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1. INTRODUCTION

A group G is said to be (2.3)-generated if G = (z,y) for some elements =z
and y of orders 2 and 3, respectively. So far, (2,3)-generation has been proved for
a number of series of finite simple groups. for example A,, n # 6, 7, 8 (see [2]),
PSL,(q), ¢ # 9 (3], PSL3(q). ¢ # 4 (see [1]), and PSL4(q), ¢ odd [3]. In a note added
in proof to [5]. the authors mention that they have recently proved (2,3)-generation
for PSL,(¢) also in the case of even ¢ > 2. As we have not been able to find a proof
in the literature and as our approach seems to be quite different from that of the
authors of [5]. here we give a short proof of this fact. Thus we prove the following

Theorem. The group PSL4(2™) is (2.3)-generated for any m > 1,

2. PROOF OF THE THEOREM

Let G = SLy(q) = PSL4(q), where ¢ = 2. It is well-known that the group
PSL,4(2) = As is not (2,3)-generated, so we assume m > 1 in what follows.
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The group G acts naturally on a four-dimensional vector space 17 over the field
GF(q) with a fixed basis e;, es. €3. e5. Let w be a generator of the group GF{¢*)”
and @ = w4 wl +wh, 3 = Wt 40t 4 T = L1HHC . Then a. 3.
~ € GF(q) and ~ has order ¢ — 1 in the group GF(g)*. in particular ~ # 1 as ¢ > 2.
The polvnomial

’)

) = (t + )t +wD(t+w) = + at? + 3t +~

1s irreducible over GF(q).
Now, the matrices

0 av ' 1 3 1 0 0 0
0 0 0 ~ o0 01
TEL L gyt 0| M YT g1 00
0 +1 0 0 00 1 0

0 1 3 ay!

0 0 ~ 0
FEEL L 0 a 847!

00 0 ~°!

The characteristic polynomial of z is (f + ~ 7'} f(¢) and the characteristic roots
v ws wf W of 2 oare pairwise distinet. Then. in GLy(¢?}). = is conjugate to
diag (v w.w?, w? ) and hence z is an element of G of order ¢* — 1.

Denote H = (z,y), H < G.
Lemma 2.1. The group H acts irreducibly on the space 1.

Proof. Assume that 11" is a non-trivial H-invariant subspace of V7. Let first
dimW =1 and IV = {(w), w # 0. Then z(w) = w, which vields w = pe; + ves +
(u+~v " a+pBw)es+ v 'ves, pov € GF(g). p # 0 or v # 0. Now y(w) = Aw.
A € GF(q), A* = 1, which produces consecutively v # 0, A = v~! # 1. whence
v 4v+1 =0, =0, and a+8 = ~*. Thisyields f(1) = 1+a+3+v = ¥ +++1 =0,
an impossibility as f(t) is irreducible over GF{q).

Let dim 1" = 2. Then the characteristic polynomial of z,, has degree two and
must divide the polynomial (¢ +~71)f(¢), again contradicting the irreducibility of
f(t).

Lastly, let dim1W" = 3. The subspace U = (e;.e3.€3) of 17 is (z)-invariant.
Suppose that 1" # U. Then U N1 is a 2-dimensional (z)-invariant subspace of
V", which (as shown above) is impossible. Thus 1" = U7, but obviously U is not
(x)-invariant, a contradiction. The lemma is proved. []

Lemma 2.2. Let M be a mazimal subgroup of G having an element of order
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q® — 1. Then M is the stabilizer of a subspace W of V' with dim W =1 or 3.

Proof. Suppose false. Then the list of maximal subgroups of G [4] implies that
one of the following holds:

M| =¢%(g~1)*(g + 1)°.

2) |A] = 24(qg - 1)3 if ¢ > 4.

3) 1M = 262 (g — 1)%(q + 1)%.

4) |M| = 2¢*(g - 1)(g +1)*(¢* + 1).

5) M = SLy(qo) if ¢ = ¢} and r is a prime,
M| =q§(g0 — 1)* (g0 + 1)*(g5 + 1)(q3 + g0 + 1).

6) M1 = Sp,(g). [M| = ¢*(q — 1)2(q + 1)*(¢* + 1).

7V M 2= SUL(qo) if ¢ = ¢2. |M] = ¢5(q0 — 1)*(qo + 1)* (g2 + 1)(g2 = qo + 1).
As ¢® — 1 divides [ and as (¢ +¢+1.2(g+1)(¢* +1)) = 1, in cases 1), 2), 3), 4),
6) it follows that ¢ + ¢+ 1 divides (g~ 1)2, 3(g—1)%. (¢ —1)°. 1, ¢ — 1, respectively.
This is easily seen to be impossible. Similarly, in case 7) it follows that ¢i + go + 1
divides gy — 1. In case 5}, if r > 2. then (g7 —1.2(go+1)(g3+1)) = 1 and hence ¢* -1
divides (go — 1)*(g3 + go + 1). This is impossible as (go — 1)*(g3 + g0 +1) < gf — 1 <
g3" —1 = ¢® — 1. Lastly, in case 5) and r = 2, as (g3 —qo+ 1,2(q0 — 1)(g5 + 1)) =1,
it follows that g3 — go + 1 divides go + 1, which yields gy = 2 and ¢ = 4. However,
then M =2 SL;(2) = Ag has no element of order 4> — 1 = 63, a contradiction. The
lemma is proved.

We can now complete the proof of the theorem. Assume that H # G. Let M
be a maximal subgroup of G’ containing H. As M has an element z of order ¢* — 1,
Lemma 2.2 implies that M is the stabilizer of a subspace W™ of V' with dim W =1
or 3. But then W is H-invariant, which contradicts Lemma 2.1. Thus H = ¢ and
G = {z.y) is a (2.3)-generated group.
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