 S 1< m
‘and P' = R(2,...,2,,y), then n+lgigntk
- For each n.t. predlcate E, |E| is deﬁned by the inductive clauses
i E is simple, then |E| =
‘X E=EWR (n1,.. ,z,,,y)&zE2 where 1 < i £ n,then |E| = |E‘|+|E’|+1;.
" Cleatly if |E| > 0, then there exist unique n.t. predlcates EY, R¥(zy,.. 236 V).
and E? such that E? issimple,1 Si S nand E=E'& R¥(23;...,2,,y) & E*.
. Let us fix a correct n.t. predncated'E P Y. & Pm. Deﬁne the finite
_subset Lg of N°® by the equivalence (i,2,y) € Lg <= 33, .. Iz, A1 sisnk
181sm&z=(n,...,2%) & P'= Ri(2,..., 2, y) & y ¢ dom(ay)).
- It follows easily from the correctness of E that Lg is a termal tree.
A termal tree L is called E-consistent nﬂ' the followmg two conditions are true:
;LULglsatermaltree, ) : j
b) L is a subtreeof LU Lg.. -
-Notice that if L = @, then L is. E-consmtent ~Notice also tha.t. if £ is simple,-
~then each termal tree is E-connstent
Suppose now that |E| > 0 and E = E'& Ri(z,.. ,z,,,y) & E‘2 where
18§ §g nand.E? is simple. Let L be an E-consxstent termal tree. Denote L Ulg
by Fapdlet G=LULg: and $= LU(F),.
"+ Notice.that L < Fand S <X F. NotlcealsothatGUS F.
Proposition 7. If u <ry, and u # y, then (G)y = (F)y. :
. Proof.Clearly (G)y C (F)u for all u. Let u <p ywdu# Y. We shall
show (F)y € (G)u by induction onJulp ‘This is obvious if julp = 0. Suppose that
Tk, (w5 ,u,,‘t,u) € F. Since u # 9, (k, (u1,...,u,)4) € G. Cleatly u; <r y,
i=1,...,k thatforsomej,u,—y Thny<pua.nd hence, y = u.
‘A cpntradtchon ‘From here the mclusnon (F)u € (G)u follows from the mductlon
"hypothesm and (P2). o
. Proposition 8. L is E -msiqteni Sl
“ Proof. It is sufficient to show that L < G. Let u € T(G), (L)., # (G’),, and
(k,z,u) € G. Cleatly (L), C (G)y € (F).. Therefore (L)s # (Flu Then, since
".L-<Fand(kzu)€F(kz,)¢L _
- Proposition 9. S ‘is E' & E?- commteni
‘Proof. SULglggz F. .
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Proposition 10, - 7(S) end & y, !lmn {S). &'

"Proof. Let u € (S) Smce S < F, (8 =(Fa- shall show that if -
u # y, then (G)y = (F)y. K u is F-prime, then obviously 26)., =(F)y = @ Let
(k,z,u) € F. Clearly (k, z,u) € (F)s. Smee,(S).-(F)u, kz,u)€S. o
- Letu#y H4<py, then (F)y = (G)y by Proposition 7. Othetwwe, '
(k,z,u) ¢ (F)y and, hence, (k,z,u) € L. We have that u € 7(S) and, hence,
u € T(F). Since L < 'Fo(L)e = (F)u. But (L) C (G)u C (F)y. Thus(G), _(F).. :

Corollary 10.1. If u€T(S) and u # y, then u € T(G) and (u,5)=1(x,G).

~Corollary 10.2.. If y € T(S) and y ¢ dom(a,), then (S),;, = (G),,,
J =1,...,¢, end 7(y,5) = fi(7(21,G),...,7(z;,G)).

. Now we shall describe an - algorithm R which transforms each correct nt.
. predicate E and each E-consistent termal tree L.into a termal predicate R(E, L).:

Let E = P'&...& P™ be a correct n.t. predicate andletLbeanE-conswtent
tree. We shall eousnder the following cases: _

1. Let E besimple. Let l <ly < ... <lj beall elements of {1,...,m} such ,
: that if Pli = R‘(z;, ey Zep Uy then all Z3y..., 2, BIE elements ofT(L) P

"Let 1$jSh and let P4 = Ri(z,...,2,,y). Clearly v € {0,1} snd
n+1 S isn+k Let n'j Ti—n(7(21,L),... :f(zenL))» ify = 0and

n‘j = "ﬂ-n(f(zl) L); ) T(zan))) ify=1 . e :

Let R(E,L) =01 &... &M%, ifh 2 1 andlet ‘R(E Ly= To(Xy); otherwise.
"2. Let [E|>0and E = E'g R‘(z,, e erZe; U) & E?, where E? is simple and

1 § i S n. Denote by S the termal tree LU(LU LE), Clearly L is E*-consistent
,andSwE"&E’eomxstent o ° 3
- Let R(E,L) = R(EL, D) & 'Ii’,(I'Jl & E3S), ify ¢ ’I'(S) and Jet R(E L)
.= R(E! L)&,To(r(y,S))&ﬂ(E‘&E’ S), 1fyeTS) ‘ ,

ere Tp.is the unary predlcate nymbol mtend to tepresent the total unary
predicate Xy = As.0.

- A simple induction on |£} shova that whenever E is a correct n.t. ptedxcate v
-~ and L is an E-consistent termal tree, then R(E, L) is defined and 'R(E L) is a
“termal predlcate with variables s among WieoooWe, Xiyoooy Xao -
-+ If (@, B) is a special enumeration and L i u a termal tree, then (a, B) aatwﬁee -

‘L, in symbols {a, B) V- L, iff z,,...,2, are elemente of dom(a) and whenever -
i1y 12e,),9) € L, then pi(zy, .. ,ze.) ?y-- E

= Let us suppose that a{w)=t,i=1,...,r ‘ ‘ 3
~- - Proposition 11. Let L be a termal tfee, (a, ‘3) 24 and (a, ’IB) I- L Then S
7' (L) c dom(a) and if w € T(L), then = N
(AL1) - a(u)® ol LWt .., Wo e, Xifaln) .. Xofalza)).

"'Proof. By meaus of induction on Ju|z one can show that if u€ T(L), ther
"4t € dom(a) and (11.1) is true. -

Let us fix a correct n.t. predlcate E, an E-eonmstent termnl tree L and letw e

K be a finite subset. of N.containing all ‘natural numbers which occur in E, all.
elements of {wy, .. L Upy By, 124} and uuch that J(‘i, (zl, ,zc,),y) € L, tgnen‘ .
Yy ,z €K. S
co Pmci)osihon 12. Slppose tlut E is mupie La II R(E L). . leeu the .

- Jollowing is true: R
. a) If {a, B) D A, (a, ‘B)/l- L and Eg o 0. then qu(W;/t;, ,../t,, R
| Kifale) - Xafated) 2 s



: b) Lct H;nT(L) = Q Let u, ey ¥ e A aad for uclc "y e ‘I'(L} '
r(u,L)g(W;/t;, W,/t,,X;/a s Xaf8g) be defined. Then there ezists
nite part Ay = (Hz, as, 93,.. cp,,, - v‘; such that A, D A and the following
conditions hold: .
(i) ~ dom(as) =T(L) and Ha = HyU (K \ T(L)), ' ‘
(i)  If (a, %) 2 A3, then {(a, B) F L, a(za) >4 i=1,...,a and
E': = Ma(Wi/ta,.. /tn X1/o1,...,Xa/8a) - o
- Proof. Let E P &.. &P and let I} < --- < I} be the elements of
{1,...,m} such that i P = R‘(:;, ,z,‘,y),then all 2,...,2, belong to T(L).
‘f1gjsh,and Pli= R‘(z;, +s %, ), then let I = Ty_n(r(2y, L), ..., 7(2c;, L)),
ify =0 and let I = =Ti_a(rzi,L),...,7(2: L)), otherwise. Clearly II
,"'%(Xl). ifh'=0and I = M g...Lmh ifh>0. -
Now a) follows easily from the deﬁmtxon of I and from Proposition 11 .
o pose that Hy N T(L) = D@, s1,...,8, are elements of A and for each
w €T (L), r(u, L)a(Wh /4y, ... W,./t.-, 1/:;, .y Xef8s) is defined. -
. Let Hz—-H1U(K\ ; )) Clearly H; 2 H1 and T(L)nHz =2. Deﬁne the -
moppmg ay of T (L) into A by the equalities :
a’(u) o f(u L)ﬂ(WI/tl’ Wr/tr) X1/81, Xc/’a), ue T(L)

| In ‘particular az(z;) o g,i=1,...,a, and as(wy) € 4, i = 1,...,r. He'nce', '
‘ ou [T
Let15i§n Define the partial function »} on HaUdom(as) by the condition

_V?(zll e v‘ea) =y iff (’: (‘h vze‘)p ) G Lot ‘Pil(’l’ »‘c;) - s‘w L 13 a
termd tree, the definition of ] is correct. Cleatly of D ). ;

Let1 5§k The partial predxcate o’ on (H,Udom(az))'l \(dam(az))'f is
“defined by the equxvalence L

: ’?(zlo o3 nj) - y
‘ = (31(1 sl s m&P' R"""(z;, zz.,,y)) o:c,(z,,. ,z.,)sy)
& (e my) € (H Y dm(ﬂz))“ \ (dOm(az))"

Smee«E m g cortect n.t. pudxcate the deﬁnitlon ofa} is alsoeorpect -,

i Let Aj = (Hy a3, ¢}, q}, cz). It follm elaly from the deﬁmtlon,
, QfA) that Ay aﬁmte art
Let (u, B}QA, haveto-howthat (q, !B)I-Land

The fut (a!, Q) F L follom lmmedxately from the deﬁnit:on of the pwtml
3_gnl!u:m:m:qp? i=1,...,n, and from (o, By J Ay, .

" Lot us turn to the proof of (12.1). From the definition of the predicates
cf ,‘a.ndfrom(a,%)DAzltfolbmthattﬂwmelemtof{l S,m} .

; w,,: . iy}, then Py 2.6, So ta prove (12.1) it is’ ‘sufficient .to show that if
184§ M then P = 1} (W;/t;, Wty Xyforso-. Xafss)- Lt 1 S5 Sh
: and P‘i R‘(sl,. ,z.,,,y) Then 21, .,z,, are elementsofT(L) dom(a,) and‘
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0( o f( vL)‘(Wlﬂ 1oie We e, x /‘ 3o Xl ’ " ’ P = 1‘,‘.‘.‘.,Ci'.'.'.'we .havéi,’
th:'ollowng?equwal ;:s E rﬁr e / 2 SRR E R
Pg =0 < oia(ny,.. ,ze.)—y |
= E...,.(a(zl), aa(‘c.))‘/ Y : c
‘: El-rn(r(zl)L)ﬂ(Wl/tly W"/t") Xl/‘ly o ’XG/BG),.,“" 2
IR ' r(zci)L)’(W_l/tl) ’ :W /tﬂ Xl/‘l: ¢/3¢)) y
| <= O{(Waftr,..., Wefte, Xo /81, X./s.) =
The equivalence :

, P'j —‘l = u;(wll/-th 'Wr/tr,”'xl_/;l: Xo/‘a) = 1 ;
can be proved in a similar way, - . R
'Tfa Proposition 13, Lct = rIz(E’ L), (uf, B) 2 3 A, (a, ) F L and E‘g o 0 .
“Then . v
(18.1) ¢ qu(W1/t1, Wr/tn Xx/t'(zl), Xa/a(za))"‘o . . |
.. Proof. Induction on IE'I Jf |E| = 0, then (13 1) follows from the prev1ous e
proposition. Suppoee that |E| >0and E = E'& Ri(z1,...,2¢,,9) & E? erg
15 i< nand E? is-simple. ‘Let S = L'U(LU Lg),, m= R(EM L) and I
‘= ’R(El & E2,S). Since Eg 20, (o, B)'+ LU Lg and, hence, (a, B) - S. Then,
"by the induction hypothesm, II,,(WI /tl, o Welte, X) /a(zl), X,/a(z,)) o 0
and D (W) /ty, .., We /te, Xa/a(z1),. .. X./a(z,)) >0 f :

- Iy ¢ 7(S), then I = I &;Il2 Therefore (13.1) is true. Suppooe that yeﬂ' (S) -
Then H=11 & To(r(y,S)) & 112, Now we have to show that 7(y,S)a(Wi/, ...y
W/t Xy /a(zl) oy /a(z,)) is deﬁned This follows from (a, )!- 3 and from B
Proposition 11, :
. Proposition 14. Let II 'R(E L) and 8,. ,0. be elcments of A Sup- o
pose that lIg(W;/t;, W lte, Xi/s1, e ,X../a.) & 0 end for each u e 'I’(L) ‘
r(u,L)u(Wllt;, ,./t,-, Xi/sy,.. X./a.) is dcﬁned Thcn L

(4) Vu(ue.'I'(LUL;) | : | |
L = r(w, LULg)a(Wr/ty,... ,Wr/‘r» Xl/‘h Xﬂ/"‘) "deﬁned)

B roof Induction on |E|. I |B] = 0, then LULg = L. The proposmqn is.
trivial. Let |[E| > 0-and E = E'& R¥(1y,. . ,z,,,y)&E where 1 § § nand E¥is
simple. Let § = LU(LULg),. Clearly SULE-: vE = LULg Let = 1&(}5'1 £)
and II? = R(E* & E?,S). We have that II§ (W) /ty;. .. ,W,/t,., Xi/s1,.. X¢/s¢) ;
“Omdn (Wl/tls ‘er/th Xl/’lr ‘sxl/"‘)uo' ] :
+ " Using ‘he induction. hypothesis we obtain that if u e T (L u Lm), then
7(“;1' U LB')!(Wl/tlp TWelte, Xofay, ... Xn/‘a) is defined. .
- Suppose that y ¢ 'I'(S). Then by Pmposntlon 10, for u € T(S), (BULg:).
= (S)u- Hence, by Proposition 2, if € 7(S), then 7(y,S) = 7(u, LULg:). There-.
fore, if u € T(S), then r(u,S)a(Wi/t1,... W,/t.- X1/81, ..., Xaf8a) I8 defmed
Now applying the induetion hypothesis (or E )E,'é and S, we obtain. (14. 1),
~ Let us suppose that y € 7(S). Then Il = N'& To(r(;9)) & 1% and hence :
(v, .S’)g(Wl/tl, yWefte, X1/81,...,Xa/ss) is defined. Using the same argu-
ments ‘as in the previoua casé, we obtam that nf v € T (S) and u ;& ¥, then
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r(u,S)g(W;/t;, s ../t, X a;, X,/a.):sdeﬁned h‘omhere applymg the
mductlon hypothesis fo: Ei g E and S we obtain (14.1).
" Proposition- 15. Let Hl,nT(LULg) Q. Let 3y,...,8, €A and for each
u € T(L), 7(8,L)a(Wyftr, .., W,[tr, Xifs1,...; Xofta) be defined. - Let T
= R(E,L) and Ma(Wh/t,,.. ,/t,, X1/, X.,/s.) 2 0. Then there-ea-
ists a finite part Ay = (H,, ag, gpf, P2 03, ,03) such that A; D A and the
following conditions hold: ) ' :
(i) dom(as) =T(LULE) and Hy = HiU(K \T(LULE)),
(u) - If (a, %) 2 Ay, then (a, %) l- LULB, afz;)) Xs,i=1,...,a, and -

P ro of. Induction on |E| K|E| =0, then~ the proposmon follows from Propo--
' sxtxon 12.
" Let |[E| > 0 and E = E' & Ri(z1,...,2¢,y) & E?, where 1 <:< n and E3
usnmple Let S= LU(LULE),, I' = 'IZ,(E'1 L) and %= 'R,(E‘&.E’ .S') Clearly, -
l/tl’ Wr/tr’ Xl/‘h Xa/‘o) Hl W/tl’ Wr/trl Xl/si
aa) 0. Usmg the- pre\nous proposxtlon, we o ttm that lf ueT (L U gl),
the:(
- Ty, LULB;),;(W&/A, o Weftr, X:/Sh ., Xofsa)
is deﬁned From here, as in the proof of the prevnous proposmon, it follows that for
ueE T(S), r(u, S)a(Wi/ty, .. W,/t,- X1/81,...,Xa/84) is defined. Now applying
_the induction hypothesis for E & E? and S, we obtain that there exists a finite
‘part Ay = (Hy, a3, ¢i,...,93, 0f,...,63) such that A2 A and the following
conditions hold: ' ‘
a))dl?tzl(az) )T(LULE) axzd Hé)- Hl U(K\T((LL)}LB)), : 4
BRERE a, B) D A, then a, F LULg, ofz; ...s,,a_.l ',a,and
: -(E‘&E’)n '
It remauis to ahow that if. (a, B) 2 As, then Ew 0. Let a, %) 3 Aj.
If (4 ézh -+2),9) € Lg, then Eg & 0 follows from (E' & E*)g 2 0 and
LU Lg. Otherwise, y € dom(a;). Then, by the correctness of E,
qp‘ 21y ey 30,) y; ‘Hence, cp.(zl, ,z,‘.) & y. From here and from (EI&E’)Q o 0
it follows that Eg =0, .
fl Propontxon 16." Lei H ﬂ’I'(LULg 3. Let 31, ,a. € A and for qach'
v € T(L), 7(y; L)u(W1/t1. Welty, Xo/81,..., Xofss) be defined.  Let T
= R(E‘ L) and Da(Wi/ty, ..., /t Xllol,‘. X./b ) be not defined. Then there
exists a ﬁmu part A3 D A such that :f (a, m) S Ag, thcu (a, %) FE, a(z;) 8,
Y§='1,...,a, and Ew is s not defined.
b ””Proof Induction on [E|. K IEl =0, then the propoatlon follm from
' ,#roposltlon 12. Let E = E‘&R(zn,.. b2, L Y&E? | where 1 € i < n.and E? is .
simple. Let S = LU(LU Lg), and ' = 1a(1ak L) and nf = 'R,(E &.E’ 'S). We -
. sball consider the following cases: (.
_ ng(Wlltl, yWelte, X1 /81, X../s.) is not deﬁned By the' induction -
. vhypothems, there ensts a finite part A - A such that if (@, B) 2 Az, then:
'-*(‘a, By L, ofz{) 28, i= 1,‘ Y andE' nnotdeﬁned Cleuly d‘(a, B) 2 A,,V
athen . is ‘also undefined.
i 4 ll”,, W;/ﬁ, VV'-/lr,Xllcl, X./a.)udeﬁned Hence, I} (Wl/tl,
W,/t,, /81, . X./:.,) = 0. From Paopoeltlon 14 aud from Ptopoamon 10 it
fo!lown that ifu E T(S)yandu#y, then -

8w, S)aWafts, .., Welts, Xo/m,... x./s.) is defined.
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2.1 Let g ¢ 7(S). Then I = I'&N® and , hence, BA(Wi/ts, ..., W, t,,
X 1 /: % X. /a.g is not defined. By (16.1) and by the induction hypo resis applzed
thereexnstsaﬁmtepartAzQAsuch that if (a, )DA;, ,
‘tl:en (a, m) F S, a.nd hence (a, !@& kL a(z) = si,i=1,...,0,and (E LE?)y
is not.defined. Let {a, ) D A, . Using the same arguments as in the proof of the "
previous proposition, we ‘obtain that wi(zy, .. ,z.,) y. Then, since (E'&E?)g i is
not defined, Egp is also not defined. -
2.2 Let y € T(S). Then I = I & To(r(y,S)) & 2. ‘Suppose ‘that. ™
Ty, S)a(Wi/tr, ..., We /tr, X1/81,...,Xa/8,) is defined. Then using }16 1), we
obtain that if u € T(S), then r(u, S)g(Wl/t,, W,./t,.,XI/s;, .X. 8,) 18 de- ,
fined. Now the proof proceeds as in the prevnous case.

" Suppose now that r(y, S)a(Wi/ty, ..., W;ft., X1/81,.- X,/s.) is not deﬁned _
Then y ¢ dom(ay) and, hence, by Corollary 10.1 and Corollary 10.2, z3,...,2,, are
clements of 7(L U Lgi) and 7(y,S) = fi(r(z1,L U Lgs),...,#(ze,, LU Lg1)). By -
" Proposition 15, there exists a. finite part Az 24 such that if {a, B) D Ay, then

(o, B)F LULps, E}y =0 and a(2;) = 85,6=1,...,a. F\'om reby Ptoposltxon

11, we obtain that 7(L U Lg1) C dom(a) and - o } '
(16.2) foruE’I'(LUL 1), - .o Lo

(u)» - r(u Lv LE')“(Wl/tl) Wf/tfl Xl/‘lr Xa/’a) .

-~ Let {a, B) 2 As.- Clea.rly {a, B) + L. From 516 2) it follows Z1,.en

2z, € dom(a) and for j.= 1,...,¢;, a(z;) = 7(z,L U En)g(W,/tl, W,./t,.,

X1/s1,.. X./c,) We shall prove that pi(z1,.1- ,z,,) is not defined. In eed ;

cp‘(zl, ,z,,‘)lsdeflned PN Oa(a(zl), . ,a(ze.))lsdeﬁned e
¢‘=>v 9.‘(7(:1,'14 ULEI)‘Q(Wlftl, YW [te, Xl/‘;. X./Oa), p
 r(ap L UL (Wefts,.. Wty Xaas,... Xafes)) i defined
&y, S)a(Wy /by, .. ,W,/t,-,\X;/sl, 1 Xa/8s) is deﬁned

From here, since E}, =0, it follows that E's is not deﬂned a
_ Proposition 17. There c:uta an effective way to define far cach n.t. exprés-
‘niou E D y of iype (a1, ..., G, by,...,0s) 6 conditional term Q with variables
' .;l}mng Wi, We, X1y..0, X such tlut for all elementa cl, 180 and t of A, the .
A ommg coudmom are caiuﬂal o i »
, ‘f‘(l) If Qu(foh, Wr/tn X1/8iy...- X./s.) E t theu ihen exists a ﬁnm .
B)iss spccml emmemtmn and A; € {a, Q), tlmn’
a(z;)_:;, i ,a(z.)“:., a(y,)"‘t snd Ep20; . R
v,(2l K QQ(W‘/‘h,,L‘. Wr/t,-, X;fa;, X./s.,) ¥ t, thea at kact one of ﬂu'
lawmg is true: : \
(2.1) There ezists o ﬁmtc pcri Az 3 A, uch tbat if (a, m) u e spmalj '
‘ eumerhtmn and (a, B) 2 A,, ﬂma 21,...,2% beloug io dom(a), E'g >0 end -
y ¢ dom(a), . " '
2. 2) For each aymal enumeration (a, %), af (a ’B) D A a(zl) o su,
a(z,) 28, and Eg 20, then a(y) 2 ¢; ‘,
3 I QQ(Wl/h, Wefte, Xy/81,...,Xa/84) is not deﬁmte, then there cmts L
a finite part A, 2 A, uch that if (o, !8) isa special enumeration md (a 8) Q Az,
then a(z.) X, i= 1 ,a, and Eg is not defined. - . .




Proof Let E be a n.t. predicate and 'y € N. Suppose that E is net correct.
= (<To(X1) D Xa). ’I‘hen (1) and’ 3) are obvious. Let (o, B) D A. Then,
byProposnttono En % 0. So we receive that (2.2) is true.

Suppose now that E is correct. Let L be the empty termal tree. Let K be the

finite set of natural numbers consisting'of the elements of {wy, ..., w,, 21;..", 24,9}

and of those natural numbers which occur in E. Let = R(E,L). Let Q

= (D r(y, Le ‘L)‘ if y € T(Lg) and Hi NT(Lg) = D. Let Q = (~Tp(X1) D xi),
- otherwise. We shall show that Q satisfies the conditions (l), (2) and (3).

' Suppose that s;,...,8, and ¢ are elements of A. -

- Let Qa(Wafty;..., W, [t,, X1/81,...,Xaf8s) & t. Then- Q is not in the

orm (-To(X) D X; and hénce, y € T(Lg) and Hy NT(Lg) = @. - Clearly.

1ty We fty, Xi/s,.. - Xa/8a) = 0 and r(y, Le)a(Wi/ty, .. Wr/tr.

.x1 84,40 X./’a) >
" (L {wl, ,w;, 21,4 ,z.} Hence, for u € 'I'(L),
: f(u, L)‘(W]i‘], Wr/t', X’ ‘l, X¢/.¢) 18 deﬁned

- By Pro) lon 15 there exists- aﬁmte part Az D A such that if (o, m) 2 Az,
then (a, B) - a(z;) Hg,i=1,, ,a, and Eg © 0. Using Proposition: 11 we
obtmn ofy) = So we receive that 1) is true. ‘
. _Let us suppose that Qu(Wxﬁh Wr/‘nxx/% v Xaf8a) 2 L.

* We shall consider the following ¢ cases: - '
S A - anLE) # . We shall show the validity of (2.2). Let (a, ‘B) 2 N
Assume that a ) g,i=1,...,a, and'Eg 2 0. Then(a, B) - Lg. From Tere,
by Proposition 11, it follows that T (Lg) C dom(a). Hence HiNdom(e) # @, The
last contradicts A C (&, B). So we receive that (2.2) is true. -
R Lt HyNT(Lg) = @ and g ¢ T(LB) Then y € K \m (Lg) Sup-
M thlt n‘(wxltl, ,Wr/tr, X1/81, X¢ 8.) ¥ 0 Let (a, ) 3 A, a(z.)
Bg i=1,...,n, an d Eg 2 0. Since L = @, {(a, B) F L. By Proposition 13,
Hﬂ(W;/t;, Wi ft,, X; /01, X,/a.) 0. A contradlctlon So we obtain again
that (2.2) is true.
- ;. Suppose now: that II:(W1/t;, W [te, X;/a N ¢ /a )& 0. By Proposl-
-tion 15, there exists a finite p. A-,- = (Ha, az, ¢i/-. ,p,‘,vg, o03) gich that
A3 A Hy= H UK\ T(Ly) and if (o, B) > Ag, then E'p &0 amfa(z.) &5,
i=1,.,.,a. S0 we have that if (a, B) 2 kz, then ofz;) = a., i=1l...,0,Ep 0‘
.und g & dom(a) So-the validity of (2.1) is. provod :
' Let H, nT(Lg) 2 and e T(Lg)- o, B) D A. Assume that. a(z;)
g i 1 -8, Eg = 0and a(gy = {. By Proposmon 13, IIg(Wlltl, A
Xifs,... X, /85) 2 0. Using Proposltnon 11 and Ey 2 0, we obtain tha& a(y)‘
=r(y, LB)Q( 1/‘1: Wr/tn Xi/8,.. Xa/’-) =t Thereforeru(letl,
W,/t,, X;/c;, ,X./a.)r =i A contradnctmn So we have proved (2.2).
;"' Suppose now that Qﬂ(Wg/ﬁ, W Wefte, X1/81,...,Xal8s) i8 not definite.
Then Q is not in the form (=To(X,) D X1). Hence y € T(Ls) and H, ﬂT(LE) =0
-'and =D 7(y, Lg))- -Assume that Oa(Wh /14, .- W../t.-, Xi/s1,-.", Xa/8a)
‘&0 and *(y, Le)a(Wi/hy,. .,W,./t,, Xi1/81,..:, ./s.) is not deﬁned "The last
contradicts Proposition 14. Hence Hg(W, /ty, .. oy Welts, X3 /31, +Xa/8,) is not
defined. hom here (3) follows from Proposxtxon 16
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AN INTELLIGENT OBJECT—ORIENTED DATA MODEL
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Pucl Aubv, an Zlaterove. AU lNTELLIGENT OBJECT-ORIENTED DATA MODEL .
Co kanwmmwmﬁwqup Theohjechmdw

system classes. Their type may be chosén among the foBowing ones: prhniuh formatted
udnnfawud. ‘The data model .under/consideration is characterized ‘being
‘and active. The first type of knowledge refers to generating sote objectc while the second one

~ (the triggers) aims at activating automatically actions when some conditions predetermined in
dnneemutmed. The Ral.Ship aperation is applied to establish some Knhmmgohioch B
Hfrom different classés. Mmmwhmmmwcdythehnhthmom

I -\.' T nv'rnonuc'nox R
2 B W Motwatxon Nowadays there exxsts 'Y number of dlﬂ'erent da.ta models :

(DM) Each DM has distinct evolutionary apphcatxons However, only few of them, -
for example, the relatnond DM, are used qunte often in pmctwe and research. The
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joint processing of text, numbers, graphical i images and combinations of them, i.e. -

the so called unformatted data result in new problems which usually lead to the
‘necessity of extending and sophlstlcatmg the existing DM, on one hand, and to

elaborating some new ones letting us to process complex informational objecl_;s on

the other hand. Such DM have to meet the following basic requirements:

- A. The data. stmctures maintained by the DM have to correspond to
-concrete user’s needs. The user should be able to define new data
types which should share ‘the same syntax and semantics together

- with the existing ones.  He should be able to definé a rich set of
"~ _operations, ‘permitting the specification of the objects behaviour
with respect to the modeled subject area as well [6]. '

. B. To maintain the processing of both traditional formatted data (mte-

.- gers, fixed-length strings, etc) and unformatted data sucb as text
or graphics [5,8]. '

These features cannot be dxscovered in the tradmonal DM and in pa.rtlcular in
the telational DM [3]. The object—oriented DM presented in this paper attempts
to meet the above mentioned requirements.

1.2. Object-oriented concepts. Recently the ob;ect—ouented programming
has become very popular and it has been used to design and elaborate complex
application systems in the field of office automation, artificial mt.elhgence, etc. The -
most important advantage of the object-oriented approach in this case is its letting

to model the entities, typncal of the application domain under con.snderatlon by
the object as a main‘concept [9 :
The term object-oriented can be mterpreted in a different way. For example,

: the Iris objects represent entities and concepts from the application domain being

~modeled {3,4]: ’I‘hey are umque entmes in the database w1t.h their m ndentnty and

emstence
* An OZ+ object isa dlscréte entxty gncapsulatmg both data. and an allowable

‘ qet of opérations on these data [10].

In the GemStorie DM the object is considered as a chunk of private memory

."Umth a, public interface. = GemStone merges object-oriented language. concepts

- with: those of database  systems, and provides an object-oriented database language -

_called OPAL which is’ used for data definition, data mampulatlon and general

~

computation [6,7].
In general objects represent entities belongmg to the modeled subject area [1).

Evety obJeCt is considered as an’ ‘instance of an object class, and every object class :

‘is 8 specxﬁcatmn of an abstract data.type. Objects having the same properties -
.ate groupdd-in one and the -same object class.. An object class consists of some
private memory for & collection of instance variables. The values of these variables
.'_detetnnﬁe the state of a particular objec& The valtie of each instance variable is .
an ‘object.too, i.e. ‘this value will have its own private memory for the states it
might have thh the exception of the simplest objects (i.e. the so called primitive

.-ones, such as a string or an integer). The objects have a well determined behaviour. -

~which is expressed through the set of operations applied to.them.

- ‘The operatlons or the so called methods are elements of the class deﬁrmon .

" Each operation is composed of two parts: - the interface and the implementation.

“The first one descnbes their external cha;racﬂenstlcs, such as: name, arguments

: together +with their types-and result type. The operation 1mplementatxon indicates -
- how'to:perform it. Methods as well as instnce variables are invisible out of the ob-
+ject. For that reason the objects are treated as incapsulated ones. The operations
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are performed thmngh t,he so_called cammﬁmcmm, penmtkmg the: aommnmca«
tion among objects. Every object zan be either an operation argument ora result of
such opetations. The instances differ from each other by thefr content and unique
~ identification. The object name identifies the object uniquely at each moment of
its existence. Hence, each class is named: collection of objects. For example, ob- |
Jject classes are: Peéple, Books, Cars, étc. Some of their properties rmght be as
follows: Name, Birth.date, Bditor, Car.make, Weight, etc. -

Among the classes defined in an obJect-onented system is.a. relatxonshlps can
be established. This is achieved by using a concept subclass. For example, if the
Pcmon class is defined, then it is naturally the- Employce class to be its aubclass

Pcr on
i8-a

i Bnplpyee :
Tha,t means, every object of the Employee class is an. obJect of the Pers on claas, '

and an object of the Employee class can be used wherever an ob_)ect of the Person:
«lass can be used too. Thus a class hierarchy might be create{l It is-a hierarchy of
. the classes, where a child node is a specialization of the parent, node and the parent :
node is a generalization of the child node [16]. Each subclass might inherit various
characteristics of the superclass. Thus some of the mherited charactenstxcs may be
overridden. . .

.

2. ovznvmw or 'rnz MODEL s

The basic concept of our model named 1ntelllgent ob,)ect onented DM is the‘
objcct The object is treated as.an instance of an Objtd class, which is t:he structuta.l g
: ‘specification of a class of objects. :
2.1. Objects. Every ohject is an xnstance of a class of objects. When 2 user' ,
" wants to specify and use the system, he pays attention to the nature of the objects:
- under consideration. For that purpose he defines his own classes and methods and -
then creates instances of these classes. For each of the classes the common structure

of all the instances of the class are defined. We will consider/t.he followmg example

G].an Per.son,
Attributu
tm,strm[u] .
- Address:stringl60];
. Phauc ltring[izl.
Methods:
First.uqne :Name —— utnng[ﬂ].
- Last_neme:Name — string[12];’
o City: Aldress — string[iﬁ], o
_Knowledge: . .
R2. Ident: Umqne(lame Address). ,
Ri.Tel.Val:Multivalue(Phone); -
‘ R1i.Tel.Esist: Optional(Phou), :
‘Initialization: -
.-~ . Phone: ="(0013)895370"
End.
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“'The Parson class. is characterizad by three parts: Attr:i.butn." Methods and
Knovlodgo. Properties, characterizing the objects of the given class are defined
in the first part. Such attributes are: Name, Address and Phone. Each of them .
is specified by its type. It can be either of a primitive type (string, integer, real,
boolean) or of a type which has already been defined for another existing object.
The objects behaviour typical of all the classes is described in the other parts. The -
first one includes the operations charactengmg the respective objects. For example,
.in this case they are as follows: First_.name, Last.name and City. Thus by using
‘the Cityoperation we may obtain the name of the city from the 4ddress address.
The Knovledge part comprises the knowledge needed to describe the objects of that
-class. They are invariant in respect to the particular instances. The presentation,
the utilization and the knowledge types used for the processing of the objeqts in
the classes. under consideration are described in Part 3.

* The class definition may include the Initialization sectxon as well wlnch
mdxcates the initial values of some of the attnbutes if necessary.

2. 2 Inhentanee and hierarchy. Classes are organized in a hierarchical -
structure that supports generalization ‘and specialization. A class may be declared
-as a subclass of another class. The objects of each subclass provide the behaviour
-of the objects of the superclass plus something extra. In other words, the properties
of the siperclass objects are one "and the same for the objects of its subclasses as
well. That is why we say that the properties are-inherited by the subclass. For
example, let us consider the definition of the Enployec clasp “

‘ / - Class Employee 1s.|nbclan.ot Peruu,

" Attributes:
~ (Dcpartmut*string[u].
- . Se lary' i.ntogor

‘ * In this case the Bnployu class is a subclass of the Person clm ‘It mhents
tll the instance variables and methods from its Person superclass and declares
-additional ones such 'as Department and Satary. All algorithms workmg on the
'~ Pcrau obJects automatlcal!y work also on the Enploy« objects too

a. KNOWLEDGE INCOEPOB.ATION lN OBJECTS

. The knowledge part of the object class Mnntbn comprises a aet o} mles It
can contain one or more than one rules, or it can be the empty set. Two types of
rules are considered: passive and active, The first one is-used in order to present
_kmowledge, needed to generate some rules typical of different classes. Rules of the
‘second type, called triggers, are used for the knowledge representation applicable
to actwatmg automatically actions when some given conditions take place [5,9,11].
'Eachlrule is named and charactetized by two parts: rule type and its ¢ name
_which identifies that rule in the set compnsmg all the rules. Next we will descnbe
briefly each of the rules dmuued :

Ezutentsal Rulea (E) :
“B.<name>: Handntory(attr_lub).
" E.<name>:Optional(<Aten.list>);
"E.<name>: Hu].tinlno(uttr.lisb)..
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are specified by using the existential rulés.

Uniqueness Rules (U)
, U.<name>: Uniqno(Qttr.lut)),
~This rule speclﬁea that the value of oné or more than one attributes ldentlﬁes
a ngen object among the other objects of the same class uniquely..
g Content Derivation Rules (C)
oo C.<name>:Atir.name:=Egpression; )
) Thns rule is used to specify how a certain attribute is given a value The
attribute value is calculated whenever a query to it appears. ‘
: Access - Contnol Rules (A)
“A.<name>: Accou(<Uaer.liat>) H -
'I‘he user’s access nghts to the obJects of a given class are determined by uslng -
the access control rules. Thus the access to all superclasses’ of thu class is deﬁued
Triggering Rules (T) «
T.<name>:if Cond then Action [error <Hu.uge>] ‘
_ 'Ihggermg rules are used fo activate automa;xcally the performa.nce of the
Action action. when a given event specxﬁed by the Cond expression occurs. The
error part (which i is not obhptory) is used to handle the exceptmm

. Constraints on attribute values mdependent of the valnu of othet attnbntei

yox

'y svs'rzu cussns B ‘ Lo
: Sumlatly as in other ob,)et:t-onented systema we. aho deﬂn‘e a clus called the ‘
abgcct class which s assumed to be the root of the class hierarchy.' The ﬁgute
gwen below mdlcates all the ‘ystém-deﬁned subclasses of the Obgect class S

ab;iéct

Y. Y A . Collection

) g oy .
1 1

emj - Tovj  RGM

The QbJect Class s

~ The.Object class is a superclass of all the classes and it is used to pmvide s
consistent basic functionality and default behaviour. Many methods in ‘this class
gre overridden in subclasses. The comparison of two objects and the determination
‘of the class when given an object can illustrate methods of this class being of great

-ngmﬁcance The Ovject class has two aubclasses' P-0bj and Collection
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Tl':e ¥ T3 Class

‘This is the class of the prmntlve objects. The standard defined classes Into-' |
3.:. Real, String, Boolean and Point are subclasses of it. Here they are used
in a trivial way. and that is why for that reason we are not gomg to consider them

The cuucﬁan Claas ’

i ' The Collectson class consists of objects bemg collectxons of other objects. The
class properties can be described by using two atiributes: the maximum number
gflfbjects and the maxnmum object size.. The methods’ typical of this class are as
ollows: ,

* | — determining the number of elements included i m a collectlon,
~— sorting the collection elements;
- — existence control of a given element belongmg toa collectxon, ete.
The elements of & gwen collection can be related to different classes. -

4.1. l‘ormatted cluses. The R.Dbg class comnsts of objects which are
relatlons, i.e. sets of elements being of the same type. Each element is an n-tuple. -
Then two types of relations will be permitted:

: ~~ normalized relations (the N_Rel class); Cn _

-~ — unriqrmalized relations (the N¥_Rel class).

The properties of the objects of the R.0b i class are described by -using the ,
numbet of attributes in this relation and the maximum number of elements included
in a relation. The basic methods typical of this class are as follows: addmg rows,
deletmg rows, updating the existing attribute values in a row, etc. .

The X _Rel class includes normalized telations. Next we can mention some
opex;atnons of the relational algebra such as: ‘union, difference, project, restriction
_and deca.tt prodict which are smong the methods being of great significance, Each
uséer’s subclass of the ¥ Rel cldss defines a partlcului relational scheme and it may
'determine some methods typical of the user’s applications. Thus we may apply the
methods of the clagsical relational approach to the case under discussion. .

- The Rel.Ship class consists of binary relations having.a special function. Links
among the objects of the different classes are established by using these relations.
But we have to point out that in this case these links are maintained automatically.
Itis necessary only to define -some cntena for the respectwe clasaes Thns problem
is considered in section 5. . _

- 'The NN-Rel class eonmts of hlenrclnal relatlons w)nch sometnmes might a.p- :
pear’to be of some iue : .

4.2, Unformatted classes. Many users’ problems lead to atudymg some e of
the informational objects which cannot be structured and processed by applymg
the well known and standard methods. Mostly these are the text and graphical
_informational objects. For instance, a document may consists of: P-objects (date,
sendw), T.odjects (letter contents); Icon odjects (Company Logo).

The T.003 class is the class of the text objects. For example, an abstract-of a.
or book; short biographical remarks, etc. They are represented as variable
m chwacter strings. The operations typxcal of such a class are as follows:
text comparison; insertion and deletion of a substring in a given ‘text; searche of
& snksnmg, exchange of substrmgc, concatenation of two texts, conversion of a
digital text in & number; conversion of & text m a yaplucal xmage, ete. The text
lengthuuaeduaclmaﬂnbute S
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_The G.0b5 class includes the graphical objects such'as a graph, a pie. _chart,
a hmtogtam, an icon of an arbitrary picture which can include a text too. All of
them are visualized in a rectangular field, whose maximmum sizes are presented as
attributes in a certain class. ‘The methods typical of this class are, as follows: edi~
tion of a graphical image; comparison of graphical images; conversion of graphlca.l '
images in a text string; graphical image visualization, etc. These operations can
be considered as a special subclass of the G.0bj class, and the icon processmg is.
vtypxeal of them. As an example we can consider the Student. clm D ,

Class Student is.&.subclus.ot Person'
Attributes: ‘
Photo:Icon[60,80];
~ Language: intogor. t ‘
 Mathemstics:integer; - - .
Autobiogmphy T.ﬂbj. Coen
. Nethods: : L ‘
Avqrago (ngucgc,lathmt;cs) — rul

‘8. on.mc'r ENVIR.ONMENT :

, 5.1, Object creation and manipulation. Havxng deﬁned the classea we
can begin with generating the: instances' (objects) from them (2]. The command
“used in this case is the new command. For example, we vn,ll congider the mstaucc ‘

generation in the Student class. \

new Studcat (Im,t.cugusgu,mtmctica).
Objects: J.S(’John Smith’,6.5);
PK(tPeter Koch’,6, 8); o

, Usmg this command two objects J_S and P.K are created exphcltly Only some
-of the objects attributes may obtain values. Therefore the names of these attributes

have to be indicated. Next the other attnbutes can be ngen values by using the
_update command R

, npda.to J..S Plouc.*’251 167’

o In tlns example the Phone attribute ol‘ the J.S obJect e:ther seqmres 3 new
valué or it is updated.

" The dntroy command removes an pbject from a, ngen class, all the objecta
from the class or- the whole class. These fanctions are illustrated by the following
examples ' ‘

o destroy J,S' :
dostroy Class Stuunt. .

5:2. A world of lmked ohyects. The clase instances may be mdependent of
each other within a certain class and they may be independent of the instances of
other classes as well. However. there exist some casés, where the objects incladed
in different classes and the objects within a certain class should cortespond to each
other. For example let us conslder the Letter class and xta subclasses In.l.cttcr ‘
 (input rmnl)



I o
Iu.l.cttcr . Dut..l.cttcr

a.nd Out_t.cttcr (output mail). Each of the letters received can result in zero, one .

-or more than one letters to be sent. Then, we may say that between the objects
of the classes In_Letter and Out_Letter there exists an explicit link. Thus the -
object searche will be facilitated to a great extent by creating and mantaining such
links. In our model this link is realized through defining a particular msta.ncewhlch
belongs to the Rel_Ship class. This link itself is a bmary relatnon Thus we havg

Class Link is.a_subclass.of Rel _Ship;
Attributes:
InL:stringli2];
OutL: -mn;mJ

Class Lcttcr' T

lttributn'
Answer; 'tring[n] ;
Sender: Person;
Recesver: Person;
Date.Send: Dctc. . .
Body T.ovy; °

‘Kmowledge:

' E.Ans: Hultivalnunanr)

Class Dut.bctt or :I.-..a.nbclau.ot Lcttcr;
- Knowledge:
- T.LO: 42 Ammro" - -
then update Link. InL.cAnucr.
update Liuh Outl: =? :

, o

' 01\35 Iu..Lcttcr :ll-uubclnl.ot Lcttcr,
_ Attributes: , L o
' Date.Receive: Dcte' . S
- l(novlodgo. ; . e LT
Co ‘.l' LI:it AnswcrO“ ’ : ‘ R
s . then update Liab InL =2, :
T RTEL update Link, OutL'=Am¢r
Let us. gwe some explanations, Thq Answer attnbute compmes the names‘.
(nnmbers) of the letters, weexved if any) as its values. - -
' If an_output letter is - reply to some existing letters, then the LO
trigger will registrates its links mth them, The role of the LI trigger is similar
to that of the L0 trigger.' Thus we accomplish an mtomatlc lmk between the'
InLetter class and the aut..t.cttcr claas ° _

120



1. B.uerjee. ﬂ Chon, 3. Gasin,w Kim, D. Woelk, N. Bnllou, H Kim
Data Model Issucs for Object-Oriented Applications. ACM TOIS, vol. ll)&l 1968, 3-36.
3. Beech,D. AFounduionwavduﬁonﬁdeumAltoO JectDuobau In: EDBT'SS,
» AdhneuinDB'l\holo;; NotainCompudemevolwl,lm.“l-m.
3. Derrett, N; W. Kent, P. Lyngbasek. Some Aspects of Operations in uObiu:&-
Database. Dstabass Enginecring, vol. 8, Ma 4, 1“5 66-74. :
4. Filhmnn,D D. Beech, H. Catc. E. Chow, T. Connors, J. sth. ‘N
. Derret, c. Hoch, W. Kent, P. Lyngbaek,; B. Mnhboé Neimat,
T. Ryan, M. Shan. IRIS: An Ob, Database thsm AO’H
G ﬂI;.mé.‘l)o “i"l!nsi i %M::i:lin; pplt:?dltot()ﬂmmwmnkns
l.ib-. sichritsis. A A yduu
ACM TOIS vol.1, M0 4, 1“35 200-319. ‘
6. Mayor. D. ‘W,m riente Database Development AtSmioLodc Dutdm Engineering,:
]

7. Mu’rer,D.. . Stein. Wduﬂ: -Ol::gdgm ;
. ver . Wegnae,

987, 355-302. \ ,
8. Sluk H P. Phtor. MSMW!&&MMB&GMWM
meumdmmmw B.mz.

‘9. Teichritsis, D. Object Species, Databsse Engincering, vol. 8, M 4, 1985, 2-7. !
10. Weiser, 8., F. Lochovsky. OZ+: An Object-Oriented Database System. In: Office
~ and Data Base Systems Research’s?, @.F.ue{‘:-b.rmwmcsm-m OSRI,
- University of Toronto, 1987, 174-193. ’
11 Y.n;. J. A Proposal for Incoxporating Rules in ODA-Documenits. In: Office Infmﬁon
ysm od.\B. Pernici and A. Verrijn-Stuart, 1988, 131-147

'Received 31.06.1990






'TONMIHNK HA COSMHCKWA YHWBEPCHTET ,CB, KIMMEHT OXPHIOKH®

.AKYJ!TET no MATBMATHKA n HHOOPMATHKA )
Kanra 1 — M;ﬂu;m . .
Tom 83, 1089

ANNUAIRE DE L'UNIVERSITE DE SOFIA »ST. KLIMENT. OHRIDSKI“

FACULTE DE MATHEMATIQUES ET INFORMATIQUE

Livre 1 — Mathématiques
~ Tome 83, ‘1989 .

NONEXISTENCE OF ORBITAL MORPHISMS' :
BETWEEN DYNAMICAL SYSTEMS ON SPHERES '~ .
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Simeon T. Stcluov NONEXISTENCE OF ORBITAL MORPHISMS BETWEEN DYNAMICAL
SYSTEMS 0 SPHERES '~
-~ Some standard dymﬁmlsymm thoiodd-gmu;simnhpherusz"*‘ memdaed.i
mmmdorbitdmwphhm 1 S0 ey §29<1 o miaps: windimgeadsmocmd(.
theﬁ!tuymmmtnjedwyd{hcmdone.hpr;d o

[
[ .

We eonmder, in this note ‘some standard dyna.xmcal systems in the odd-d "
nonal sphem S"‘“ and prove about them a topologlcal fact ‘which shows: that,
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* yoriie denise, the ,chaos® in S™+V'is ‘essentially greater than the , chufos® in-S™=1
* (in particular, these systems are not senuoomugated) In fact, we shall prove, that
there are no orbital morphisms f: §2"+1 ' §=1 e smooth maps winding each
“trajectory of S?**1 over some trajectory of S92 This proposition has the same
origin with the ,nonexistence“ of equivariant maps between G-spaces, namely, thé

* Borsuk-Ulam type theorems (see (1], (2], (4]).
As usually, we shall denote by tz the R-action defined by some dynarmcal
;aystem in X (here t € R, z € X). The trajectory of an element x € X is the set

. ‘traj z = {tz|t € R}.
Let dynaxmcal systems in the (smooth) manifolds M and N be given.
-+ Definition. A smooth map f: M -~ Nis called orbital morplusm, if for any
teR, = & M ' .
T o f@x) = et z? (=),

_wherego RxM—»Rlssnchthat O‘P(t z);&OforanyteR zeM

. It is clear that f transfoxms any trajectory into a tra;ectory and that the '
v reatnctlon . '
_ ! lm,. traj z — traj 1@ ,
“isa covenng (Thls property may be taken for deﬁmtnon in the continuous case. )
- For compact M, N one obtams also : _ '

R e C S i Lol

‘ (where X denotee the closure of A). It is easy to sée that thc eompwtion of two.
. orbital morphisms is also an orbital morphism. This concept is quite more general
' than ,semiconjugacy “. The.last one is obtained for p(z,t) =t. '
o The nonexistence of orbital morphlsm between M and N means, in some sensp,
: tliat the dynamical system in M is essentially more compla: than the systemin N.
3 Now wa shail define some standard dynamical systems in the odd-dunennond

lPhele S+, Consider S+ ag the unit sphere in C*** . |
' ,.3"' =={2=(2m ,zu)ec"“llllll‘l}

: fM %. 0:, .+ 8 'be nonzemm! numhets Then st

) il‘)‘"“‘ i e = (e"“‘zu e““z; PEs ,,‘»e"!‘<zu)'.

We Qbhm, in, thxs manner,' amical system in 2+ wfthont stat:onary
,-,mttl:twesll:aﬁdenqteb S"‘*‘( yeeesOn). Ourum\utoptouthat therem .
' #o morp sm P

2 Sk f“" SM*-i(em ,93) "‘“Szﬂ-l(‘&" s n-t)

We shall do that in the caseoiratwu}ly m&npendent Gn, 0;, iy 0,. (md.
axbhm &) Tbempmofworks with gome eamphcatmm meral
qtubﬁrw .

The xenls G, 01, » 6y aze callad mtmwfly mdepemhal, if the equahty

NI SO 0090“" +Qn9n7=°
fqrmutmmlagemephnaqq-‘ ;an=0»~




Theorem. Ld Qo 0,. be nﬁoaally andcm‘cnt nd mmhn Tlma therc";
_is no orbztal morpkmu \ '

T psm,... 00 — s’"-*(v.,. )
where 0, are arbitrary. : _
We shall start with some remarks conoermng the system S"““(ﬂo, 0,..)
The following one is a well-known fact that may be found, for example, in [ ] '
" Lemma 1. Let T+ = (S})™*! be the (n+ 1)-dimensional torus together with
the R-action in it defined by (l) with ratwully independent 09, 0y, ..., On. Then
the tm;cctory of eacla point z is dense in ™+ .

g trajz-T"‘”

Consxder now the n-dlmemnonal simplex A" as

; A" = {(ao,.. -ﬂn)eﬂ““‘l'}_jm—l.a«w}
-and define 2 map p : S™*+1(6, ..., 0,) — A" as follows

P2)= (sl - »Ilz-ﬂ’) |

Evidently, the co-image of some (ag,...,an) € A™ is the torus
{ze .‘S"""’l =i = d;} ofdxmmnb where k is the number of the nonzeroc”;
minus } .
" Consider also the factorspaee sty =TT obtained by the identification of
.the points of each tomstruz(see lemmal) Itisclearnow,thatthufutorn ‘_
homeomorphic to. A" . . s

S”‘""[ {tm 5 R A"

A Rzally,forme(ao, ,a,,)GA’”theco-xmagei x(a';, ,a..)matomT*'
buttnjz—T‘formyzefl‘uﬁalbwmgbylemmul therefore we may identify
teaj 2 with (a, . w83} € A%, ’l‘hemnplexA“mqbeconu&uedumbmoh;
(ramified) bundle with projection p: S™+1 — A" arid fiberes T¥, k=1, ,n+,l “
Befonpmngmthgpmof thetheorem,wuneedtwolemmu o
Thehmdomnsbaﬁw"mmdw uecedl:l““ mthm,“]al!'
coeficients. Their propertien as as sqme: other elementary gebraic: topology
futsmaybefmd for example, in T
“A map f : X-*Yi&edhudtu&ﬂcmu,xfﬁhemdwdhm
mylmmf. H,,(X)—#if,.(Y)ilniﬁid.f.zO S
X 'be a compeaet-spece anid w k.cﬁmie opéumem g
uchtkd&ccmnmdpmmurx—um utoﬁtwmcnjwnnwﬁ
dimension n. Suppose f: X - Y. is ¢ map of X onio’ ¥ trivial iti dimension:
n. TMformcmsYthxtr‘(m)nmmMmmekmﬂvfﬂt;
mmnyu
~Proof Supposethemry ie. thttjiwmy"éYthemf""’ “
mtaxmdmaomeiemnty,ofu LetV,bemopen tbourhood of y such that -
Y% c,. Thzcoverm;{%]yelf}ﬁusﬁmtembcmnaga Cieufy,ﬁﬁeg
simplicial complexes N, MN,-:(,) are isomorphic (here f~Ha)'= {f~} V)|V ¢
_&}). Sinee the covering f“(a)nmhcd:mw,themexuhtamhaaim’
fi;ﬂ,-aﬁ,)ﬁN., Cm&etthcdngnxm ’




e
ki

N, ("-._' N!—l(a) é Na :

where 7.and %3 are. the ca.nomcal pro,)ectlons and p is the natural womorphum
The maps » and Axy are homotopic, since for every z € X the points x(z) and
Am (z) are contained in ‘one and the same sunplex For the same reason, pn and )
x3f are also homot.oplc Then thq dugra.m S .

HaX) — Ly my

I R

- Hn(Nw) *_—'&' Hn(”l"'(a)) “ Hn(Nd)
u comnmtatwe Henee = =Apy ll’z. f. =0, whnch contradicts the condltnon

- Lemma 3. Let ﬂze n-mnplez A" be: tbe union of n opcn :ubscu A" = U V;.
it J=1
ﬁea some Vi has [ ¥ componeut K mtcraechny all n - l dammwnal faces of A™.
/" Proof. Obviously, we may suppose each V; having a finite number of
: Oomponenté (if not; then take their e-ne\ghbourhoods O‘V, fore suﬁcsently smnll)
",Conaxder the covering of A" -

,;;:-, oy = {KIK uaeomponent ofnome W} e L j
' It'is clear, that ordy § w, so the- nerve N., isan~1 dimemnonal poly:
: hedmn Consider the canonical projection. #,:A® — N,, then the. restriction
Fyloan: 8A™ — N is homotopic to a constant and &herqfore is trmal in dimension
; DIA(OA" denotes the boundary of A")." - '

. Consider; on the other hugd the covering W= {Uo, U..} of BA™ deﬂned by
-v, =0A" \AP~L where AP is the (clo.ed n=1 dimemmal face of A™ oppasite
Ao the vertex a;. It i is cleu th;t Ui = & and’ the pro,lecnou %u:0A™ = N, is
‘nentrivial in dimension n ~ 1. (Really, N,, may be identifiéd with 8A™ and 7, with.
;‘;thue'xdanmy) Set f = ¥y lgan- Then" ngtolemmaztherewm:em,ﬂ
that f7'(z) is:not contained in any  BA™ \ AP, which means that f"(z)
ysects all faces A"~ 1. But £~1(2) Ties in'some element of the covering y.(since
-J in a restriction of ¢ cnnonical projection #y). Hence, by the deﬁmi&m of 7y the
‘,ﬁetaf'“‘(z)uhes in :!f‘z emnponent K of ‘some V, Then K :ntersect*s afl the nel
ek "/Recalling the notes before lemma 12 let us now pm to the ptoof of the theomn
*..«Proof of the theorem Suppoee the contrnry, ie. that there is an
ah:b;m morphum E ’
' sﬂ’ﬂ-l(eo’ on) — s?n—l(oo,’ : w-l)
Coimder tbe pmJectmn ¢ S"“ "-; A"‘l defined mth

R [ R (1 ey P O
w‘ehm»_

ti6.




.l” s lqw, \

AP An-l ) »

B ) i 1 B

Let A""1 = U Wi be the union ofn open W; such that Wi does not mtersect
the (n )-face bpposxte to the vertex .. Conader the open sets ]‘1 “‘(W;) which
cover SNt We shall prove first that for every i there exists 'an orbxtd morphum‘
L et YWY — S o

Raeally, lf e f! "l(Ws), then the z-th coordinate of f(z) is nonzero, and

we put p; = #;f where x;:q}(W;) — S! is the projection #(z) = zi/||z||. Then
evxdently i is an orbntal morp ism (as a composmon of orbtul rphums

n wi: f“ (W) — SY ). :
Conslder futthermore the open sets V; = pf~1¢~}(W}), which form an opcn'
covering of A”. According to lemma §, some V; has a component K intersecti
" all the (n ~ l)—fmes of A". Leta € K be an arbitrary point of K, then P Y(a

is a torus in f~1g~}(W;); we shall denote it by T Our goal is to show, that the
homomorphxsm mduced by the embeddmg , ;

@ B — R S
is trmal The group H;(T) xa genented by a; repr«ented by the cncle

A= {reTIIIzsll’za., % -z;,J#t}

where z, are arbxtruy wnst;nta with iz} || = aj. But the component K' inteis'écta

the face A}'“ where z =.0. Since K is arcwise, we can connect o and AP~
-with a continuous curve lng in K. It enables us. to .obtain a continuous family of
circles Af such that A = A;, A} degenerates to apoint and all A} liein p~*(K) C
F~1q}(W;). Therefore, we found in f~1¢ ~1(W;) & deformation of A, into a. pomt,
which means that j.(a¢) = 0, hence the homoorphism (2) is t;l'vgnl o

. As it was - pointed oht beforei there- exists an orbital morphm
fps f1g N (Wy) ~ S Thenply: T -+ 8' is an orbital morphism, ‘as & composition
of j and . On the other hand, the. homomorphum (plr)s is trivial in dimension
1 (as well as in each otherdlmension) since (plr)s = @oje = 0. But then pfp
induces a trivial homomorphism between the fundamental.groups of T lmd st andf
thereforew,. mﬂuhftedtoa T—Rsothat

opp=ply i

there exp(z) = ¢* is the eprnentlal map (see 3] for detmls) Smoe sol'-r is an
orbital morphum ¢ is monotone over each trajectory traj z. Fix some z e T ’l‘he,
tat p(T) is co;ﬁphct in R 20 the followmg suprémum exists: ,

, = sup ¢(tfay z) S
, But then the map Pf\m;; = expPlipajs is not a coverxng ovet the pomt
',&xp(mg), which contnd:cts the deﬁnmon of orbital morphxsm
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