TOMUIIHUK HA COPUWCKUA YHUBEPCUTET ,CB. RIMMEHT OXPUICKMN

PAKYJITET I1IO MATEMATUKA I UHPOPMATUKA
Tom 101

ANNUAL OF SOFIA UNIVERSITY ,ST. KLIMENT OHRIDSKI“

FACULTY OF MATHEMATICS AND INFORMATICS
Volume 101

LEAST ENUMERATIONS OF UNARY PARTIAL STRUCTURES

ANGEL V. DITCHEV

In the present paper we consider structures with unary partial functions and partial
predicates, called unary structures. Unary structures does not contain equality and
inequality among the predicates of the structure. The main result obtained here is a
characterization of the unary structures which have least enumerations, called degrees
of the structures. As a corollary it is obtained a characterization of the unary structures
which admit effective enumerations. There are some interesting results concerning the
spectrum and the so-called quasi-degree of such structures.
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1. INTRODUCTION

There are a lot of attempts to find a measure of the complexity of a given
structure. Richter [8] has defined a degree of a structure as the least T-degree
(if it exists) of all bijective total enumerations of the structure. Then it has been
introduced a spectrum of a structure according to T-degrees, using only bijective
total enumerations, too. There are a lot of investigations that show some sufficient
conditions for a structure to have a least enumeration [1] and [11], and another with
complicated structures without degree [8, 7, 2, 6]. They use the equality among the
predicates of the structure. Soskov [12, 11] has generalized the notion of spectrum
of a structure, using not only bijective enumeration, but all total ones. In that
definition enumeration degrees are considered. This gives a possibility to consider
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not only totally defined structures, but partially defined, as well. Soskov [11] has
generalized a spectrum of a partial structure, defining a partial spectrum, using
partial enumerations.

Here we consider partial structures with unary functions and predicates, calling
them unary. Since the equality and the inequality are not unary, they are not
among the predicates of the structure. We consider such structures because they
are simple enough, and as we will see, they are rich enough. For unary structures
we find necessary and sufficient conditions for possessing least enumerations w.r.t.
to e-degrees. As a corollary we obtain similar conditions w.r.t. to T-degrees.

In Section 2 we introduce the main definitions and preliminary results. In
Section 3 we introduce a type and 3-type of an element of a unary partial structure.
Roughly speaking, a type (3-type) of such an element is the set of all codes of
open (existential) formulas, which are true on that element in that structure. A
characterization of all unary structures, which admits least enumerations in the
terms of a universal set of all types (3-types) is given. We show that a unary
partial structure admits a least enumeration if and only if there exist sequence of
finite elements such that the 3-type of that sequence is the least upper bound of
all 3-types of the structure and there exists a computable sequence of enumeration
operators, such that the sequence of these enumeration operators applied to the
upper bound ”describes” all types of the elements of the structure. As a corollary
we characterize the structures which admit effective enumerations. In this section
we show that it is not possible to have a spectrum of a unary partial structure with
denumerably many minimal elements.

In Section 4 we prove that a partial spectrum of a unary partial structure is
upward closed for all partial enumerations. We show that for every set of r-degrees
there is a structure with a set of types which ”almost” coincides with the set of
r-degrees, r € {e,T}. Here we show several interesting examples, some of them
concerning the so called quasi-degrees [11]. For example, we show that there are
structures which don’t have degrees, but they have quasi-degrees.

2. PRELIMINARIES

In this paper we use w to denote the set of all natural numbers; Dom(f),
Ran(f) and Gy to denote respectively the domain, the range and the graph of the
function f; (f) or (Gy) to denote the set {{(z1,...,zn, ¥)|(x1,...,2Zn,y) € Gr},
where (.,...,.) is some fixed coding function for all finite sequences of natural
numbers.

We shall recall some definitions from [10, 3].

Let A = (B;601,...,0,; R1,..., Rg) be a partial structure, where B is an arbi-
trary denumerable set, 61, ..., 0, are partial unary functions in B and Ry, ..., Rk
are unary partial predicates on B. We call such structures unary. We identify the
partial predicates with partial mapping taking values in {0, 1}, writing 0 for true
and 1 for false.
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Let B = (w;1,...,9n;01,...,0%) be a partial structure over the set w. By
(%B) we denote the set (p1) @D (vp) B (01) D - @ (0}). Let W be a recursively
enumerable set. For any set B let

W(B) = {z|3v({v,z) € W A E, C B)}. In this case we say W is an enu-
meration operator. A sequence of enumeration operators W,,, W,,,... is said to
be computable if there exists a recursive function h such that h(n) = z, for any
natural n.

Definition 1. Let A be a family of subsets of w. A set U C w? is said to be
universal for the family A if the following conditions hold:
a) For every fized e € w, {x1|(e,z1) € U} € A;
b) If A € A, then there exists e such that A = {z1|(e,z1) € U}.

Definition 2. Let F be a family of unary partial functions. A binary partial
function F is said to be universal for the family F if the following conditions hold:
a) For every fized e € w, Ax1.F(e,x1) € F;
b) If f € F, then there exists e such that f = \x1.F (e, x1).

Definition 3. An enumeration of a structure A is any ordered pair (o, B) where
B = (W;P1,-,Pn;01,...,0k) is a partial unary structure on w and o is a partial
surjective mapping of w onto B such that the following conditions hold:
(1) Dom(a) <. (B);
(i) a(pi(z)) = 0;(a(z)) for every x € w, 1 <i < n;
(ii1) o;(x) = Rj(a(z)) for everyx € w, 1 < j < k.

An enumeration (o, B) is said to be total iff Dom(a) = w.

An enumeration («, B) is said to be effective iff all functions and predicates in
B are computable.

Degree spectrum [12, 11] of the structure 2 is the family

DS(2) = {d.((®B))|{c, B) is a total enumeration of 2A}
Partial degree spectrum [11] of a structure 2 is the family
PDS(2() = {d.((®B))|{(, B) is an enumeration of 2A}.

Let {ap,Bo) be an enumeration of the structure A. We say that (ag, Bo) is a
least enumeration of 2 if and only if for every enumeration (o, B) of A, (By) <.
(B).

Let £ be the first order language corresponding to the structure 2, i.e. L
consists of n unary functional symbols f3,...,f, and k unary predicate symbols
Tq,...,Tk. We add a new unary predicate symbol T which will represent the
unary total predicate Rg, where Ry(s) = 0 for all s € B.

Let us fix some denumerable set X7, X5, ... of variables. We shall use capital
letters X,Y, Z and the same letters by indexes to denote variables.

The definition of a term in the language L is the usual: every variable is a
term; if 7 is a term then f(7) is a term.
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If 7 is a term in the language £, then we write 7(Y7,...,Y},) to denote that

all variables which occur in the term 7 are among Yi,...,Y,,. If a1,...,a,, are
elements of B and 7(Y1,...,Y,,) is a term, then by 7y (Y1 /a1, . .., Y /am) we denote
the value of the term 7 in 2 over the elements a1, ..., a.,, if it exists.

Termal predicate in the language £ is defined by the following inductive clauses:

If T € {To,..., Tk} and 7 is a term, then T(7) and -T(7) are termal predi-
cates.
If II; and I are termal predicates, then (II1&Il3) is a termal predicate.

Let II(Y7,...,Y,,) be a termal predicate whose variables are among Y1, ...,Y,,
and let ay,...,a.;, be elements of B. The value Iy (Y7 /aq,...,Ym/am) of II over
ai,...,a, in 2 is defined by the following inductive clauses:

IfII =T,(r), 0 <j <k, then
Ou(Yi/a1,...,Ym/am) =2 Ri(ta(Y1 /a1, ..., Yn/am)) .
If IT = —II', where IT' is a termal predicate, then
Oo(Y1/a, ..., Yo/ am) = (Mg (Ya /a1, ..., Ym/am) =0 D 1,0).
If I = (TT*&11?), where IT' and T1? are termal predicates, then
My (Yi/a1, ..., Y am) =2 (M5 (Y1 /a1, ..., Y /am) =015 (Y1 /a1, . .., Yin/am), 1).

Formulae of the kind 3Y7 ...3Y/(II), where IT is a termal predicate are called
conditions. Every variable which occurs in IT and is different from Y{,...,Y/ is
called free in the condition 3Y7 ... 3Y/(II).

Let C = 3Y{...3Y/(Il) be a condition, all free variables in C' be among
Yi,..., Yy, and ay,...,a, be elements of B. The value Cy(Y1/a1,...,Ym/am)
is defined by the equivalence:

Ca(Yi/ar,...,Ym/am) =20 <= 3t1... (Mo (Y7 /t1,..., Y /ti, Y1 /a1, ..., Yim/am)=20).

We assume that some effective codding of all terms, termal predicates and condi-
tions of the language L is fixed. We shall use 79,11V, C" to denote the corespondent
one with code v.

Let A C w" x B™. The set A is said to be 3-definable in the structure A
if and only if there exists a recursive function v of r + 1 variables such that for

all n,xq,...,x,, CY(%1-71) i5 a condition with free variables among Z1, ..., Z;,
Y1,...,Y,, and for some fixed elements t1,...,t of B the following equivalence is
true:

(X1, T a1, .. am) EA <=

An € w(Cg T TN (Zy L Zut Ya fans . Yo am) 22 0).
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Let A = (B;#,...,0,;Ry,...,Ri) be a partial structure. We shall give a
generalized version of the normal enumerations [10] and call them normal pseudo-
enumerations.

Define f}(p) = (i—1,p),i =1,...,n and set Ny = w\ (Ran(f;)U---URan(f})).
It is obvious that Ny is a recursive set and let {po, p1,...} = Ny, where p; < pj if
i <7J.

Let N; C Ny. For every partial surjective mapping a® of N; onto B we define
partial mapping a of w onto B by the following inductive clauses:

(i) If p € Ny, then a(p) = o®(p);
(i) If p= f7(q), a(q) = a and 0;(a) 2 b, then a(p) = b.

Let D1,..., D, be partial predicates such that

D(Z’) ~ O) if Hl(a(m)) is deﬁned,
77 | undefined, otherwise;

and f1,..., fn be partial functions such that

fi (@), if Dy(x) =0,

7

fila) = {undeﬁned, otherwise.

Let 01, ...,0x be the partial predicates defined by the equalities o;(z) = R;(c(x)),
j=1,...,k

Let B be the partial structure (w; f1,..., fn;01,...,0k) and B* be the partial
structure (w; ff, ..., f¥;01,...,0%).

Every pair {a,®B) which is obtained by the method described above is called
normal pseudo-enumerations of the structure 2. The mapping o again is called
basis of the enumeration (o, B). It is obvious that o’ completely determines the
normal pseudo-enumeration {«, B). Let us notice that in the general case a normal
pseudo-enumeration (c, B) is not an enumeration at all. Nevertheless, we shall see
that there are cases where they are enumerations and we shall use them.

In the case N7 = Ny normal pseudo-enumerations and normal enumerations
coincide.

Let («,B) be a normal pseudo-enumeration. We shall reformulate all propo-
sitions for normal enumerations and shall formulate several new ones. The proofs
are analogous to those for normal enumerations in [10] and we shall give proofs
only of those which are different. Let us note that if 64,...,6, are total, then the
normal enumeration will be total.

Proposition 1. Dom(a) <. N1 ® D1 @ --- P D,,.
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Proof. The result follows from

xz € Dom(a) <=z € N1V IzeIzy...q Ty ... (1 <idp,...,51<n
&xg € Ni&xi = <i1 — 1,$0>& &y = <il — l,xl_1>
&D;, (xo) =0&...&D;, (ml_l) > 0&x; = ).

Corollary 1. If N1 <. (¥B), then Dom(a) <. (B).
Proposition 2. For every 1 <i<n and y € Dom(a), a(f;(y)) = 6;(a(y)).

Corollary 2. Let 7(Y) be a term, and y € Dom(«). Then

a(rs (Y/y)) = ma(Y/a(y))-

Corollary 3. If Ny <. (*B), then the normal pseudo-enumeration (o, B) is an

enumeration of the structure 2.

Proposition 3. There ezists an effective way for every x in w to define y € Ny
and a term 7(Y) such that x = 1+ (Y/y).

We call a term 7(X;) standard for z if & = 7o+ (X;/pi) for some p; € N.

Proposition 4. There exists an effective way for every x in w to define an
element p; and a standard term 7(X;) such that © = T+ (X;/Ppi)-

Proposition 5. Let 7(Y) be a term, y € w, {(a,B) be a normal pseudo-
enumeration and 7~ (Y/y) € Dom(c). Then 9 (Y/y) = 13- (Y/y).

If (o, B) is a normal pseudo-enumeration, then we shall use the notation
R = Ui {{, 3, 2)|0j(x) = 2} UUT {( + K, 2, 2)| Dy (2) = 2}

It is clear that for every W C w, W <. R, if and only if W <., (B), ie.
R, =. (B).

Proposition 6. There exists an effective way for every natural u to define
elements y1,...,Yym € No and a termal predicate TI(Y1, ..., Y,,) such that for every
normal pseudo-enumeration (o, B):

u € Ry < g (Y1i/a(y1),...,Ym/alym)) 0.

Proposition 7. There exists an effective way for every code v of a finite set E,
to define elements yYi,...,y;, € No and a termal predicate I1,(Y1,..., Y, ) such
that for every normal pseudo-enumeration (c,B):

E, C Ry, < Hug[(yl/a(yf), ceey Ymv/a(y:}n“)) =0.
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Therefore, there exists a recursive function v such that

B, C Ry &= T3V (Yi/a(y}), .., Yon, /(ypn,)) = 0.
We call a termal predicate II"(") standard for v in the pseudo-enumeration (ar, B),
if
E, C Ro = " (X, /a(Pi).- - X, /Py, ) 0.

Proposition 8. There exists a recursive function v such that for every code v
of the finite set E, to define elements pj,, ..., P, and a standard termal predicate
™(X;,, ..., X;,. ) such that for every normal pseudo-enumeration (e, B):

E, C Ry <« TJ"(X;, /a(piy)s- s X, Ja(Djun, ) 22 0.

Lemmas 1 and 2 and Proposition 9 below have analogous proofs, therefore we
shall give only the proof of Proposition 9.

Lemma 1. Let (o,B) be a normal pseudo-enumeration, 7(Y) be a term and
@(y1) = s (Y/y1). Then (G,) <c Ra.

Lemma 2. Let (a,B) be a normal pseudo-enumeration, 7°(X,) be a term
with code v and v € w. Set p(v,(x1,...,2m)) = T3 (X;/2r), if 1 < 7', and
o, (x1,...,xp)) = 7% (X /2m), if r > 1" Then (Gy) <c Ra.

Proposition 9. Let (o, B) be a normal pseudo-enumeration, 1% (X1,...,X,)
be a termal predicate or a condition with a code v and r' € w. Set

o, = 4 HB T X ), i r<r,
H%(Xl/l‘l,...,XT//J}T/,...,XT/J}T/), if 7>1'.

Then (Gr) <e Rq.

Proof. We shall consider only the case when m; is obtained from CV by pro-
jection, i.e. CV <— HXjH”fl(”), where TI" () is a termal predicate and 7 is a
recursive function. For the sake of simplicity let 7 = 1. Let us assume that for the
corresponding function 7 of II"(*) we have (Gr) <¢ Ry. Then

<Uv<1'27'~'71'T’>7y> € <G7r1> — 3x1(<’71(’0), <$1,$2,...,1’T/>,y> € <G7T>)
= o1 (((11(v), (T2, ...,z ), y),v1) EW&E,, C(Gr)),

where

W:{<’71('U)> <$2v “ee >$T’>)y>’vl>|EU1 :{<'71(U)> <$1,$2, cee ,wr'>,y>} for some -1'1}-

Therefore, (Gr,) <c (Gz) <¢ Ra. O
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3. THE MAIN RESULT

In this section we shall give necessary and sufficient conditions for a given
unary partial structure to admit a least enumeration.

Let 2 = (B;01,...,0,; R1,..., Rr) be a unary partial structure. Let IIV be a
termal predicate with variables among X1,..., X,,.

Type of a sequence by, ..., by, of elements of B is called the set
(| (X1 /b1, .., X /bm) = 0}

The type of the sequence by, ..., b, will be denoted by [by,...,bn]u. The type of
an element a of B is the type of the sequence a.

Let C¥ be a condition with free variables among Xi,...,X,,. 3-type of a
sequence b1, ..., b, of elements of B is called the set

{U|C1)(X1/b1? v 7Xm/bm) = 0}

The 3-type of the sequence by, ..., by, is denoted by 3[b1, ..., by]a.

J-type could be defined in any partial structure. In the case of unary structures
we can characterize the 3-types by types of the elements of B and a fixed set of
natural numbers. A condition is said to be simple if it does not contain free variables
and it is in the form 3X;1I, where II is a termal predicate. Let V' = {v|Cy =
0 & CV is a simple condition }. It is easy to see that the following proposition is
true:

Proposition 10. Let 2 be a unary partial structure. Then for any elements
b17 .. '7bm OfB7 El[bla' . 7bm}21 =e [bl}m DD [bm]m S5 VOQL'

Lemma 3. Let A be a unary partial structure with degree a. If there exists an
universal set U for the family of all types of elements of B, then there exists an
enumeration of A which is normal pseudo-enumeration with e-degree a.

Proof. Let U be a universal set for the family of all types of elements of B with
e-degree a. By U, we denote the set {v|(z,v) € U}. In fact, for all z, U, is a type of
some element. We can assume that for every type t of an element of B there exist
infinitely many z such that t = U,. Let (o, B) be a normal pseudo-enumeration of
2, defined by a basis o satisfying: a®(p.) = a <= [a]a = U, and Ran(a’) = B.

Then Dom(a®) = {p;|Fv((z,v) € U)} <. (U) = {{z,v)|(z,v) € U}. Accord-
ing to Proposition 9, (U) <. R,. Therefore, (o, B) is an enumeration. Further-
more, (B) <. (U) <. R,. Hence, deg.(R,) = a. O

Proposition 11. Let A be a unary partial structure. There exists a universal
set U for the family of all types of elements of B with e-degree a iff there exists
a universal set Uy for the family of all 3-types of sequences of elements of B with
e-degree a.
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Proof. Let us first assume that there exists a universal set U for the family of all
types of elements of B with e-degree a. According to Lemma 3, there exists a normal
pseudo-enumeration (o, B), which is an enumeration of  such that deg.(R,) = a.
Using Proposition 9, one can see in the enumeration («,B) that the family of all
J-types of sequences of elements in the structure 8 has a universal set with degree a
and it is universal set for the family of all 3-types of sequences of B in the structure
2A.

To prove the converse, let Uy be a universal for the set of all 3-types of sequences
of elements of B with e-degree a. Then the set U = {(x,v)|(z,v) € U1 &II" is a
termal predicate with variable X1} is universal for the types [a]y of all elements a
of B and deg.(U) < a. To ensure that there exists a universal set with degree a,
let us define the set U’ as follows: U’ = U @ (A x Uy, ), where Uy, is a fixed type
of an element of B and A is a set of naturals such that deg.(A) = a. It is obvious
that deg.(U’') = a and U’ is a universal set for the set of all types of elements of
B. O

Proposition 12. If {(«a,B) is an enumeration of the unary partial structure 2
with e-degree a, then there exists a universal set U for the family of all types of
elements of B with e-degree a.

Proof. Let {«, B) be enumeration of the unary partial structure 2 with e-degree
a and (B) = Ul {(j,z, 2)| fj(x) = 2z} UUS_ {(n + j, , 2)|oj(x) = z}. Define the
set U as follows:

(z,v) €U <= Fu({{z,v),u) € W,&E, C (*B)),
where the set W, is defined as follows:
Wo={{z,v),u)|TI* =Tp, —n(Enp_, (- - £o (X1) .. ) &EL={(n0, 2, y0), ("1, Y0, ¥1),
ooy (M1, Uk—15Yk)s (M, Uk, 0) }

for some ng, ..., "k, Yo, - - -, Yk-

It is obvious that U <. (%) and it is easy to see that U is a universal set for
the family of all types of all elements of the structure 8. Therefore, it is a universal
set for the family of all types of all elements of 2. As in the previous proposition,
we may assume that deg.(U) = a. O

One can easily prove also the following corollaries.

Corollary 4. If («a,*B) is an enumeration of the unary partial structure A
with e-degree a, then there exists an enumeration of A which is normal pseudo-
enumeration with e-degree a.

Corollary 5. If the unary partial structure 2 admits a least enumeration, then
it admits a least enumeration which is normal pseudo-enumeration.
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Corollary 6. Let (o, B) be an enumeration of the unary partial structure 2.
Then deg.((B)) is an upper bound of the family of e-degrees of all types (3-types)
of the elements of B.

Proof. Let deg.(R,) = a. Then, according to Proposition 12, there exists
a universal set U(Uy) for the family of all types (3-types) of A and deg.(Uy) =
deg.(U) = a. It is obvious that for all by, ..., b, € B, dege([bi]a) <ca,i=1,...,m
and dege(3[b1, ..., bm]u) <c a. O

Theorem 1. Let (a,Bo) be an enumeration of an arbitrary partial structure
A and there do not exist elements by, ..., by, of B such that (Bg) <. I[b1,...,bm]u-
Then there is a normal enumeration (o, B) of A such that (Bg) Le Re.

Proof. Let us first mention that this theorem is valid for arbitrary partial
structure and we will not use in the proof that it is unary. We shall define the
normal enumeration (o, B) constructing a basis a® of Ny onto B. The construction
is step by step. At each step s we define a partial mapping a, of Ny into B such
that:

(1) as C asy1;
(ii) Dom(as) is a finite subset of Ny.

At the end we take a® = U2 .

With the even steps we ensure that o is totally defined and that Ran(a®) = B,
and with the odd steps we ensure that (Bg) €. Ra.

Let ag, aq,...be an arbitrary enumeration of the set B and let W = (8y) . We
remind that

W <. Ry < FeVz(x € W +— Fv((x,v) € W.&E, C R,)) <

Fevz(z € W — 3u((z,0) € WokllZ " (X;, /a(®iy), -, Xj,. oD, ) = 0))

for some standard termal predicate H'Y(”)(X g5+ X5, ), some recursive function
v and some pj,, ..., Pj,, - Hence,

W Le Ry <
Vedz|(z € W&You((z,v) € We — I (X}, /a(pyy), - -, X, /(Din, ) 2 0))
V(z & W&3v((z,v) € Weldly"(X;, /a(j), - -, Xj, [(Dim, ) = 0))].

In order that W £, R, we need to satisfy at least one of the two disjunctive
members. In case we are able to satisfy the second member, we do it and the
construction on that step will be completed. Otherwise we shall see that the first
member will be satisfied automatically.

Step s=-1. Dom(a_1) = Ran(a_1) = 0.
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Step s=2e. Let x be the least element of Ny such that @ € Dom(as—1) and
a be the first element in the sequence ag, ay,..., such that a ¢ Ran(as—1). Set
as(r) = a and os(y) = as—1(y), for y € Dom(as—1).

Step s=2e+1. Let Dom(as—1) = {xo,..., 2} and ¢; = as_1(24), 1 =0,...,L
For every = we consider all v such that (z,v) € W.

There exists an effective way to find a standard termal predicate IT7(")( X i 3 X )
such that

E, C Ry <= TJ"(X;, /a(piy)s- s X Ja(Dsun, ) 2 0.

For the sake of simplicity, let us assume that o = po,...,2; = p1 and the list
Xo, .-, X, X141, .+, X4 coincides with the list Xj,,..., X; .

Then F, C R, <—

113" (Xo/a(po), .. ., X1/a(p1), Xis1/a(Prs1): - - - Xipm/(Plim))) 2 0.

Let Cy'(Xo, ..., X;) be the condition 3X 11 ... 3X ;4 (II7™)). We check whether
there exist natural numbers x ¢ W and v, such that (z,v) € W, and
Cy (Xo/as—1(po), ..., Xi/as—1(p1)) = 0. If this is the case, we choose the least
such v and find b4, ...,b,, such that

T3 (Xo/s—1(P0);s - - s Xi/as—1(P1)s Xi1/b1, -+ s Xitm/bm) =2 0.

Set as(pitj) =bj, j =1,...,m, as(y) = as—1(y), for y € Dom(as—1). Otherwise,
we do nothing, i.e. set as = as_1.
The construction is completed.

We continue proof of the theorem with a few auxiliary lemmas.

Lemma 4. Let C"*(Xy,..., X)) be the condition 3X; 1 ...3X ;1 (TT7™) on
step s = 2e+1 and there are no natural numbers x € W and v, such that (xz,v) € W,
and Cgll (X()/Ozs_l(po), R ,Xl/ozs_l(pl)) = 0.

Then there exists x € W such that for every v satisfying (xz,v) € W, the
conditional inequality

Cy (Xo/as—1(po), .., Xi/as—1(p1)) £ 0
holds.

Proof. Let us mention that
Ve (Fv((z,v) € W&k Oy (Xo/as—1(Po), .-, Xi/as—1(p1)) =0) — 2z € W).
If we assume that

Va(z € W — Jo((z,v) € WekCy (Xo/as—1(Po); - - -, Xi/as—1(p1)) = 0)),
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then we would obtain that
Va(z € W «— Fu((z,v) € We&kCy' (Xo/as—1(Po); - .-, Xi/as—1(p1)) = 0)).

Having in mind that we have obtained wv; effectively from v, we conclude that
W <. J[as—1(pPo), - .-, as—1(p1)]a by index e, which contradicts the assumption of
the theorem. O

The following lemma and corollary are obvious.
Lemma 5. o° is a totally defined on N surjective mapping.

Corollary 7. If all functions in the structure 2 are total, then the mormal
enumeration {a,B) is a totally defined surjective mapping.

Let us assume now that (By) = W <. R, by some index e. Then on step
s = 2e + 1 we have satisfied first or second disjunctive member of the right part of
the non-equivalence W £, R, which contradicts the assumption. Theorem 1 is
proved. O

The following corollary is obvious.

Corollary 8. Let 2 be a unary partial structure. If A admits a least enu-
meration {(ao,Bo), then there exist elements by,..., by of B such that (By) <.
b1, ... b

Theorem 2. Let 2 be a unary partial structure. Then A admits a least partial
enumeration (o, Bo) if and only if there exist elements by, ..., by, of B such that
dege([bi]a @ @ [bm]a D V) is the least upper bound of the e-degrees of all I-types
of sequences of elements of B and there exists a universal set U of all types, such
that dege(U) = dege([bila ® - @ [bim]a © V5").

Proof. Let us assume first that 2 admits a least enumeration (g, Bo).
According to Corollary 8, there exist by, ..., by, in B such that deg.(3[b1, ..., bm]a)
is the least upper bound of the e-degrees of all 3-types of sequences of elements of
B. By Proposition 12, there exists a universal set U of types, such that deg.(U) =
dege({($Bo)) = dege(I[b1, . - ., bin)ar)-

Conversely, assume that there exist elements b;,...,b, of B such that
dege(3[b1, ..., bm]a) is the least upper bound of the e-degrees of all I-types of
sequences of elements of B and there exists a universal set U of all types such that
deg.(U)=dege(3[b1, - - -, bm]ar)-

According to Lemma 3 there exists an enumeration (ag, Bo) of 2 such that
dege((Bo)) = dege(3[b1,...,bm]u) and {(w,Bo) is the least enumeration of the
structure . (|

Let us assume that 2 is a unary partial structure and there exist elements
b1,...,by of B such that deg.(3[b1,...,bm]u) is the least upper bound of the
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e-degrees of all 3-types of sequences of elements of B and there exists a univer-
sal set U of all types, such that deg.(U) = dege(3[b1,...,bm]a) and let us fix
A =3[b1,...,bn]u. Therefore, there exists an enumeration operator W, such that
W, (A) = (U), i.e. for all natural x, u the following equivalence is true:

(z,u) € (U) <= F(((z,u)v) € W.&E, C A).
Using the S*-theorem, we can find for a fixed z a recursive function h such that
(x,u) € (U) <= Fo((u,v) € Wyn&E, CA) <= u € Wy)(A),

i.e. the sequence Wy ) (3[b1,...,bm]a), Wh1)(3[b1,...,bm]ar),... is the sequence
of all types of the elements of B. The converse is trivial. Thus we obtained the
following

Corollary 9. Let 2 be a unary partial structure. Then A admits a least par-
tial enumeration {ag,Bo) if and only if there exist elements by, ..., by, of B and
computable sequence of enumeration operators Wy, W, ,... such that the family
{W., ([b1]a @ -+ @ [bin]a © Vir) bnew 45 the family of all types of elements of B.

In order to formulate the corresponding corollaries for the case when the unary
structures are total, we call a type of some element a the set [aly & (w \ [a]a), or
equivalently ([a]a x {0})U((w )\ [a]a) x {1}), which is the graph of the characteristic
function of the set [a]y. Let us remind that a set A is total if and only if A =,
A @ (w\ A) and that an e-degree is total if it contains a total set. The following
corollaries are obvious and we omit their proofs.

Corollary 10. Let 2 be a unary total structure. Then A admits a least to-
tal enumeration (ao,Bo) if and only if there exist elements by, ..., by, of B such
that dege([bi]a @ -+ @ [b)a ® V§)) is a total e-degree which is the least upper
bound of e-degrees of all -types of sequences of elements of B and there ex-
ists universal function F for the characteristic functions of all types, such that
dege(F) = dege([bi]a @ -+ @ [bn]a ® V")

Corollary 11. Let A be a unary total structure. Then A admits a least total
enumeration {ag,Bo) if and only if there exist elements by, ..., by, of B and com-
putable sequence of recursive operators W, W, ,... such that deg.([bi]a @ - ®
(o] ® Vi) = dege(A) for some total set A and the function An u.W2 (u) is uni-
versal function for the family of the characteristic functions of all types of elements

of 2.

Corollary 12. Let 2 be a unary partial structure. Then 2 admits an effective
enumeration {co, Bo) if and only if all I-types of the elements of B are computably
enumerable and there exists r.e. universal set U of all types of elements of .

The following corollaries are related to [4, 5].
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Corollary 13. Let 2 be a unary total structure. Then A admits an effective
total enumeration {ag,Bo) if and only if all I-types of the elements of B are com-
putably enumerable and there exists recursive universal function F of all types of
elements of 2.

Corollary 14. Let 2 be a unary partial structure. Then 2 admits an effective
enumeration (ao,Bo) if and only if all I-types of the elements of B are r.e. and
there is a computable sequence of enumeration operators W, , W, ,... such that
the family {W,,, (w)}new is the family of all types of elements of B.

Analogously to Theorem 1, one can prove the following

Theorem 3. Let for every i = 1,...,1, {a;,B;) be an enumeration of an ar-
bitrary partial structure 2, and for every i = 1,...,1 there do not exist elements
bi,...,bm of B such that Ry, <. 3[b1,...,bm|u. Then there is an enumeration

(o, B) of A such that for alli=1,...,1, Ry, £e Ra.

Theorem 4. Let for every i € w, {(a;,B;) be an enumeration of an arbitrary
partial structure A, and for every i € w there do not exist elements by, ..., by, of B
such that Ry, <. 3[b1,...,bm]a. Then there is an enumeration («,B) of A such
that for all i € w, Ry, £e Ra.

Proof. We only sketch the proof: At even steps we will ensure the enumeration
(a,B) to be total and surjective. At steps of the kind 2(e, i) + 1 we will ensure, as
in Theorem 1, that R,, £. R4 by index e. U

Corollary 15. There doesn’t exist a spectrum of a partial structure with denu-
merable minimal elements.

Proof. Obvious. O

4. SOME CONSEQUENCES

As in [12], we can prove that for a unary partial structure 2 the partial degree
spectrum of 2 is closed upward with respect to arbitrary e-degrees. As a special
case we shall obtain that the degree spectrum is closed upward with respect to the
total e-degrees, as well.

Proposition 13. Let («,B) be an enumeration of the unary partial structure
A and dege(Ro) <. A. Then there exists an enumeration {ag,Bo) of A such that
deg.({$Bo)) = dege(A).

Proof. Let a be an element of B such that at least one function of 2 is defined
on A. Define an enumeration {(ag,Bo) which is a normal pseudo-enumeration as
follows:

a, if 4 is even &% €A,
= ¢ a(5h), if 7 is odd,

undefined, otherwise.

af(ps)
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It is easy to see that deg.({Bo)) = dege(Ro @ (A D [a]a)) = dege(A). O

Analogously one can prove

Proposition 14. Let («,B) be an enumeration of the unary partial structure
A such that 01, ...,0, are total and deg.(Ry) <. A, where A is a total set. Then
there exists a total enumeration (ag,Bo) of A such that deg.({Bo)) = dege(A).

Proposition 15. Let a be an arbitrary e-degree. Then there exists a unary
partial structure A = (B;01; Ry, Ra) with total function 61, such that A has a least
enumeration with e-degree a.

Proof. Let A be an arbitrary set of natural numbers, such that deg.(A4) = a.
The idea of constructing such structure is the following. We take infinite disjoint
copies of natural numbers with successor functions on all of them. Then on one of
them we take copy of the set A and on the remaining infinite copies we ensure the
codes of all existential formulas, which are true in the structure 20 will be recursive
and all types of those elements in that copies will be finite, hence recursive. Take
B = {ag,a,...,b3,09,...,b%,b1,...}, where all ag,ay,...,b3,09,...,b8,b1,... are
different. Set 61(a,) = ant1, 61(b,) = bl for all natural i,n; set Ryi(ag) =
R1(b}) = 0 for all natural ¢ while R1(a,) and R;(b}) are undefined for all natural
1 and positive n. Further,

0, if n € A,

undefined, otherwise,

Rg(an) = {

and IT (X;/b§) = 0 for all v € w such that the only predicate symbols and variables
which occur in IIV is a termal are Ty and X;. Moreover, let Ry be defined on the
smallest finite subset of {bf,b7,...} which guarantee that IT} (X1 /b5) = 0. Thus,
the types [b/]a will be finite sets and will ensure that the set of all 3-types is
recursive. Indeed, a closed condition of the type 3X;II" is true on the structure 2
if and only if ITY = T4 (X j)&H”/, where II"" is an arbitrary termal predicate with
predicate symbol T, and variable Xj;.

Since deg(2l) = a it is easy to see that for all positive n

[an]a = [ao]a =e {m|R1(ap) =0 & R2(07"(ap)) = 0} = A. O

Proposition 16. Let a be an arbitrary T-degree. Then there exists unary total
structure A = (B;61; R1, Ra), such that 2 has a least total enumeration with T -
degree a.

Proof. Let A be an arbitrary set of natural numbers, such that degr(A4) = a.
The idea is the same as in the previous proposition: we take B and #; to be the
same as in the previous proposition; take R;(a) = 0 whenever R;(a) = 0 in the
previous proposition and R;(a) = 1 whenever in the previous proposition R;(a) is
undefined, i = 1, 2. O

Analogously one can prove the following
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Proposition 17. Let A be a denumerable set of e-(T-)degrees. Then there ex-
ists a unary partial(total) structure A = (B;01; Ry, R2) with totally defined function
01, such that the set of the e-(T-)degrees of all types of A coincides with the set
A U{0}.

Proof. We consider only the case of T-degrees. Let A = {a;}iecs for some
countable index set I and A; be an arbitrary set of natural numbers, such that
dege(A;) = a; for any i € I. Take 2; = (B;;0%; R, R}) such that deg.(4;) = a; for
any 7 € I and all types of elements of B; are finite or a;. Assume that B; N B; # ()
for all 4,j € I, i # j and let B = UjerB;. Then 6, (a) = 6 (a) and R;(a) = R}(a)
if a € B;,i € I and j = 1,2. Then it is obvious that all type of B form the set
A U{0}. O

This proposition shows how to construct a various structures with or without
degree. At the same time it shows that we can construct structures which contain
different independent structures.

Proposition 18. Let us consider the family of all recursive sets. There exists
a unary total structure Ao = (B;61; R1, R2), such that the family of all types of
elements of B coincides with the family of copies of all recursive sets (or with the
characteristic functions of copies of all recursive sets).

Proof. Let Agp, A1,... be a sequence of all recursive sets. As above, for any
recursive set 4; we take an independent copy B; = {a},a’, ...} of the set of natural
numbers and a total function successor 6} such that 6} (a’,) = a’,, for all i,n € w.
Then we take R} (a}) = 0 and Ri(a’) = 1 for all positive n;

Ry(ay)

1%

{Q ifne A,

1, otherwise.

Here RY defines "zeros” and R} defines a copy of the set A;. Take the structure
A; = (B;;0%; Ry, RY) for all i and assume that B; N B; = () for all i,j € w, i # j
and let B = Uje,Bi. Then 61(a) = 0i(a) and Rj(a) = Ri(a) if a € By,i € w
and j = 1,2. It is obvious that all types of elements of B of the structure 2Ag =
(B;61; R1, Ra) are recursive sets and are copies of all recursive sets. Moreover, the
set V3 is recursive. Therefore, the least upper bound of all degrees of 3-types is
0. If we assume that the structure 21 admits least enumeration, then we would
obtain that the family of all recursive set has a universal recursive set. This is a
contradiction, which shows that we cannot omit the condition with universal set
(function) in Theorem 3. O

Question 1. What is DS(R4)?

The next definition belongs to Soskov [11]. Let W be a set of natural numbers.
It is said that d.(W) is a quasi-degree of the structure 2 if for all sets A C w™ the
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following equivalence is true:
A is 3—definable in 2 <— A <, W.

Let us mention that this definition is not the original, but it is equivalent to the
original one.

Proposition 19. There exists a class of unary partial structures and sets of
natural numbers W such that for all sets A C w™ the following equivalence is true:

A is 3—definable in l <— A <, W.

Proof. Let 2 be a unary partial structure such that there exist elements
b1,...,bm of B such that dege([bi]a ® -+ @ [bm]a) is the least upper bound of
e-degrees of all types of elements of B and W = [b1]o & -+ @ [by]a. As in the
previous propositions, take enough copies of natural numbers such that all types of
the new elements to be finite and all (or recursive set of all) simple conditions to
be true on those new elements and denote the new structure by 2l’. For the sake
of simplicity let assume that 2’ = 2. It is easy to see that 2’ satisfies the required
condition. Indeed, let A be 3-definable in 2, i.e. there exists recursive function v of
m+1 variables, having values in the set of all codes of conditions with free variables
among X1, ..., X; such that for some elements b/, ..., b; the following equivalence
is true:

(1, s &) € A <= In € w(CVMTrTm) (X /b, X, /b)) 22 0).

Let us represent the condition CY(™ @1 w2m) (X, X;) = CY2) (X, ..., X)) in
the form M) (X )& ... &I (2 (X)) &CT+1 (%) | where C1+1(%%) is a simple
condition and all 41,...,741 are recursive. Then, [b]e <. W and for some W,
the following equivalence holds:

z € Dla <= Fvi((z,v;) € W,,&E,, CW),i=1,...,m.
Therefore,
TeA < In(n(nT) € Vak...&n(n,T) € bla&yiii(n,T) € V)

< In(n(n,z) € bila&k...&v(n,T) € [bjla) <
In(Fv1({(11(n,T),v1) € W, &E,, CW)& ... &Fv((1(n,T),v) € W, &E,, CW))
— Ww{(xT),v) € W, &E, C W),

where ((T),v) € W, <=
In(Fvi((y1(n, T),v1) € W)& ... &Fv((vi(n,T),v) € W, &E, = E,, U---UE,,).

The converse, i.e. if A <. W, then A is 3-definable in 2 is obvious. [l
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Proposition 20. Let A be an arbitrary set of natural numbers with degr(A) =
a and let us consider the family of all recursive in A sets. There exists a unary
total structure A, = (B;01; R1, Ra), such that the family of all types of elements
of B coincides with the family of copies of all recursive in A sets (or with the
characteristic functions of copies of all recursive in A sets).

Proof. Let Ag, A1,... be the sequence of all recursive in A sets. As above,
for any recursive in A set A; we take independent copy of set of natural numbers
B; ={aj,al,...} and a total function successor 6 such that 63 (a?,) = a’,,, for all

i,n € w. Then take R} (a}) = 0 and Ri(af) = 1, for all positive n;

Ri(a) {0, if n € A,
1, otherwise.

Here again R defines zero and R} defines a copy of the set A;. Take the structure
A; = (B;;0%; R}, RY) for all i and assume that B; N B; = 0 for all i,j € w, i # j
and let B = Uje,Bi. Then 61(a) = 0i(a) and Rj(a) = Ri(a) if a € Bii € w
and j = 1,2. Then it is obvious that all types of elements of B of the structure
A, = (B;01; Ry, Ro) are recursive in A sets and are copies of all recursive in A sets.
Moreover, the set V;* is recursive. Therefore the least upper bound of all degrees of
J-types is a. If we assume that the structure 2 admits a least enumeration, then we
would obtain that the family of all recursive sets in A has a universal recursive in
A set. This is a contradiction, which shows that this structure 2, does not admit
a least enumeration. At the same time it satisfies the condition of the previous
proposition. Therefore, 2, has quasi-degree a. (|

Thus, we proved also the following

Corollary 16. There exists a unary total structures Ay = (B;01; R1, Ra), such
that Ay has a quasi-degree but does not have a least enumeration.
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