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opﬁurmuax noptlmsm C , s ORI
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‘ ’,ﬁh mmuodorbiwmpm J: 83741 w0y §301 o maps windiagendx trajectory of .

thﬁu smqn m some trnjechry o( the leoond one,il prove& . e
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) } We eonader in tins mte pome stané&rd dynamical systema in the oddwa £ “"f |
mal spheret .S’i"“” and prove about them a topologaca] fact, whxch sham thm



" some dense, the ,chacs® in’ S’“"*‘* is ‘essentially greater than the j chafos® in-S?=!
© (in particular, these systems are not sermeomugated) In fact, we shall prove, that
~ there are no orbital morphisms f: §2%+! — §21 je. smooth maps winding each
‘trajectory of $27+1 over some trajectory of $?*~1, This proposition has the same
~origin with the ,nonexistence“ of equivariant maps between G-spaces, na.mely, thé
- Borsuk-Ulam type theorems (see 1], [2], [4]).
- As usually, we shall denote by tz the R—a.ctlon defined by aome dynaxmcal
‘_;-syatem in X (here t.€ R z € X). The trq;ecbory of an element z € X is the set

: traj z= {txlt e€R}. |
Let dynaxmcal aystems in the (smooth) mamfolds M and N be gwen .
.. Definition. A smooth map [: M -~ N is called orbital morphzsm, if for any
] E R z & M ' | -
- 1) = p(t,2)(a),

,h_wherego RxM—»Rlssnch that 9.."3(3 z)#ﬂforanyteﬂ zeM

4 It is cleax that f ttansfotms any trajeetory into a. trajectory and that the |
mtnctmn : ‘

_ fftms traj 3 — traj f(z)

‘isa ca\'enng (Tlns property may. be taken for deﬁmtxon in the contmuous caae )
‘.'I-‘or eompact M, N one obtmnsalso o o
X | "# f(trajz) f(traax)  *

Q(whem Z denotea the cloeme of A). It is easy to see that thc eompodtion oftwo

. orbital morphisms is also an orbital morphism. Thia'concept is quite more general
1 than Lsemiconjugacy “. Thelast one is obtuned for (2,8} =t. :
o “The nonexistence of orbital morphism between M and N means, in some senap,
| *‘tkat the dynamical system in M is essentially more complex than the systemia N.
- Now we shall define some standard dynamical systems in the odd-dmeanoml |

aphere S”‘*" Consxder S+ ag the unit sphere in C*+! |

3”‘ ﬂ{r*(zm ,za)éc"“fltzllzl}
het 9‘9, 0;, %bemzemreal nuuﬁm ’l‘henuet

= (a*’**za i ). | -
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ff nis.t twe ‘shall denote b 1""S"“(f‘ reorsBn)e Our aimis to pm that there is
fi.;,no amtal morphm S SRR
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Thaorem. Ld Qo,! 0,. be uﬁosdh tulepemhat rul ms . Then there
., ts no orhial m  : : R eCha o

3‘“*‘(00, u) — 5’”"(9(:: )

where, 0} are arbitrary. | ~ | -
" We shall start with some remarks concerning the aystem 3’“*‘(00, 0,»)
The following one is a well-known fact that may be found, for example, in [ ] S
' Lemmal. Let T"+ = (S2)**! be the (n+1)-dimensional torus togetker with
the R-action in it defined by (1) with ratmully mdepeadent 00, by, .. Then' |
the tm;ectory of eaclt pomt z is dense in T -

- trajz = T'“H |

Consxder now t.he n-»dlmemnonal s;mplex A" as

A™ = {(as,.. ,a,.)eﬂ"“"‘l}:m*l.ae%(’}
_and deﬁne a.map p: S"‘“"(ﬂo, 9n) — A" as M""" )

)=zl e .
vadentl the co-image of some (aq, . . ,a,.) € A" is the torus :
{z € 5”"‘“ mz:ﬁ’ = da} ofdummmnb wherc k is the number of the nonzero c“;
Cowuder also the factorspaee 3"‘"’ /{W} obtuned by the 1denm‘lcahon of

;thepomtsofeaehtomstxuz(mlemmal) Ithcleam,thatthufactorm;
-humeomorphictoA" + g C

o M}S fOfme(ao, )eA“ Qhe co-xmagep‘"(ae, ,a,.}matomT*
but tra;:~1“foranyx€1‘“ufaliowmgbykml,thmfaumw identify
;tnjxmth(ag, -nda) € A%, ’I‘hemanexA"mqbecow&eteduthchmofat
(ramified) bundle with projestion St — A" aud fiberes T%, k=1,...,n 4]
Beforepmn;tothgm, theorem,mmdtwoienm - ,
_The homologies, we shalt mke'm use 'of hereafter, are Cech ;mu with. inte; ,}alif'
“’eﬁm“ Their propesties as uaqmmetm gdxm’c
M manr be. fmd foc mmte in [3]. e
A map f: Y is called b‘md in Jtmcm n, afthe mdw& ho ﬁ'f_"_,i“ |
‘morphism . : E,X)wﬁ,(Y)ist.go L
’Lemmi X be a compact-space axid w &cﬁw‘e ayésmm»aix'
j.eucl that ﬁccmmdpm«&m rx — N, mto the nevve of w is nentriviel jn
‘dimension n. Suppose f: X —— Y 'is a map of X onto’Y, trivial in dimension:
n. ?ﬁw.fwm wEY tlw:et{'"(yg) is nol contéined in awy clement: .fﬁ;

_mmugw - :
B L,m twjﬁtm"'é!’mmﬁ"ﬁ :

~. -~ Proof Suppmef tﬁe e ;
‘~ mtmdmmekmmﬁf ofw. Let V, be aa oper neighbourhood of y such tht
YY) C Uy The mvermgmwe v} Bas a finite subcovering . Clearly, e
_simplicial complexes Na, MN;-x(,) are isomorphic (here. f“(a)%aff“*fﬁf)itw e
: u}) Sinee the covenng f"“(a} s mhdz mw, t&m emta & sitp nep
" ‘the diagram -

Nr%«) e Nw
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| where ‘ap-and 73 are. the cmomcal p:o;actmm and p is the natural womorphum
The maps and Axy are homotopic, since for every z € X the points’ #(z) and
"Amy(z) are contained in one and the same sunplex For the same reaaon, mr; a.nd
,’ftg are alsohomotopxc Then the dxagram S ,

Hu(X ) "'"'""""'f':"'* II,,(Y)

'Ti‘»‘»'lﬂ'ltm . ‘ifzo
X.

f, V Hn(Nw) ” Hn(N;v-z(g)) £ Hn(Na)
| 15 commutatm Henee n = &p,. ‘tg.f. =0, whwh contrathcts the condntmn .

Lmnma 3. Lct ‘tke n-stmplcz A" be. ibe ’umoa of n opcn su&acis A“ U !{,
. v J=r
o ﬁwn some Vi I:as [ empoucat K mtcrseotmg all n- 1 dammabaal fcm of A",
Proof. - Obviously, we may suppese each V; having a finite number of
g componenté (if not, then take then s-neaghbonthoods 0.V for £ saiﬁcxently amall)
Conmler the covenng of A% L |

IR = {K!Kuawmponentofmne%}

» 3 ia clear, that ordy § n, so the:nerve N, isan~— 1 dimensnonal poly- I
i liedron ‘Consider the canonical projection. 7 ﬁ" — Ny, then the restriction
Ky Toan: DA” — N.-is homotopic to a. constqm aad themfom m trmal in dxmensxon )
P{OA" denotes the boundaty of A®). :
,;;Comxder, on the other haid, the cmmmg w= {Uo, e U,} of BA™ deﬁned by
i ::ﬁA”\A;“" where A7 is the (closed) n = 1 d{menmnal face of A" oppoasite
It s deq,t ‘that ;'U; i & and the projection #,:0A" = N, is
n-1.. )ymiybeldentxﬁéd‘thh&ﬁ“mdxwmth,,
the it according to-lémma 2 thm%mtawe‘}v.,
i that f’”*(z) w not contmned in myﬁA" \A:“” which means tbat f"‘(z)’ |
ts all faces ; f""‘ But £72(2) lies in'some element of the covering 7:(since
J is a restriction of the canonical projection %y). Hence, by the def of 7y the
?‘,‘(z} liéh in 'the” mmponent K of some V} Theﬁ Kin tersects all
dimensional faces of A", - e,
4 Reealling the notes bcfore lemma& letut mw pw ta the proof gf the theomn
‘r\oof of the theotem Suppoee the comrary, ie. t.hat there is an

'i 4
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Cons:der the projectmn q S’“"’ - A""l deﬁned mth

e gty (ol o el
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An-t ﬁ .
. - n=1
LetA""— UMbetheumonofnopenW mebtbﬂ%doesnotm&emt
o fm@ :

the (n l}fdt;e opposite to the vertex a;. Co:mdgr the open sets f""‘ “'1(Wg) whichA
Qover S"‘*“ We shal! prove first that for every i there exists an or’bltal morphxsm'

e e WY — st e
Really, 1f 2 € f"q“(W;‘), then the t-th coordmate of f(z ) m nonzero, and

we put p; = #;f where x;:q~L(W;) — S' is the projection %(2) = z/|lall. Then
.*‘“d“ﬂl’ i is an °‘bltd mm‘Pglum (as a composition ofo:b hl morp 1‘ ) |

f" ¢ (We) — S48)).

: Cons;der furthermore the open sets V; = pf-1¢ 1(W}) which form an opmi
covering of A”. According to lemma 3, some V; has a component K intersecti
all the (n - I}fuces of A" Let a € K be an arbitrary point of K, then p~*(a)
is a torus in f~1¢~}(W;); we shall denote it by T Our goal is to ahow, chat ﬁbe‘-
homomorphxsm mduced by thu embeddmg | |

is trivial. The group Hc(T) is matad by o repmnted by the clrcle

. ‘“{’eT‘“z‘“ "'"“u Zj *‘j,}#!}

where z, are arbltrary wnstmts with ﬂz}“ = aj. But the component K mterseq:ta

the face A, where z =0. Since K is arcwise, we can connect g w&A}‘“
-with a continuous curve lying in K. It enables us.to obtain a contxm:om family of
‘circles A} such that A? -A;, A} degeneratea to a.point and all Af liein p™}(K) C
f""q”'*(Wg) ‘Therefore, we fou f"'*g"‘(W;) a deformation of A; into a. pomt, j
whxch means that Jeled) = ﬂ hence the homomsorphism (2)-is t:i;gd, b "

it was pdmtzd olt beforei jere - exists ital momhmnz
;qo',f“"q“(WG) ~+ S, Thenplp: T ~+ 8 is ann orbxtal merphfm, as & composition
of j.and @ On the other hand, the. hommphwm (etr)e is-trivial in dimension

1 (a.‘ "j;um mkntherdlmendon) since (plr)s = @ojo = 0. But then piy
induces a trivial hom ism between theftmdamental.gmupu of T and .S'1 nndf
'therefore{pfg-can f~"mm¢r-¢asothat e

. . CepP=ely

!‘where exp(w)‘- ef* isthe exmentul map (see [3} for detmls) Smce :pf u m}
“arbital morphism, @ is monotone over each trajectory traj z. F‘:xanm:e% The
aetv(T):sea;ﬁphctmR mﬁhﬁfolhwmgmpnmumem I

« o o = supp(tfayz)

But then the map ,‘,r\".j:,__ expprmj, is not a covenng om the pomt
mg), which contradxcts the deﬁnmon of. orbxta.l morphxsm
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