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For a graph G the symbol G LN (at,...,ar) means that in every r-coloring of the
vertices of G, for some 7 € {1,2,...,7} there exists a monochromatic a;-clique of color
i. The vertex Folkman numbers

Fu(a,...,arsq) = min{[V(G)| : G % (ay,...,a,) and K, ¢ G}
are considered. We prove that
Fu(2,....,2;7—=1)=r+7, r>6 and Fu(2,...,2;r—2)=r+9, r>38.
—— ——

ka T

Keywords: Folkman graphs, Folkman numbers
2000 Math. Subject Classification: 05C55

1. INTRODUCTION

We consider only finite, non-oriented graphs without loops and multiple edges.
We call a p-clique of the graph G a set of p vertices, each two of which are adjacent.
The largest positive integer p such that the graph G contains a p-clique is denoted
by cl(G). In this paper we shall also use the following notation:

e V(G) is the vertex set of the graph G;

e F(G) is the edge set of the graph G;
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e G is the complement of G;

e G[V], V C V(G) is the subgraph of G induced by V;

G —V,V CV(G) is the subgraph of G induced by V(G) \ V;

(@) is the vertex independence number of G;

X(G) is the chromatic number of G;

o f(G) =x(G) —cl(G);

e [, is the complete graph on n vertices;
e (), is the simple cycle on n vertices.

Let G1 and G4 be two graphs without common vertices. We denote by G + G2
the graph G for which V(G) = V(G1) UV (G2) and E(G) = E(G1) U E(G2) U F/,
where E' = {[z,y] : x € V(G1),y € V(G2)}.

The Ramsey number R(p, q) is the smallest natural n such that for every n-
vertex graph G either cl(G) > p or a(G) > q. An exposition of the results on the
Ramsey numbers is given in [25]. In Table 1.1 we list the known Ramsey numbers
R(p,3) (see [25]).

p 3[475]6 | 718191 10
"R(p,3) | 6|9 14 | 18 | 23 | 28 | 36 | 40 43

Table 1.1: The known Ramsey numbers

Definition. Let aq,...,a, be positive integers. We say that the r-coloring

V(G):‘/IUU‘/M ‘/;ﬁ‘/;:@,z#]

of the wvertices of the graph G is (a1, ...,a.)-free, if V; does not contain an a;-
clique for each i € {1,...,r}. The symbol G % (ay,...,a,) means that there is no
(a1,...,a,)-free coloring of the vertices of G.

Let aq,...,a, and ¢ be natural numbers. Define

Hy(ai,...,a:;9) ={G:G % (a1,...,a,) and cl(G) < ¢},
F,(a1,...,a:;q) = min{|V(G)| : G € Hy(a1,...,a,;q)}.
The graph G € H,(ay,...,ar;q) is said to be an extremal graph in H, (a1, ..., ar; q),
if |V(G)‘ = Fv(ala sy Qpg Q)
It is clear that G % (ay,...,a,) implies cl(G) > max{ai,...,a,}. Folk-

man [3] proved that there exists a graph G such that G = (ay,...,a,) and
cl(G) = max{ay,...,a,}. Therefore

Fy(ai,...,ay;;q) exists <= ¢ > max{as,...,a,}. (1.1)
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The numbers F, (a1, ...,a,;q) are called vertex Folkman numbers.

If a1, ..., a, are positive integers, » > 2 and a; = 1 then it is easily seen that
G 1> (al,...,ai,...,ar) — G 1) (al,...7ai_1,ai+1,ar).
Thus it suffices to consider only such numbers F,(a1,...,a,;q) for which a; > 2,
t=1,...,7. In this paper we consider the vertex Folkman numbers F,(2,...,2;q).
Set
(2,...,2) =(2,) and Fy(2,...,2;q9) = Fy(2r;9)-
~— ———
By (1.1),
F,(2,;q) exists < ¢ > 3. (1.2)
It is clear that
G35 (2) = x(G)>r+1. (1.3)

Since K,11 = (2,) and K, £ (2,), we have
F,(2p59)=r+1 if ¢>r+2.
In [2] Dirac proved the following result.

Theorem 1.1. ([2]) Let G be a graph such that x(G) >r+1 and cl(G) < r.
Then

(@) [V(G)zr+3;
(b) If|V(G)|=r+3, then G=K,_5+Cs.

According to (1.3), Theorem 1.1 admits the following equivalent form:

Theorem 1.2. Letr > 2 be a positive integer. Then
(a) Fu(2p5r+1)=7r+3;
(b)  K,_2+ Cs is the only extremal graph in Hy (2,57 + 1).

In [14] Luczak, Ruciniski and Urbariski defined for arbitrary positive integers
ai,...,a, the numbers

m:Z(ai—lﬂ—l and p=max{ay,...,an}. (1.4)
i=1

They proved the following extension of Theorem 1.2.

Theorem 1.3. ([14]) Letay,...,a, be positive integers and m and p be defined
by (1.4). Let m > p+ 1. Then
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(a‘) Fv(ala"'aar;m):m+p}'

(b)  Km—p-1+ Capy1 is the only extremal graph in H,(a1,...,am;m).

For another extension of Theorem 1.1 see [21].

From (1.1) it follows that the numbers F, (a1, ...,a,;m — 1) exist if and only
if m > p+ 2. The exact values of all numbers F,(a1,...,a,;m — 1) for which
p = max{ai,...,a,} < 4areknown. A detailed exposition of these results was given
in [13] and [23]. We do not know any exact values of F, (a1, ..., a,;m—1) in the case
when max{as,...,a,} > 5. Here we shall note only the values F,(ay,...,a,;m—1)
when a1 = a2 = -+ = a, = 2, i.e. of the numbers F,(2,;r). From (1.2) these

numbers exist if and only if » > 3. If » = 3 and r = 4 we have that

F,(23;3) = 11; (1.5)
F,(24;4) = 11. (1.6)

The inequality F,(23;3) < 11 was proved in [15] and the opposite inequality
F,(23;3) > 11 was proved in [1]. The equality (1.6) was proved in [18] (see also
[19]). If » > 5 we have the following result.

Theorem 1.4. ([17], see also 24]) Letr > 5. Then:
(a) Fu(2p57)=7+5;

(b) K,_5+Cs5+Cs5 is the only extremal graph in H,(2,;7).

Theorem 1.4(a) was proved also in [8] and [14].

According to (1.2), the number F,(2,;r — 1) exists if and only if » > 4. In [17]
we proved that
F,(257m—1)=r+7 if r>8. (1.7)

In this paper we improve (1.7) by proving the following result:
Theorem 1.5. Let r > 4 be an integer. Then:

(a) Fo(2pr—1)>r+7;

(b) F,2r—1)=r+7, if r>6;

(c) F,(25;4) <16.

In [9] Jensen and Royle showed that

F,(24;3) = 22. (1.8)
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We see from Theorem 1.5 and (1.8) that F,(25;4) is the only unknown number
of the kind F(2,;r — 1)%.

From (1.2) it follows that the Folkman number F(2,;r — 2) exists if and only
if » > 5. In [16] we proved that F,(2,;7 —2) = r + 9 if » > 11. In this paper we
improve this result as follows:

Theorem 1.6. Letr > 5 be an integer. Then:
(a) Fu(205r—2)>r+9;

(b) F,(2/7r—2)=r+9, if r>8.
The numbers F,(2,;r —2), 5 < r < 7, are unknown.

2. AUXILIARY RESULTS

Let G be an arbitrary graph. Define

F(G) = x(G) = cl(@).
Lemma 2.1. Let G be a graph such that f(G) < 2. Then

V(G = x(G) +2/(G).

Proof. Since x(G) > cl(G), we have f(G) > 0. For f(G) = 0 the inequality is
trivial. Let f(G) =1 and x(G) = r + 1. Then cl(G) = r. Note that r > 2 because
of x(G) # cl(G). By (1.3) we have G € H,(2,;r + 1). Thus, from Theorem 1.2(a)
it follows that |V(G)| > r + 3 = 2f(G) + x(G). Let f(G) =2 and x(G) =r + 1.
Then cl(G) = r — 1. Since x(GQ) # cl(G), cl(G) =r —1 > 2, ie. r > 3. From
Theorem 1.4(a), (1.5) and (1.6) we obtain that |[V(G)| > r+5 = x(G) + 2f(G).
This completes the proof of Lemma 2.1. O

Let G = G + G2. Obviously,

X(G) = x(G1) + x(G2); (2.1)
cl(G) = cl(Gy) + cl(Ga).

Hence,
f(G) = f(G1) + f(G2). (2.3)

IMeanwhile, it has been proved that F,(25;4) = 16, see J. Lathrop, S. Radziszowski, Com-
puting the Folkman Number Fy(2,2,2,2,2;4), Journal of Combinatorial Mathematics and Com-
binatorial Computing, 78 (2011), 213-222.
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A graph G is said to be vertex-critical chromatic if x(G — v) < x(G) for all
v € V(G). We shall use the following result in the proof of Theorem 1.6.

Theorem 2.1. ([4], see also [5]) Let G be a vertez-critical chromatic graph
and x(G) > 2. If [V(@)] < 2x(G) — 1, then G = G1 + G2, where V(G;) # 0,
i=1,2.

Remark. In the original statement of Theorem 2.1 the graph G is supposed to
be edge-critical chromatic (and not vertex-critical chromatic). Since each vertex-
critical chromatic graph G contains an edge-critical chromatic subgraph H such
that x(G) = x(H) and V(G) = V(H), the above statement is equivalent to the
original one. It is also more convenient for the proof of Theorem 1.6.

Let G be a graph and A C V(G) be an independent set of vertices of the graph
G. Tt is easy to see that

G5 (2),r>2=G-A%(2_1). (2.4)

Lemma 2.2. Let G € Hy(2,;q), ¢ > 3 and |V(G)| = Fy(2,;q). Then
(a) @G is a vertex-critical (r + 1)-chromatic graph;

(b) Ifg<r+3, thencl(G)=q—1.

Proof. By (1.3), x(G) > r+ 1. Assume that (a) is false. Then there would
exist v € V(G) such that x(G —v) > r+ 1. According to (1.3), G —v € Hy(2,;q).
This contradicts the equality |V(G)| = Fy(2r; ).

Assume that (b) is false, i.e. cl(G) < ¢—2. Then from ¢ < r+ 3 it follows that
cl(G) < r+ 1. Since x(G) > r + 1 there are a,b € V(G) such that [a,b] ¢ E(G).
Consider the subgraph G; = G — {a,b}. We have r > 2, because x(G) # cl(G).
Thus, from (2.4) and cl(G) < ¢—2 it follows that G; € H,(2,-1;¢— 1). Obviously,
G1 € Hy(2,-1;q— 1) leads to Ky + G1 € H,(2,;q). This contradicts the equality
[V(G)| = Fy(2r;q), because |V(K1 + G1)| = |[V(G)| — 1. Lemma 2.2 is proved. [

Lemma 2.3. Let G € H,(2,;q), r > 2. Then
\V(G)| > Fy(2,-1;q) + a(G).

Proof. Let A C V(G) be an independent set such that |A] = a(G). Consider
the subgraph G; = G — A. According to (2.4), G1 € H,(2,-1;q). Hence |V(G1)| >

Fy(2,-1;q). Since [V(G)| = [V(G1)| + a(G), Lemma 2.3 is proved. 0
We shall use also the following three results:

Fy(2,2,p;p+1) > 2p + 4, see [20] ; (2.5)

F,(2,2,4;5) = 13, see [22]. (2.6)
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Theorem 2.2. ([12]) Let G be a graph, cl(G) <p and |[V(G)| >p+2,p > 2.
Let G also possess the following two properties:

i) G&(2,2,p);
(i) IfV(G) =WV UVaUVsis a (2,2,p)-free 3-coloring, then |Vi|+ [Va| < 3.
Then G = K1 + G1.

3. AN UPPER BOUND FOR THE NUMBERS F,(2,;q)

Consider the graph P whose complementary graph P is depicted in Figure
1. This graph is a well-known construction of Greenwood and Gleason [6], which

Figure 1: Graph P

shows that R(5,3) > 14, since |V(P)| = 13 and

a(P) =

2;
cl(P)=4 (see [6]).

From |V(P)| = 13 and (3.1) it follows that x(P) > 7. Since {v1} U {vo,v3}U--- U
{v12,v13} is a T-chromatic partition of V(P), we have

x(P)=T1. (3.3)

Let r and s be non-negative integers and r > 3s + 6. Define

P=K, 356+P+Cs+---+C5.
—_—

S
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From (2.1), (2.2), (3.2) and (3.3) we obtain that x(P)=r+41and cl(P) =r—s—2.
By (1.3), it follows that P € H,(2,;7 —s — 1) and thus

Fy(2p;m —s—1) < |V(P)|.
Since |V(P)| = r 4 2s + 7, we proved the following

Theorem 3.1. Let r and s be non-negative integers and r > 3s + 6. Then

Fy(2p5mr—s—1)<r+2s+7.

Remark. Since r > 3s+ 6 we have r — s — 1 > 2. Thus, according to (1.2),
the numbers F,(2,;7 — s — 1) exist.

4. PROOF OF THEOREM 1.5

Proof of Theorem 1.5(a) Let G € H,(2.;7 —1). We need to show that
|[V(G)| > r+ 7. From Lemma 2.3 we have

\V(G)| > Fy(2,—1;7 — 1) + a(G).
By (1.5), (1.6) and Theorem 1.4(a) we deduce F,(2,_1;r — 1) > r 4+ 4. Hence
V(G)| = r+4+aG). (4.1)

We prove the inequality |V(G)| > r + 7 by induction with respect to 7. From
Table 1.1 we see that

R(r—1,3)<r+6 ifr=4 or r=5. (4.2)

Obviously, from G € H,(2,;7 — 1) it follows that x(G) # cl(G). Thus, a(G) > 2.
From (4.1) we obtain |[V(G)| > r + 6. From this inequality and (4.2) we see that
[V(G)| > R(r—1,3) if r =4 or r = 5. Since cl(G) < r—1, it follows that a(G) > 3.
Now from (4.1) we obtain that |[V(G)| >r+T7ifr =4 or r = 5.

Let » > 6. We shall consider separately two cases:

Case 1. G £ (2,2,r — 2). From Theorem 2.2 we see that only following two
subcases are possible:

Subcase la. G = Ky + Gy. From G € H,(2,,r — 1) it follows that G €
H,(2,-1;7—2). By the induction hypothesis, |V (G1)| > r+6. Therefore, |V (G)| >
4.

Subcase 1b. There is a (2,2, — 2)-free 3-coloring V(G) = V4 U V2 U V3 such
that |Vi| + [V2| > 4. Let us consider the subgraph G = G[V3]. By assumption

G does not contain an (r — 2)-clique, i.e. cl(G) < r— 2. Since V; and V4 are
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independent sets and G = (2,.), it follows from (2.4) that G = (2,_3). Thus,
G € Hy(2,_2;7—2). By (1.6) and Theorem 1.4(a), |V (G)| > r+3. As |V} |+|Va| > 4,
we have |V(G)| > r+ 7.

Case 2. G % (2,2,r —2). Since cl(G) < r—1, G € H,(2,2,r — 2;7 — 1).
From (2.5) it follows that |V(G)| > 2(r — 2) +4 = 2r. Hence, if 2r > r + 7, i.e.
r > 7, then |[V(G)| > r+ 7. Let r = 6. Then G € H,(2,2,4;5). By (2.6) we
conclude that |V(G)| > 13.

Proof of Theorem 1.5(b) Let r > 6. According to Theorem 1.5(a) we have
Fy,(2,;7r—1) > r+7. From Theorem 3.1 (s = 0) we obtain the opposite inequality
Fy(2pr—1)<r+T.

Proof of Theorem 1.5(c) There is a 16-vertex graph G such that o(G) = 3
and cl(G) = 3, because R(4,4) = 18 (see [6]). From |V(G)| = 16 and «(G) = 3
obviously it follows that x(G) > 6. By (1.3), G = (25). So, G € H,(25;4). Hence
F,(25;4) < |V(G)| = 16.

Theorem 1.5 is proved. O
Corollary 4.1 Let G be a graph such that f(G) < 3. Then
V(&) = x(G) + 2f(G).
Proof. If f(G) < 2, then Corollary 4.1 follows from Lemma 2.1. Let f(G) =3
and x(G) = r+1, then cl(G) = r—2. Since x(G) # cl(G), it follows that cl(G) > 2.

Thus, r > 4. By (1.3) we get G € H,(2,;7 — 1). From Theorem 1.5(a) we obtain
V(G| 2 r+7=x(G) +2f(G). O

Remark. In H,(2,;7—1), r > 8, there are more than one extremal graph. For

instance, in H,(2s;7) besides K2 + P (see Theorem 3.1), the graph C5 + C5 + C5
is extremal, too.

5. PROOF OF THEOREM 1.6

Proof of Theorem 1.6(a) Let G € H,(2,;r — 2). We need to show that
[V(G)| > r+9. From Lemma 2.3 we have

[V(G)| > Fy(2r—157 — 2) + a(G).
By Theorem 1.5(a), Fy,(2,-1;7 — 2) > r 4+ 6. Thus,

V(G)| >r+6+ a(G). (5.1)
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We prove the inequality |V(G)| > r + 9 by induction with respect to r. From
Table 1.1 we see that

R(r—2,3)<r+38, 5<r<T7. (5.2)

Obviously, from G € H,(2,;r — 2) it follows that x(G) # cl(G). Thus, a(G) > 2.
From (5.1) we obtain |V(G)| > r + 8. This, together with (5.2), implies |V (G)| >
R(r—2,3)if 5 <r < 7. Since cl(G) < r — 2, a(G) > 3. By the inequality (5.1),
V(@) >r+9,5<r<7.

Let » > 8. Obviously, it suffices to consider only the situation when
V(G)| = Fu(2;7 = 2). (5.3)

By (5.3) and Lemma 2.2 we have that

G is a vertex-critical (r + 1)-chromatic graph; (5.4)
and
c(G)=r—3. (5.5)
From (5.4) and (5.5) it follows that
f(G)=4. (5.6)

We shall consider separately two cases.
Case 1. |V(G)| < 2r + 1. By (5.4) and Theorem 2.1 we obtain that

From (5.7), (2.1) and (5.4) obviously it follows that
G, 1=1,2 is a vertex-critical chromatic graph. (5.8)

Let f(G1) = 0. Then, according to (5.8) G; is a complete graph. Thus, it follows
from (5.7) that G = Ky + G’. Tt is clear that

GeHy(25r—2)= G € Hy(2,_1;7 —3).

By the induction hypothesis, |V (G’)| > r+8. Hence, |V(G)| > r+9. Let f(G;) # 0,
1 =1,2. Wesee from (5.7), (2.3) and (5.6) that f(G;) < 3,i = 1,2. By Corollary 4.1
we conclude that

Summing these inequalities and using (2.1) and (2.3) we obtain

V(G)| = x(G) +2f(G). (5.9)
According to (5.4), x(G) = r 4+ 1. Finally, from (5.9) and (5.6) it follows that
V(GQ)| >r+09.
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Case 2. |V(G)| > 2r+1. Since r > 8, then 2r+1 > r+9. Hence |V (G)| > r+9.

Proof of Theorem 1.6(b) By Theorem 1.6(a), F,,(2,;7—2) > r+9. Therefore,
we need to prove the opposite inequality F,, (2,;7—2) <r+9ifr > 8. If r > 9, this
inequality follows from Theorem 3.1 (s = 1). Let »r = 8. By R(6,3) = 18 [11] (see
also [7]), there is a graph @ such that [V(Q)] = 17, o(Q) = 2 and cl(Q) = 5. From
[V(Q)| = 17 and «(Q) = 2 obviously it follows that x(Q) > 9. Thus, by (1.3),
Q % (28). Hence Q € H,(25;6) and F,(25;6) < |V(Q)| = 17. Theorem 1.6 is
proved. O

Corollary 5.1. Let G be a graph such that f(G) < 4. Then

V()] = X(G) +2f(G).

Proof. If f(G) < 3, then Corollary 5.1 follows from Corollary 4.1. Let f(G) = 4
and x(G) =r +1, then cl(G) = r — 3. Since x(G) # cl(G), we have cl(G) > 2, and
consequently, » > 5. By (1.3), G € H,(2,;r — 2). Using Theorem 1.6(a), we get
V(@) z7+9=x(G)+2f(G). O

Let r > 3s + 8. Define

Q=K 35 8+Q+Cs+---+C5,
N ——

S

where graph @ is given in the proof of Theorem 1.6(b). Since cl(Q) =
X(Q) > 9, we have by (2.1) and (2.2) that cl(Q) = 7 — s — 3 and x(Q) > 7 + 1.
According to (1.3), Q € Hy(2,;7 — 5 — 2). Thus, F,(2,;7 — s — 2) < |[V(
[V(Q)| = r + 254 9, we obtain the following

O

=
wn
<8
5
(@)
@

Theorem 5.1. Let r and s be non-negative integers and r > 3s + 8. Then

Fy(2p5m—5—2)<r+2s+9.
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